G.Glushkov 

ENGINEERING 

METHODS 

FOR 

ANALYSING 

STRENGTH 

AND 

RIGIDITY 















r. c. rjiywKOB 


MHWEHEPHblE 
METOAbl 
PACHETOB 
HA flPOHHOCTb 
M MECTKOCTb 


MaA^TeiibCTeo 

cMAUJKHOCTPOEHME* 




G.Glushkov 

ENGINEERING 

METHODS 

FOR 

ANALYSING 

STRENGTH 

AND 

RIGIDITY 

Translated from the Russian 
by N. Lebedinsky 


Mir Publishers 



Pint published 1974 
Revised from the 1971 Russian edition 


The Greek Alphabet 

A a Alpha I i Iota P p llho 

B p Beta K. x Kappa Z a Sigma 

I’ y Gamma A i. Lambda T t Tau 

A 6 Delta M p Mu To lipsilon 

E e Epsilon N v Nu ® <|> Phi 

Z C Zeta E | Xi X •< Chi 

H »i Eta 0 o Omicron V ip Psi 

0 0 TheU II a Pi 8a Omega 


Ha aiujuucKOM 


© English Translation, Mir Publishers. 1974 



Contents 


Part I Moments of Higher Order: Theory and Application 9 

Chapter I. Theory of Moments . 9 

1. General Concept of Moments of Area. 9 

2. Moments as Geometric Characteristics of Beam Cross Sections 16 

3. Uniaxial Moments of Point Forces and Couples. 36 

4. Uniaxial Moments of Balanced and Unbalanced Systems 40 

5. Uniaxial Moments of Areas of Simple Figures. 45 

6. Uniaxial Moments of Areas of More Complicated Figures 52 

7. Uniaxial Moments of Compound Loads. 56 

8. Moments of Higher Order and Generalized Forces. 64 


Chapter II. Application of Theory of Moments. 73 

9. Rigidity of Uniform Beams. 73 

10. Geometrical Interpretation of Moments. 74 

11. Calculation of Displacement Integrals in Rod Systems ... 83 

12. Application of Higher Moments to Loading of Parabolic 

Influence Lines. 92 

13. Formulas for Statically Indeterminato Structures. 94 

14. Rigidity of Beams Composed of Prismatic Parts. 140 

15. Moments of Area of Flexibility Diagram for Non-Uniform 

Beams. 145 


Part II Moment-Operational Method: Theory and Application 160 

Chapter III. Moment-Operational Method. 160 

1G. Principles of Moment-Operational Method. 160 

17. Bimoments. 162 

18. Differential and Integral Bimomcnls. 163 

19. Application of Moment-Operational Method for Solving 

Linear Differential Equations. 170 

Chapter IV. Rigidity of Non-Uniform Beams. 173 

20. Determination of Displacements by Coefficients of Flexibility 

Polynomial Expression. 173 

21. Determination of Displacements by Derivatives of Flexibility 

Analytical Expression . 178 

22. Determination of Displacements by Flexibility Integrals . . 182 
























23. Determination ol Displacements when Rigidity Follows Power 


25. Determination of Displacement Integrals bv Derivatives of 
Flexibility Analytical Expression . . . .'. 

Chapter V. Multispan Non-Uniform Beams. 

28. Equation of Three Moments in Flexibility Polynomial Cooffi- 


28. Equation of Three Moments in Flexibility Integrals .... 
28. Mohrs Integrals for Non-Uniform Beams. 

Chapter VI. Beams on Elastic Foundation. 


30. General. 

31. Prismatic Beams on Foundation of Constant Rigidity . . . 

32. Prismatic Beams on Foundation of Linear Rigidity .... 

33. Beams on Foundation of Hyperbolic Rigidity. 

34. Beams on Elastic Foundation with Moment Reaction . . . 

Chapter VII. Beams Under Combined Flexure and Compression . . 

35. General. 

36. Prismatic Beams Under Arbitrary" Transverse Loads and 

Constant Axial Forces. 

37. Rotating Rod of Constant Rigidity Under Compression and 

Flexure. 

38. Prismatic Beam Under Arbitrary Transverse Load and Uni¬ 
formly Distributed Axial Forces. 

39. Prismatic Beam Under Arbitrary Transverso Load and Linear 

Axial Fortes. 

40. Prismatic Beam Under Arbitrary Transverso Load and Axial" 
Forces Distributed Along the Beam According to Polynomial 


41. Stability of Bars Under Axial Compression. 

42. Beams on Elastic Foundation Under Combined Compression 

and Bending . 

43. Non-Uniform Beam Under Axiai Force ", 

44- Higher Moments of Vector Quantities in Space ’ . 

45. Rigidity of Beams: General Case of Non-Linear Stress-Strain 
Relationship. 


46. Flexure of Irregular Decks. 

47. Non-Uniform Beams on Elastic Foundation . 

48. Stability and Vibration of Irregular Decks . 



























Preface 


Scientific progress is generally accompanied by an increasing 
accuracy of theoretical methods and by a greater generalization of 
the symbolics and mathematical apparatus. 

As we trace the development of the theory of higher moments 
we are convinced that the order of moments involved in practical 
and theoretical application has been growing gradually, and with 
it the variety of momenls. 

Indeed, long before our era Euclidian geometry already dealt 
with areas of plane figures; actually areas are moments of zero 
order of geometrical figures. Leonardo da Vinci initiated the use 
of moments of the first order by introducing static moments of 
plane figures and point loads. 

The next step was taken only in the XIX century, when the theory 
of moments of inertia of plane figures (moments of the second ordor) 
was doveloped by Culman, Lame and other scientists. Moments 
of the zero, first and second order were the only types of moments 
employed in engineering and in structural mechanics^ for a long 


Although the concepts of higher moments and factorial moments 
were discussed in mathematical literature and in articles on strength 
of materials, no mention was made of their application in engineering 
practice until the author of this book pointed out such a possibility 
in his paper published in 1920. In this work the uniaxial moments 
of the second and third orders were used. Later such concepts as 
co-moments (which are a variant of biaxial moments), uniaxial and 
biaxial moments of vector quantities, etc. were introduced by other 


auinors. 

As a result, the theory of moments developed into a specific 
branch of mathematics which became a useful, tool.for solving com¬ 
plicated problems in structural mechanics. A number of Soviet 
scientists developed the so-called moment-operational mothod, 
which has proved to be extremely efficient for solving various pro¬ 
blems of modem engineering. These problems arise when non-linear 
elasticity must be taken into account, when precise designing of 
non-uniform structural elements is required, when the loading of 
a structure is essentially non-uniform, etc. 



Prejiue 


The moment-operational method has been widely employed for 
compiling manuals containing numerous tables and formulas for 
designing beams, arches and frames. A number of scientific research 
works and textbooks present the theory of moments of higher order 
and give examples of problems solved by the moment-operational 


The knowledge of the theory of 
moment-operational method will 
application to new problems. 


higher moments as well as of the 
serve to extend the field of their 



PART I 


Moments of Higher Order: 
Theory and Application 


Chapter I 

Theory of Moments 


I. GENERAL CONCEPT OF MOMENTS OF AREA 
Tho concept of moments of area applies to the cross-sectional 
areas of beams, to loading areas of beams subjected to continuous loads 
(forces and moments), to diagrams allowing for variability of tem¬ 
perature, density, modulus of elasticity,etc., to all kinds of plane 
figures referred to in the theory of resistance of materials. 

Lot x bo directed along the axis of a straight beam or along the 
tangent to the axis of a curved beam, and 
the principal axes y and z be located in the 
cross-sectional plane F (Fig. 1.1); then the 
integral 

r, m -\y-dF ( 1 . 1 ) 


will he the m-th moment of area F with 
respect to axis 2 , and the integral 

l u n=^z"dF ( 1 . 2 ) 

will be the n-lh moment of the same area 
with respect to axis y. 

Assuming m, n = 1, 2, 3, . . ., from formulas (1.1) and (1.2) 
we obtain moments of tho first, second, third, etc. orders of area F 
with respect to axes 2 and y lying in plane F. 

For example, the first order moment 



1 i=S= \ zdF 


(1.3) 
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is known as the static moment of area F with respect to axis y. 

The second order moment 

= /„ = j z-dF (U) 

is tho moment of inertia of area F with respect to axis y. 

The third order moment is 

7, f :‘dF (1-5) 

etc. 

All the enumerated moments are uniaxial moments of area F 
with respect to axis y. The uniaxial moments of any order with 
respect to axis z are calculated in a similar way by formula (1.1). 

Moments may bo determined not only with respect to one axis, 
but also with respect to two, three, or more axes, resulting in bi¬ 
axial, triaxial, . . ., multiaxial moments. 

A general expression for biaxial moments of tho (rn, n)-th order 
of area F with respect to axes s and y is given by the following 
intogral* 

A,m e n= j y m z n dF (1-6) 

which is a moment of the (m + n)-th order, i.e., a moment of the 
m-th order with respect to axis z and of the n-th order with respect 
to axis y. 

For example, tho following expression 

if (1-7) 

is a biaxial moment of area F with respect to axes z and y the mo¬ 
ment of the third order being taken about axis z and the moment 
of tho fourth order being taken about axis y. 

More complicated designations, such as I gm and I y m , should be 
used when moments with respect to different axes are considered, 
because both the axis and the order must be indicated. Simpler 
designations, such as 7 t , /-, I 3 , . . ., 7 m which indicate the order 
only, may be used when the moments involved are uniaxial. 

Biaxial moments may be calculated with respect to mutually 
perpendicular axes as well as with respect to axes intersecting at an 


* The general expression for a biaxial moment can bo given in the form 
of the following intogral I = J / ( x,y) dF, where / (x, y) is an algebraic poly¬ 
nomial of coordinates s and y. 
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arbitrary angle cc (Pig. 1.2) 

1 1 >VdF (1.8) 

Iii particular, the axes may be mutually parallel (Fig. 1.3) 

/*?,*?= f z”z”dP (1.9) 


Formulas (1.8) and (1.9) are expressions for moments with respect 
to two different axes, the moment being of the order m with respect 




to one of the axes and of the order n with respect to the other. If one 
of the moments is assumed to have a zero order, say, n = 0, then 
an expression is obtained for a uniaxial moment as a particular case 
of biaxial moments. 

Multiaxial moments of higher order of area F with respect to 
three or more axes are determined in a similar way. 

For determining a multiaxial moment the element dF of the arca- 
is multiplied by the distance from the corresponding axis raised 
to powers equal to the order of the moment. As an oxample, in tho 
case of three mutually parallel axes yrj/i, y>-yz, and y 3 -y 3 (Fig. 1.4), 
tho moment 

J tft&tir (l.io) 

is a moment of the (m + n + A)-lh order, i.o., of order m with res¬ 
pect to axis y,-y t , of order n with respect to axis y 2 -y 2 , and of order 
k with respect to axis y 3 -y 3 . 

Similar to moments of higher orders determined by formula (1.1), 
a moment of any order of area F can be determined with respect to 
the point 0 (a polar moment). To determine the moment of the n-th 
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order of area F (Fig. 1.5) with respect to point 0 (any point in the 
plane may be chosen for the pole) the distance from the polo in the 
integrand should be raised to power n corresponding to the order 
of the moment 

/ 0 „=jp"dF (1.11) 

Taking n = 2 in formula (1.2), m = n = 1 in (1.6) and n = 2 
in (1.11) wo obtain expressions for axial, centrifugal and polar 
moments of inertia of area F. 

Mulliaxial moments of higher order may be determined with 
respect to several axes, some of these axes lying in the plane of the 



area and the others being perpendicular to that plane. In this case 
the so-called polar-axial moments are obtained; for example, the 
following expression 

W-Jk-p "dr (112) 

is a polar-axial moment of the (m -f n)-th order of area F (Fig. 1.1), 
determined as a moment of the n-th order with respect to the pole O 
and of the m-th order with respect to axis z-z. 

The following polar-axial moments of the third order can serve 
as an example* 

0\=jyp , dF; tf y = j zfdF (1.13) 


* The quantities U. and U y in formulas (1.13) arc expressed in terms of 
uniaxial moments of the third order if p- = i* + 1/, where z and y arc the 
coordinates of dF. 




The above mentioned examples do not cover all possible types 
of momcnls. However, other types of moments will not bo considered, 
bocausc they are not widely used in engineering. 

Momcnls of higher order arc used in determining moments of 
uniformly distributed loads, of uniformly varying loads, and of 
loads having areas of a rectangular, triangular, trapezoidal or para¬ 
bolic form, corresponding to a certain power law. In these cases the 
moments shall be designated by M, i.e.,symbols M x m will be used 



Fig. 1.6 


for determining the m-th order moment of a distributed continuous 
load located to the left of point X with an abscissa x, with respect 
to this point (Fig. 1.6) 


M„ m =jJ (*-»)-#•= J »(«-«)"* (I.U) 


If the area corresponds not to the load, but to the cross section 
of a beam, then its moment is designated by I, and the moment of 
the m-lh order of area F (Fig. 1.1) with respect, say, to axis z-z, 
will be determined by formula 


where the ordinate y must be taken with its own sign. 

If the absolute magnitude of the ordinate is taken, then for the 
m-th order moment of area F we use the symbol /; in this case relative 
to the axis z-z it is determined by the formula 


The accepted symbols M Y m, /,m and I t m are used to designate mo¬ 
ments throughout this book. 

The term "moment of inertia of an area” should be rejected, for 
it does not correspond to what it implies. Aragon, for example. 
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also felt the need for another term and he used “moment of the 
second order". If a special term for this moment is required, then 
“strength moment” or “strength modulus” scorn most appropriate. 
The term "moment of inertia” should be related only to various 
moments of the second order. For this reason the quantities T x 
and T,j in formulas 

r.-jjp'ilf-jsMF+jV-ilf (1.17) 

and 

T„= | xp s dF= j x 3 dF + j xy 1 dF (1.18) 

should be called “the polar-axial moments of the third order". The 
term “polar-axial moments of inertia”, or, in other words, “polar- 
axial moments of the second order” should refer only to the following 
integrals 

jxpdF and j ypdF 

In using the term “moments of the third order of areas” the sequence 
of words should not be changed; for example, it would be wrong 
to say “moments of areas of the third order", since this expression 
changes the meaning of the term. 

Besides tho above mentioned moments of higher order, where 
the order of a moment was expressed by a positive number, in 
engineering designing (considering creep, for example), moments 
of fractional and negative order may be employed. 

Tho following expressions are examples of moments of fractional 
order: 

= j y'/»dF (1.19) 

/,*+./„= j (1-20) 

As for the moments of negative order, their application will be 
illustrated later. 

It is useful to introduce a concept of a positive fractional moment, 
for example* 

( 1 - 21 ) 

• Here | y | is the absolute magnitude of the variable distance of the area 
jF from the moment axis, i.e., I y I = yi or | y \ = y 2 . 
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A sectorial static moment J id dF, a sectorial moment of inertia 

| o)* dF and similar moments of area arc widely employed in design- 
V 

ing thin-walled constructions. 

All the above mentioned moments of various orders (ordinary 
moments, sectorial moments, moments of fractional orders) belong 
to the group of geometrical moments, or geometrical quantities. 
However, for up-to-date designing this mathematical apparatus is 
not sufficient. In addition to the moments which are considered to 
be purely geometrical factors, there arc other moments which can 
be called physical-geometric moments, such as kinetic sectorial 
moments, static moments and moments of inertia dealing with 
materials of variable ''density"; ''thermoclastic" characteristics, i.e., 
“thermoclastic” area, static moments of the “thermoclastic" rigidity 
of a section, and similarly determined moments of inertia of a 
"thermoclastic” area. 

If a beam with one axis of symmetry is deflected in the plane 
containing this axis and is subjected to high temperature distributed 
unevenly across its section and to loads exceeding the clastic limit, 
we may expect the clastic and plastic characteristics to vary across 
the section and along the length of the beam. In this case the stress 
is determined according to the following formula 


= E r 11 - 

0 ) (*)] {\A + By] - or} 

(1.22) 

A = 


(1.23) 

B = 

Mz , /,r 

* /(«■*) 

(1.24) 

plred)_ j 

er 

(1.25) 

S< Ted >= j 

^•ti— *»(£,)! ydF 

(1.26) 


If- 

(1.27) 

st;?-] 

TiF 

(1.28) 


4-(1-»(«,)) T,iF 

(1.29) 


> thcrmoelastic and plastic physical-geometric moments. 
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Since these moments, as well as the function to (ej, depend not 
only on the local temperature, but also on the unknown stress, the 
author suggests using the method of successive thermoclaslic and 
plastic approximations, assuming in the first approximation that 
to (e x ) =0, i.e., that the deformation is clastic. Under this con¬ 
dition tho values of stress and deformation can he determined and 
the thermoclaslic and plastic characteristics calculated and used 
for repeated calculations. 

Thus, from the above mentioned formulas we may conclude that 
if the function to (e x ), which is not equal to zero beyond the elastic 
limit, is presented by an algebraic polynomial with a few members, 
then the thermoelastic and plastic characteristics will be expressed in 
terms of physical-geometric moments which may be called thermoelastic 
and plastic moments of area, or thermo-geometric moments of various 
orders of area F of the figure. 

The biaxial moments named co-moments were introduced into 
calculating practice by A. Umansky to determine deflections in 
beams of continuously varying cross sections. To calculate these 
co-moments, we must find biaxial moments of various orders accord¬ 
ing to the flexibility diagram of the beam, which is inverse to rigidity. 

A specific feature of the co-moments is that the order of the mo¬ 
ment relative to one of the axes varies, whereas the order of the 
moment relative to the other axis is assumed to be equal to unity; 
thus, 

I V m Vt =\z?z t dF (1.30) 

where the axes y , and y 2 arc parallel. 

Thus, the moments (uniaxial, biaxial, polar, polar-axial, fractio¬ 
nal, positive, sectorial and others) may be determined not only for 
areas of geometric figures (loads, cross sections, rigidity and flexib¬ 
ility diagrams, non-linear stress-strain diagrams), but also for the 
variable density of materials, for temperature which is a function 
of the location of the point, and for time. 


2. MOMENTS AS GEOMETRIC CHARACTERISTICS OF BEAM CROSS 
SECTIONS 

In the simplest calculations of beams based on the Bcmoulli- 
Navicr hypothesis and Hooke’s law, the formulas used deal only 
with elementary geometric characteristics, such as areas, static 
moments and moments of inertia of the cross sections, i.e..moments 
of zero, first and second orders. 

In more complicated and precise calculations, as well as in design¬ 
ing beams made of materials not obeying Hooke’s law, beams in 
clasto-plastic state, in creep design and in other cases, the formulas 
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deal with more complicated geometric characteristics, such as: 
axial, multiaxial, polar, polar-axial, and other geometric and phy¬ 
sical-geometric moments of higher order. 

For example, in analysing the torsion of prismatic beams in 
order to obtain an exact solution on the basis of thcSaint-Venanl 
theory by means of stress function, two conditions must be ful¬ 
filled: (1) the stress function i|> must be equal to zero along the contour 
of the cross section, and (2) -he Laplacian of the second order at 
any point of the cross section must be constant, i.e.,it should not 
depend on the coordinates z and y of a point in the plane of the 
section. In this case the Laplacian is equ¬ 
al to 

+ < 2 -') 

where G is the shear modulus and <p 0 is the 
unit angle of torsion of the beam. 

To maintain the above mentioned con¬ 
ditions when computing the torsion of pris¬ 
matic beams with polygonal (or any other) 
cross sections, the stress function is taken in the form of a product of 
contour line equations and a polynomial, in terms of the coordinates. 
For example, in the case of a beam of a rectangular section (Fig. 2.1), 
according to the Ritz-Timoshenko method, the following expression 
is taken for a stress function 

H = wV (2-2) 

lii this case the first approximation is obtained by taking a 0 o = k, 
while the rest of the coefficients in the polynomial are equal to 
zero, i.e., when 

♦ = k (z* — «*) (y 1 - b *) (2.3) 

However, since the condition expressed by the formula A*i|) = 
— const is no longer satisfied, the unit angle of torsion is deter¬ 
mined from the condition that the work of the external forces (per 
unit length) is equal to that of the internal forces 

-^T 2- ST j + T «) dF — O 

which lends to 

* o= w{( Tj «'+ T «> d/? ( 2 - 4 ) 

The coefficient k may be determined from the following equation 
M + 2 | ypdF = 0 (2.5) 
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After substituting (2.3) into (2.5) we obtain 

M + Ik J (z* - a*) (y s - b 2 ) dF = 0 (2.6) 

The integrals j z t dF and j y 1 dF in these formulas are uniaxial 

moments of the second order, and the integral j z t y 1 dF is a biaxial 
p 

moment of the fourth order 

j«y iP-l** (2.7) 

After appropriate calculations wo find 

*—a-w ( 2 - 8 > 

and the components of the total tangential stress are 

-a-w-ef-*’)* < 2 - 9 ) 

and 

Substituting (2.9) and (2.10) into (2.4), we obtain 

*. = wj (W-OTr)*I**<»*—®0*+W*<** — «*)*1 rf/' (2.11) 

The right side of the formula contains moments j y *z 4 dF, j z 2 y* dF 
and | z : y- dF, which are particular cases of biaxial moments of 
higher order. 

If we now tako the first three terms of (2.2) for a better approxim¬ 
ation, we arrive at the following expression for the stress function 

<P = (3 s - <**) {y* - **) [fco + *i (z 1 + y 2 )] (2.12) 

which leads to the calculation of biaxial moments of still higher 
orders when the above mentioned procedure is carried out. 

When using such formulas, it is advisable to calculate the biaxial 
moments beforehand. For example, a biaxial moment of a rectangu- 
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Moments at 


lar cross section is given by the general expression 

v."=S «v"-| 


where 2 a is the height and 26 is the base of the rectangle*. 

Similar, though more complicated moments of higher order are 
used for calculating creep in beams of rectangular cross section. 



Fig. 2.2 


Kig-12.3 


For example, the value I 2 for a rectangle with measurements 2a 
and 2 h (Fig. 2.2) is expressed by the formula 


' j j — + — 2 dzdy [(2.14) 


Assuming = m < the integrand can be expanded according 
to Newton’s binomial theorem, and then the moments are calculated 
by formulas similar to (2.13). 

In a similar way, when calculating the torsion of a prismatic 
beam having an equilateral triangular section with side a (Fig. 2.3), 
the product of the contour lino equations gives an exact solution 
for the stress function, i.e., a solution satisfying formula (2.1) 

(2.15) 


In this case, according to (2.1), 

A 2 «p = —ikh = —2G<p 0 

hence 


<to- 


(2.16) 


To determine the value of the coefficient k we can use the condi¬ 
tion that the sum of the moments of the internal and external forces 


* Under the condition that both indices (m and n) are even numbers; other-* 
wise the biaxial moment will be equal to zero. 


2 * 
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relative to the beam axis is equal to zero, i.e., 

M + j i)dP-0 (2.17) 

where 



Employing formula (2.15), the equilibrium equation may be 
reduced to the following form] 

,1/4.* | (-W+lhy+dz^ydP+k j (6zy + 2fcz )zdF = 0 (2.18) 
This formula contains the following moments of a triangular area 

/,,-J s'JF; j (2.10) 


The solution obtained shows that it is advisable to calculate 
beforehand biaxial moments of cross-sectional areas of beams in 
torsion, as it was done in (2.13) for a rectangular section and in 
(2.19) for a triangular section. Similar calculations may be useful 
when calculating rod deflections. For example, in the case of a beam 
subjected to bending accompanied by torsion it may bo useful to 
determine moments of higher order, such as /,and I iy s, by cal¬ 
culating corresponding integrals. 

Normal stresses in a deflected beam of large curvature arc deter¬ 
mined by the formula 

°=T+£~T ZZI > 2 ' 201 

P 


where y is the distance from the conlro axis*. 

The equivalent moment of inertia I' in (2.20) may be calculated 
by the formula 



-/+i jn»ir+£ \y‘dF+... (2.21) 


• The author of this book proved that in designing curved bars, which 
are widely used in mechanical engineering, formula (2.20) may be used if the 
equivalent moment /' is replaced by the ordinary moment I. 
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Members of this rapidly converging series are uniaxial moments 
of higher order of the cross-sectional area of the beam with respect 
to the centre axis. , , , „ „ „ 

For the design of thin-walled elastic rods the following “new 
geometric characteristics were introduced by V. Vlassov 


U, = J yp-dF j 
U y = j zp 'dF [ 


( 2 . 22 ) 


As already mentioned, these arc polar-axial moments of the third 
order (Fig. 2.4). Moments of this type may be expanded into uniaxial 



Fig. 2.4 F>e- 2.5 


and biaxial moments by the following formulas 


lf, = j i/’dF+j z*ydF = I s s +| 


(2.23) 


U v ■-= j z 3 dF + j zy-dF = I v s +hi,, | 

Let us consider the application of moments to the analysis of 
bodies of revolution. The moment of tho n-th order of the mass of 
a body (Fig. 2.5) formed by a plane figure F rotating around axis 
0-0 is expressed by 


j i.2m.<ir.«"—12 i./ < h ...(D (2.24) 


where / 0 „ (m) is the moment of the n-th order of the mass, I 0n «i (F) 
is the moment of order (n + 1) of area F, y is tho weight of 


a unit volume. 

Thus, the moment of any order n of the mass of a body of revo¬ 
lution with respect to the axis of revolution can be expressed in 
terms of the moment of order (n + 1) of the area of the revolving 
figure. When n = 0, we have the well-known Guldin’s formula for 
determining the volume of the body of revolution. When n — 2, 



a formula is derived for determining the moment of inertia of the 
mass of the body of revolution*. 

/ 0 i( m )=/ m =j2n/, (2.25) 

where I 3 is the moment of the third order of area F with respect 
to axis O-O. 

For a particular case, when F is a rectangle (Fig. 2.6), its revolution 
around axis 0-0 forms a hollow cylinder with a moment of inertia 



F 'S- 2.6 Fig. 2,i 


of its mass equal to 

I (m) = 2 * 1 (2.26) 

Similarly, a tore is formed by a circle rotating around the 0-0 
axis (Fig. 2.7); the moment of inertia of its mass is equal to 

/(m) = 2n-|-(3c-2£-+ (*«■*) (2.27) 

Finally, when studying the geometrical sections of beams, moments 
of higher order may be used to calculate the deflection of the con¬ 
struction elements made of brittle materials, which do not obey 
Hooke’s law, or of plastic materials beyond the clastic limit. 

Among possible stress-strain relationships those of the parabolic- 
type deservo the most attention because they allow to develop 
a rather simple theory for designing beams subjected to bending. 
For this purpose, geometric properties of the cross sections should 
be analysed thoroughly on the basis of the theory of higher moments. 
It means that besides the well-known static moments and moments 
of inertia of plane geometric figures, moments of higher order must 
be investigated by deriving corresponding formulas and developing 
theoretical principles beforehand. 


• Formula (2.25) was advanced by Yates in 
"Journal of Applied Mechanics", No. 2, 1936. 
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Designing Beams Not Subject to Hooke's Law 
According to Prandtl, in designing parts made of plastic materials 
the usual tension diagram (Fig. 2.8) can be replaced by a broken-line 
diagram (Fig. 2.9); the strain hardening which follows after yielding 



Fig. 2.8 i'ig- 2 9 

is disregarded. The first part of the diagram corresponds to the 
elastic state of material, and the second part—to the plastic state 
with an infinitely long flow section. 

The second part of the diagram, AB, represents the state of mate¬ 
rial only to a certain degree of approximation. Several scientists 



Fig. 2.10 F'S- 2-H 


tried to introduce other o-e diagrams'which would represent the 
behaviour of material beyond the elasticity limit. For example, 
F. Stephan suggested a diagram (Fig. 2.10) for plastic materials 
consisting of three sections, the third (hardening) section being 
a 10/3-power parabola. 

J. Fritschc and K. Jezek suggested a diagram similar to Stephan s, 
the second section of Jezek's diagram being a slightly sloped straight 

lin [S'.* Bozookhov, on the contrary, replaced the curved part of the 
diagram by a broken line. Although this idea is considered valuable, 
it must be pointed out that even the much simpler Prandtl s diagram 
(Fig. 2.9), when used for analysing the deflections of a statically 
determinate beam under a simple loading, leads to quite complicated 
calculations. A. Ilyushin's “method of elastic solutions and the 
"method of elasto-plastic solutions” do not make the problem much 
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easier. Neither do Bezookhov’s nor Bernstein’s methods. Difficulties 
arise from the elasto-plastic state of the beam and from the necessity 
of employing two different relationships within one stress-strain 
diagram. These difficulties are not diminished when three or more 
relationships have to bo used instead of two. 

That is why, besides moments of higher order, it is advisable 
to employ functional discontinuators introduced by N. Gersevanov 
in order to combine several functions representing the Clayperon 
diagram into one generalized mathematical expression. Correspond¬ 
ing formulas will contain moments as well as discontinuators or 
“ n y °. , e . r notation for integrals of discontinuous functions similar 
to Stieltjes integrals. 

In order to represent all the possible states of the material by 
one mathematical law, or, in other words, to replace the diagram, 
composed of different phases, by one approximate expression, the 
following algebraic function may be introduced 

o = a,e + a 2 e* + a 3 e* + . . . (2.28) 

This expression is not at variance with the general relationshin 
between a and e F 


a = 1 («) (2.29) 

After expanding this function into MacLaurin’s scries the follow¬ 
ing expression is obtained 


«-/(e)_/(0)_i/’ ( o) !--nr/-<o>+... aw) 

When a combination of a straight line with parabolas of different 
powers is selected to represent / (e), it must be kept in mind that 
parabolas of odd power have points of inflection; this may be useful 
when approximating the tension-compression diagram at these 
points. 

For brittle materials, several functions were suggested for the 
relationship between o and e. Among these functions the most 
popular is the power law 

e =«° m (2.31) 

or 

a =Ct n (2.32) 

According to N. Mitinsky, the power law was introduced long 
before C. Bach by Bulfingcr, who suggested the following formulas 
e 2 = a,o™ and e d = a 2 o" 

for the tensioned and the compressed zones of the bent beam res¬ 

pectively.] 
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Differentiation of (2.31) leads to 



However, when m slightly exceeds unity (as in tests carried out 
by Bach, Schullc and Pincgin) the dimensions of e do not satisfy 
formula (2.31) and as the stress o approaches zero, the derivative 
do/de in (2.33) tends to infinity. 

Foppl suggested the following formula 

‘-•(■5-r i 2 - 34 > 

which means the same as (2.31) if o 0 is assumed equal to unity. 

Since it is impossible to accept that as a = 0 the variable modulus 
of elasticity do/de go, many researchers tried to derive other 
functions. Formulas for brittle materials following from (2.28) 
and (2.30) were suggested especially often. 

If only the first term is left in (2.28), we arrive at Hooke’s law, 
while two or three terms give new relationships of the parabolic 
type. These functions agree with experimental results for certain 
materials. 

V. Manzhalovsky employed Emperher’s method and proposed the 
following two-term formulas of the parabolic type on the basis of 
the tests carried out by Ja. Stolyarov and B. Skramtayev 

Oi = a ( e — p,e* (for compression) (2.35) 

and 

o 2 = a 2 e — p 2 e* (for tension) (2.36) 

where a,, a 2 , p, and p 2 are empiric elasticity constants. In his 
studies Manzhaiovsky used additional conditions: (1) when e = 0, 
the moduli of elasticity are equal (E t = E t ); (2) when e 2 = max e 2 , 
the modulus E 2 = 0 (i.e., at the point of maximum strain the tan¬ 
gent to Clayperon’s curve is horizontal). 

Trinomial formulas of the parabolic type were suggested for cast 
iron by Hodgkinson in 1822 and by Cox in 1850. Later, L. Tyte 
proposed to use a similar relationship for metal wire 

e = aa + bo* + co 3 (2.37) 

while Broude did the same for concrete 

Qcemp = 2400 — 10* 10.854 (1.4-10** — e) 3 + 

+ 2040 (1.4 -10* 3 - e) 3 ] (2.38) 

This expression may be transformed to the following form 

Ocomp = a + pe + ye 3 + 6e 3 (2.39) 

Besides the exponential and power laws, hyperbolic relationships 
were also suggested for brittle materials. For example, Cox intro- 
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duced the following function for cast iron 



(2.40) 


Later, Grubler, Schlccbtweg and Deitler developed a theory for 
bars and discs made of brittle materials; they employed the following 
hyperbolic laws 


(2.41) 




B 1 —ao+poV® 


(2.42) 


However, calculations carried out by these researchers for extre¬ 
mely simple members were so complicated, that it is highly unlikely 
that this method will be used for more complicated problems in the 
future. On the other hand, any hyperbolic relationship between a 
and e may be approximated by a parabolic function; indeed, by 
expanding the hyperbolic formula into on infinite series, we obtain 
a rapidly converging series when pe < 1 

a= T ^ r = ae|l-p e + (Pe)*-...] (2.43) 


the first two or three terms of which arc sufficient for quite an exact 
approximation. 

Besides the above mentioned equations, L. Onishchik proposed 
a logarithmic curve for large-block masonry and concrete massives 



*-*-*o-(*rj 


(2.44) 


(2.45) 


Formulas (2.44)Jand (2.45) contain the initial modulus of elasti¬ 
city E 0 and exponent k as parameters. Onishchik suggested a sim¬ 
plified formula which does not correlate so well with experimental 
data. This formula contains a variable modulus of elasticity deter¬ 
mined as follows 


where R' = 1.10JI. 


(2.46) 
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The most accurate formula was proposed by Onishchik; this was 
proved by experiments and by comparing the results with formulas 
introduced by Bach and Schulle (power type) e = ao”, by Schreider 
(hyperbolic type) e = ——■-——— and with a parabolic formula 

*' *-n») 

o = «e - pe*. 

In some particular cases a binomial parabolic formula may be 
used; deviations from the exact solution did not exceed 27% even 
in the most unfavourable problems solved by such formulas. The 
extreme deviations will evidently be lower in case a trinomial 
parabolic function is employed. Still better results will be obtained 
if binomial formulas of the form a = oe* + pe 3 or a = y,e + Ys e * 
are used. 

As to arbitrary “graphical” relationships between a and e, i.e., 
laws without any analithic form, their application is not advisable 



Fig. 2.12 Fig. 2.13 

because the results obtained are usually reliable only to a small 
dogrcc and can be checked only by new graphical calculations. 

Lei us consider an n-nomial parabolic stress-strain relationship 
(Fig. 2.12) for a beam in pure flexure: 



Assuming Bomulli’s hypothesis concerning plane sections (e = 
= ky), wo arrive at dP = a dF, and from statical equations we find 

5)( y‘dF = 0 (2.48) 

and 

-Ir J y l+ldF 


(2.49) 
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The right-hand side integrals of the formulas are moments of 
corresponding orders of area F with respect to axis z-z (Fig. 2.13); 
therefore equations (2.48) and (2.49) may be rewritten as 

(2.50) 

and 

(2.51) 


Thus, strength and rigidity calculations of brittle materials may 
be based on a parabolic stress-strain relationship and on a full ana¬ 
lysis of geometrical properties of the cross sections by means of the 
theory of moments of higher order. Besides the well-known statical 
moments and moments of inertia of plane geometric figures, moments 
of the third and higher orders should be employed as well as moments 
of fractional orders (for creep design, in particular) and more com¬ 
plicated concepts, such as physical and geometrical moments. 
Being applied to Hooke’s law, the application of cross-sectional 
“geometry” led to a number of rather refined constructions, such 
as the well-known ellipse of inertia, Mohr’s and Zciner’s circles. 
It is difficult to foresee all the possible ideas concerning the complex 
“geometry” of sections but Culman's and Nels’s graphical methods 
of determining moments of inertia are also easily applied to the 
moments of higher order. 

Application of a single parabolic relationship as a characteristic 
of the tension-compression diagrams of plastic materials is much 
more complicated problem than selection of coefficients in tin- para¬ 
bolas representing brittle materials. Furthermore, the tension- 
compression diagram cannot be mechanically applied to beams 
in flexure; several additional factors must be taken into account, 
such as the "unloading" parameters, creep*, temperature, etc. 

Although distribution of stress across the section does not indicate 
the strength of a bar or a system of bars, nevertheless the idea of 
approximating different parts of a tension-compression diagram 
with a single rational function deserves consideration. Such a func¬ 
tion will make it possible to develop a theory of design on the basis 
of moments of higher order. 


The creep design theory employs moments of fractional orders. Stabilized 
creep dosign is simpler than many other problems beyond tho Hooke's law, 
because it is based on a general monomial stress-strain relationship. 



Rotation of Axes and Associated Changes in Moments of the Third 
Order of a Plane Figure 

Consider the third moments of a plane figure F with respect to 
the initial axes z and y 

ht=\y i dP, I^=\z 3 dF \ 

' ' l (2.52) 

I,iy = J zy 2 dF, I ;yt = f z 2 y dF j 

as well as all the moments of lower orders. 

Let us determine the moments of the third order of area F with 
respect to axes u and i>, which are turned through a positive angle a 
with respect to the initial axes, i.e., 

/ ul =Ju*dF, /„, = j u 3 dP } 

' ' \ (2-53) 

= j uv 2 dF, /«»»= J utvdF I 


h# = j v 3 dF=\ (y cos a — z sin a) 2 dF = cos 3 a j y 3 dF— 

F F F 

— 3cos*asinaj y 2 z dF -i- 3 cos a sin 2 a j yz 2 dF — 

— sin 3 a j z 3 dF = I,i cos 3 a — /,i„• 3 sin a cos* a + 

+ /« u i-3 sin* a cos a — sin 3 a (2.54) 

The other third moments are determined similarly 

/,»= | u 3 dF= | (z cos a + y sin a) 3 dF = /„i cos 3 a + 

+ It V fZ sin a cos*a + /„ v -3 sin* a cos a + /,«sin 3 a (2.55) 
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/ u ,„=| uu z dF = j (z cos a + y sin a) (y cos a — zsina)*df — 

= sin a cos* a— I,t u cos a (2 sin* a — cos* a) — 

— I,„t sin a (2 cos* a—sin* a) + /y> sin*acosa (2.56) 

j u-vdF=^ (z cos a-by sin a)* (y cos a —2 sin a) dF = 

= I si sin* a cos a - /,„» cos a (2 sin* a - cos* a) -b 
-b /, i v sin a (2 cos* a—sin* a)—/„» sin a cos* a 


(2.57) 

The formulas obtained may be used to establish the relationship 
between biaxial and uniaxial moments of the third order. 

After multiplying both parts of (2.54) by sin a and both parts 
of (2.55) by cos a and adding the results term-by-term, the following 
equation is obtained 

/ u j sin a + /oi cos a — -y/,asin 2a ~ / u aCos2a -b -y sin 2a (2.58) 

Now, after multiplying both parts of (2.55) by sin a and both 
parts of (2.54) by cos a and subtracting the second from the first 
term-by-term, another equation is obtained 

/o^sin a — / u j cos a = -y / y j sin 2a — /,»cos 2a + -|- sin 2a (2.59) 

The last two equations give the following relationships 
2 /,,«»« + /„, sin a —i/„sin2a —/ 

= T-silTto 


(2.60) 


and 


/yjSina—/ U 3 




This solution may be simplified when a = 45°; then formulas 
(2.60) and (2.61) take the form 

. V2.fr._i_r . V2 






r v>) 


The last Mo formulas arc Ho relationship, between biaxial .ml 
uniaxial moments of tho third order. They are u t!,o tor 
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mulas for axial and centrifugal momenta of inertia (i.o., momenta 
of second order), which aro woll known in the theory of resistance 

°*Sinc<f r tho S new coordinate system (u, t») is turned with respect to 
tho initial one (2, y) through a positive angle a then u = s cos a + 
+ ys in a and v = y cos a - 2 sin a. Therefore, 


/ u ,= j v 3 dF = j (y c ‘ 


(2.65) 


j >== j u 3fiF = j (2 cos a+y sin a) 3 dF = /y» cos 3 a -+- 

+ 3lyu cos* Ct sin a -r 3cos a sin* a + sin* a (2.66) 

Rv differentiating (2.65) and (2.66) with respect to a, the following 
formulas are obtained 

f 3 v t*LdF= —3 


and similarly 


-=+3/„* 


(2.67) 


r reaches its maximum when / uS , =0; this means 
The value . 0 f symmetry of the figure, then the third moment 
that if »> s t,ic xis u will reach its maximum, 
with respect w | orm ulas for biaxial moments of the third order 
The following turne( j through angle a are determined likewise 

with «sp®^ / t » g - nacosa + /iJi(COSa(cos 2 a _ 2sin2a) + 

Iui °^ j ^ sin a (sin* a — 2 cos* a) 4- /»* sin* a cos a 


_ /.j sin 


a cos a + /,»„ sin a (2 cos* a — si 




(2.68) 


' t cos a, (cos* a — 2 sin* a) — / w sin a cos* a 
..'ion with rospoct to a leads to 

Differentiation 

"5cT u 

: s the axis of symmetry of the figure, then /,»=0, 
If tho axis 2^ w j, or0 as and 7,i v reach their maximum, and 



Theory of Moments 


by means o! (2.53) the maximum of 7„j can be determined; the 
maximum of /„> is determined from the following equation when 
a = at 

I u«r = /««» cos a,, (cos* a®—2 sin’ a®) + sin* a® cos a® = 0 
which leads to 

cos a® [/js„ (1—3 sin’ a#) + Iy> sin* a®] = 0; (2.70) 

This formula gives two solutions: cither cosa o = 0 and a 0 = a/2 
then I v a has one of tho extreme values, or 

I,t u (1 — 3 sin’ a 0 ) + /„; sin* a 0 = 0, 
which means that 

■taa.-ilAj-TlT- (2H) 

(2 - 72) 

tan* cto = 21 ‘'■ u — (2.73) 

t'tly — 1 

From (2.70), (2.71), and (2.65) the following expression may 
be obtained 


- 7 u i = — 3/ 2 s„ sin’ cto cos* a®— Iy> si 
2 fill 

= ± —rz - , 


Formula (2.74) gives the magnitude of the second extremum of the 
uniaxial moment of the third order. The following formulas clarify 
which values of I u » exceed the rest when a = a 0 and a = a/2 
2I r*U ' r 
(3 l„y-Iyo) 

hence 

4/J»„ > (3/jS® — lit — Pyl) 

In order to clarify all the relationships governing the changes in 
the uniaxial third moment let us examine its symmetry. Let ct 3 = 
= —a ( , then sin a 3 = —sin ot|, cos a 3 = —cos a, and 

/ u j = I,t cos’ aj —31 tty sin a 3 cos* a,+ 3 1,yt sin* a, cos a 3 — 

— Iyt sin’ a 3 = I,t cos’ a,+3 1 tty sin a, cos* a, + 

+ 37,sin’ a, cos ct| + Iy> sin’o, 


(2.75) 

(2.76) 
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If an axis of symmetry exists, then 

/„j = 3/,j„ sin a, cos*a, + /„* sin* a t = — /„g (2.77) 

Thus, if z-z is the axis of symmetry, then the moment of the third 
order will be symmetrical with respect to this axis, the symmetry 
being of the second type 

Changes in Third Moments Associated with Parallel Translation of 
Axes 

(7) Uniaxial Moments of the Third Order 
Let z t and y 0 be the central axes of a plane figure, and z and y — 
the parallel axes, transferred from the central axes through distances 
b and a, respectively. Then 

A-o = J (!/o + b)» dF = J ,jI dF + 3b j yl dF + 

36= j ijodF+VF = 7,g + 36/.. j + b*F (2.78) 

Similarly, 

V = hi -i- 3al u r J- a 3 F (2.79) 

(2) Biaxial Moments of the Third Order 

= j (!fo + 6)*- (Z„ + a) dF = r, iVt + 2 br„ yo + a/JJ + ab*F (2.80) 

Similarly, 

Iz v * = 7 l0 „« + 2al, 0ll0 + 6/„. -f a ! 6F (2.81) 

If z„-z 0 and ijo-ijo are the principal axes, then 7 l0 ,, 0 = 0; the¬ 
refore 

fzt u = 7ji„, -!- al ; ; + ab-F (2.82) 

r, v * = r t< + bf„, H- a'bF (2.83) 

(3) Polar-Axial Moments of the Third Order 

1 •V a = j dF — j (zj -(- j/*) i/o dF = -f- (2.84) 

lcy,. = J PJ*. dF= f (z; + yl) z,,dF = + /,,„„ 


(2.85) 
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la, = | p J y dF = I, u i -f h» = hog* + 2a/ I0W ~ a l 6F + 6/ v i -r 

+ 1,* +36/,i -j- h’F — I,i t 36/ ,j/ „„i2a/„ m 6/ # j + 

+ 6(a» + 6 ! )F (2.86) 

/«l v = J p J Z <fF = /jl|, — lyl = /yj + 3a/,,! T /jl|, 0 T 

+ 26/, w , + a/ ; , + a(a s + 6 s )F (2.87) 

If Ihc figure has an axis of symmetry (for example, axis y 0 ) and 
Zo and <j 0 are the principal axes of inertia, then 

= /-•>ifo=° and /, ouo =0 

Therefore 

I,i = hi + 36/, j + 6*F (2.88) 

/„» = 3a/„! H- a 3 F (2.89) 

hiu = «/sj + <drF = 6 (/,. i- 6*F) = a/ ; , (2.90) 

/ !uJ = I :ol , i + h/„, + «-6F = /.. ov| -f 6 (/„.,+a ; F) = /,„, f-6/,, (2.91) 

/««,, =/„„! + /.. j (2.92) 

/ f ; t , = 0 (2.93) 

hie= /..j + 36/ J ,+6/ ll j + 6(a 1 + 6 J ) F (2.94) 

and 

/e«v = 3a/„ J +a/ l ,+a(a s + 6 ! ) F (2.95) 

Axes for Maximum Values of Moments of Even Order 

In addition to the above mentioned propositions concerning 
moments of the third order, wo shall present some theorems that 
deal with the extreme values of moments of any order with respect 
to a parallel transfer of axes. 

Let 0-0 be the central axis of geometrical figure F, axis 1-1 an 
off-centre axis at a distance a from the centre. Then the moment 
of an even order (2n) with respect to axis 1-1 is 

si-dr- j (=.-«)’■ ir (2.96) 

The integral in this formula contains the parameter a. By changing 
a , i.e.,by transferring the axis to another parallel position, diffe¬ 
rent values of the moment of order 2n will be obtained. The extreme 
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values will appear when 

or i J <*.-«)•" rff - j-5 <if- 

= - 2n | (zo- fl) 5 ’- 1 dF=- 2nl t tn-i = 0, or / |2n -i = 0 (2.97) 

Of all parallel axes the one with an odd moment /,»„-! = 0 has 
the extreme value of an even moment (/,!„); such an axis is called 
the central axis of the odd order (2n — 1). 

To judge whether the extreme moment /,»„ is the largest or the 
smallest possible value, we must examine the second derivative 
with respect to the parameter and determine its sign 

•5J5- /,2,i = 2n(2n—1) j (z-a)*"-*dF = 2n (2n- 1) / l2n -2 (2.98) 

Since the product 2m (2« — 1) is positive, the sign of the derivative 
will be the same as that of the moment of the order (2m— 2); the 
latter, however, has the sign of area F (that is, if the total area 
F of the figure is positive, then all even moments of this area with 
respect to any axis are positive; if area F is negative, then all 
even moments are negative; negative areas may occur in case figure 
F is not a cross section or a part of a cross section, but for example, 
a dislribulcd loading, both uniform or non-uniform). 

Thus, it can be staled that among all the moments of an even 
order 2« of a positive geometrical figure the minimum value is 
associated with the axis, which has a zero moment of an odd order 
(2m - 1). 

A well-known particular case of this theorem is the uniaxial 
moment of the second order (that is, the moment of inertia), which 
has its minimum with respect to the central axis of the first order, 
i.e.. the axis with respect to which the moment of the first order 
(statical moment) is equal to zero. 

If the total area F is negative, then all the moments of even orders 
will also be negative, and the moment of even order 2m will reach 
its largest possible value (i.e., a negative value with the smallest 
possible absolute value) at the central axis of the order (2m — 1) 
with respect to which the moment of odd order (2m — 1) is equal 
to zero. 


Extreme Values of a Biaxial Moment 

In a similar way we can examine the extreme values of a biaxial 
moment. Let the following expression be a biaxial moment of 
(m -1- n)-lh order of figure F (i.e., of the m-lh order with respect 

3* 




Theory of Moments 


36 


to the central axis 0-0 and of the n-th order with respect to the 
parallel off-centre axis ‘1-1 at a distance a from the centre 

/ 0 m, n = j z m (z — a)" dF (2.99) 

It can be observed by analysing the derivative with respect to a, 
that a biaxial moment / 0 m,» reaches its extremum with respect to 
the axis, relative to which the biaxial moment of the preceding 
order is equal to zero. 

Similarly, if both axes are off-centre, then the biaxial moment 
/ (mjI , = ^ z^z^dF reaches its extremum when either 
p 

/, m -i 2 n or / t m 2 n-i vanish 

3. UNIAXIAL MOMENTS OF POINT FORCES AND COUPLES 

Tho product of a force and its arm is called statical moment of 
the force. Similar to area moments of geometric figures, the concept 
of a moment may be extended to other possible products of a force 
and its arm. The latter enters the for¬ 
mula not only in the first power, but 
also in any other power corresponding 
to the order of the moment. 

The moment of the n-th order of a 
system of parallel forces P B , . . ., 
Pk< Pi (Fig. 3.1) at distances b t , 
b 2 , . ... b h , .... b, from the origin, 
respectively, is determined ns a sum 
of products of each force and its arm, 
the power of the latter bcin" equal 
to the order n of the moment 
M„ = Pox n + Pi(x - b,) n + P 2 (x - b 2 ) n + ... -f 

+ Pk (*- b,r +...*=»,<«-hi - - S />»(»-/.») 1 (M) 

h—o 

Assuming n"=0, 1, 2, 3, . . ., we obtain formulas for moments 
of the zero, first,'^second, etc. orders, respectively. 

M a =P^>V P,(t-6,) 0 + P 2 (x-b 2 ) t + ... +/M*-W , + ... + 

j-p,(*- i>,/-J/i. 


Po 
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M 3 = 2 Ph(x — bk) 3 

These moments may be called: M 0 —zero moment, Mi —first 
moment, M 2 —second moment, etc.; the number of the moment 
corresponds to the power of the arm. The power of the arm in for¬ 
mula (3.1) is the same for all forces contributing to the 
moment. 

The theory of moments of higher order does not set any limits 
for the order n of the moment; calculations may deal with, say, 
fifth moments M s , seventh moments M 7 , etc. 

Let us now consider higher moments of point force couples. In 
order to determine the n-th moment of a force couple (Fig. 3.2a) 



we assume that the couple is formed by two forces P (Fig. 3.2b) 
applied at points separated by a distance A. The moment is equal to 


If the moment is kept constant, then P-*- oo a 
case from formula (3.1) we obtain 

4 .^--( 4 )’ 

- i’- (y)‘ 
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In the obtained expression, PA = M, and therefore 
M n = nMx”~ l 


(3.2) 


because as A-*0 all subsequent terms in the formula vanish. _ 

It can be observed now from comparison of (3.1) and (d.z) that 
the formula for the n-tli moment of a force couple has the form of 
a derivative of the formula obtained for the moment of the same 
order of a point force. ... 

Application of formulas (3.1) and (3.2) can be made much simpler 
if these formulas are presented in a different torn by dividing both 
sides by a factorial product n! 

This leads to the following formula for point forces 



P„ (x-tQ" 
«! 


(3.3) 


According to (3.2), for a system of point force couples M ,, M t , ... 
. . M t , . . ., A/», applied at distances a ( , a 2 , ■ • •• «i. . . ., a*, 

( from the origin of coordinates (Fig. 3.3) 
the n-th moment about point X with abs¬ 
cissa z will be 




(3-4) 


Besides point forces and force couples, 
| ■— there are continuous distributed loads, 

which are represented in the sc hemes by 
Fig. 3.4 loading areas of various forms. The formu¬ 

las determining moments of higher order 
of all loads of this type with respect to various axes contain both 
the force factors (i.e., loads of a certain type) and arms of these 
force factors; this means that sign rules should be set for both factors. 

According to generally accepted rules, we shall consider the ver¬ 
tical point load or area of a vertically directed distributed load 
positive when directed towards the positive end of the ordinate 
axis, i.e., upwards (Fig. 3.4), and negative in the opposite case. 
The arm of a force or loading area is positive when the moment axis 
is on their right. 

If we follow this rule, then the positive arm of a force or loading 
area directed always from the force (or area) towards the moment 
axis, will coincide with the positive direction of the abscissa. 

Thus, according to this rule the direction of a force and the direc¬ 
tion of an arm are designated by signs, corresponding to the usual 
directions of coordinate axes. 
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For instance, the n-th moment of a vertical force P \v 
with respect to the moment axis is 


When n is even, the sign of the arm * of the force does not matter 
and it may be given the same sign as that of the force / . 

That is why an even moment of a force or loading area will be 
always positive, if the force or the loading area arc directed along 
the positive half of the vertical axis (i.e., upwards), and negative 
in the opposite case regardless of the position of the moment point. 


p i 2 


As to the odd moments, their signs are determined according to 
the sign rules for bending moments, which, in the theory of strength 
of materials, correspond to the sign of the curvalive of the elastic 
line produced by the moment. 

\ccording to Fig. 3.5, of the four presented forces, P, and Pj 
should be included in the formulas with plus sigus, while P 2 and 
/>, should be taken negative; the arms of these forces with respect 
U> the moment axis have the following signs: x , and x 2 are positive, 
while i 3 and x k arc negative. As a result, an odd moment of forces 
7', and P* about point O is positive, while the same moment of 
forces P- and P 3 is negative. , 

Regarding continuous loads (Fig. 3.C), it can be observed that 
anv even moment of a positive load (directed upwards) is posit'\ e 
regardless of the position of the axis, because when determining 
an even moment the arm of a force or a loading area is raised to an 
even power, which results in a positive number; thus, the sign 
of an even moment is the same as the sign of the loading. 

Moments of odd orders of a positive loading area will be negative 
with respect to an axis through point 0, on line 1-1, because all 
the elements of the loading area have negative abscissas. 









Likewise, the odd moments with respect to on axis through 
point 0 2 are always positive*. 

As for the signs of moments of any odd order of tuo loading area 
or simply of the areas of geometrical figures with respect to axis 3-3 
(Fig. 3.6) which cuts the area into two parts, it is impossible to say 
anything definite until the moment is calculated. 


4. UNIAXIAL MOMENTS OF BALANCED AND UNBALANCED SYSTEMS 

Consider the relationship between the moments of the same order 
relative to parallel axes. 

The following notations arc introduced: dF —element of area F 
(Fig. 4.1) of a plane geometric figure; x 0 , x A and x B —distances from 
the area dF to axes O-O, A-A and B-B, 
respectively; c A and c B —distances bet¬ 
ween the central axis 0-0 and axes 
A-A and B-B; c =c B — c A —distance 
between axes B-B and A-A. 

We shall now derive the expression for 
uniaxial moments of the n-th order of 
the area with respect to axes A-A and 

-—“—i B-B. Let M An and M B „ be the moments 

i o a of the n-th order relative to A-A and B-B, 

Fig. 4.1 subscript n indicating the order of the 

moment and A and B indicating l lie axes 
involved. The moments of the n-th order with respect to axes A-A 
and B-B are determined by the following formulas 

M a „ = j x” dF; M g n = j x n D dF 

lienee, 

4r---a- J J (*»+c)"dF= 

-± j [<;h '+ll^aAj- +...+ 

F F 

+ S T-T^wl*r- iF + 

* Delcnuiuatioo of moments of a load which is parallel to a certain axis 
becomes similar to determination of moments of plane geometric figures, if 
the new moment axis is introduced in the plane of the load instead of the usual 
axis which is perpendicular to the plane ot the force. 
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and finally 

M B" M A n M A n ~ i ci J,/ i"-2 c3 M A n-3 
nl = ~nl *" C (ii — 1)l ^ "2T (n—2)1 ~ i " "3T* (n—3)1 + 

c—3 M A3 c n-2 M At e n-l M Al e n 

••• + («-3jT‘ 3! + (n — 2)! ' 2! ' ! ' (n-t)l * II T <il 


(4.1) 


Regardless of the position of the axis, the moment of the zero 
order of a distributed load is equal to tho resultant of this load, i.o., 
it is represented by the loading area 

M a o = = F (4.2) 

and for a system of point loads it is represented by the absolute 
value of the resultant 

M A o = Mua = yp (4.3) 

Formulas for relationships between moments with respect to two 
mutually parallel off-centre axes may be obtained from (4.1) as 
its particular cases. Taking n = 0, 1, 2, 3, 4, . . ., the following 
formulas are obtained from (4.1) for moments of various orders. 

Moment of zero order 

M do = M A o = const 
(for a loading area M do = M a o = F). 

Similarly, 

M Bl = M A i + cM A „ (4.4) 

A/,. r2 

—= —2j—-rC.l/ A i-|--5rd/ /1 o (4.5) 



M b , M m A/ 4 , e s A/ 4 , c3 c . 


where Mb i >s the moment of the first order, M B t —the moment of 
the second order, etc. 

When axis A-A coincides with the central axis O-O, particular 
cases of formulas (4.1), (4.4)-(4.7) occur, representing the relation¬ 
ships between the moments with respect to two parallel axes, one 
of which is the central axis and the other is at a distance c from it. 
In these formulas the statical moment M 0 \ with respect to the 
central axis is zero. Using jlf, to denote the moments with respect 
to an arbitrary axis x, and M„ to denote the moments with respect 
to the axis O, we come to the following formulas for the above men- 



42 


Theory oj Women 


tioned relationships 


M x i = cMoo 
M xt A/ 0 , t 2 
21 — 21 "5T ™ 0® 


(4.8) 

(4.9) 


A/ x s = A/o» t c*Afoo 



A/,j = Mo» + 3cMot -|- c 3 

.i/ x4 A/ 0 , c 2 M w c « 

"ST = “5T + c IT + IT ‘ IT + TT fl ' /o0 


(4.9') 

(4.10) 
(4.10') 

(4.11) 


M x t = M oo + 4c A/ os 6c* A/ <# + c'A/oo (4.11') 


where A/,i is the moment of the first order, M x t —moment of the 
second order, etc. 

The following formula refers to moments of arbitrary order 
M z „ M 0 „ W 0 „. 1 c , M Qn . t ci M 0 „., 


-1)! • 2! ■ 3! (n —3)! ' 


c"-» , en-i W 0 , , e „ 

tii—3)l ' 3! + (n—2)! '2! ' n! 


•A/oo 


(4.12) 


If a self-balancing composite load consists of point forces, couples 
and continuous distributed loads, and the static equilibrium equati¬ 
ons lead to A/ 0 = 0 and A/, = 0 (with respect to any axis), then 
formulas (4.1) and (4.5)-(4.7) are simplified. 

We shall now derive the formulas for the relationship between 
the moments of a self-balanced loading with respect to two arbi¬ 
trary parallel axes. 

Moments of zero, first, second, third and fourth orders may be 
determined by the following expressions 

Mbo = Mao= 0 (4.13) 

M bi = M m = 0 (4.14) 


etc. 



(4.15) 

(4.16) 

(4.17) 
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The general expression for the moment of the n-th order is 
given by 


M - M „ M. rt M.n-t 

‘> n _ r A " ‘ I — __-_l- 

"7i nl ‘ (n—1)1 T 21 (n — 2)1 r 

e* ^ A n-3 , c"-» ■ <"~ 2 M At 

+ 3T"(n-'3jr + ••• + (n-3)! ' 31 + (n-2)! "ST 


(4.18) 


If one of the parallel axes is the central axis, the formulas remain 
the same except that the subscript A should be replaced by O, and 
c should denote the distance between the arbitrary and central axes. 
Then 


M x »=0 (4.13') 

M x i = 0 (4.14') 


= const, 


(4.15') 


M x » M oi 
~W = ~3T + C 2! 

M 4 'Wo* M 0* , _£^_ J/ Q» 

* IT 2! ‘ 2! 


(4.16') 

(4.17') 


The general expression is 

M , J 'o"- , J .. 

1 2! (n-2)! ‘ 

M n -3 c n-3 jtf 0 3 j c n-t M Q1 

+-1T(==3F + ■ " + C--W-TH+ (n—2)1 -TT (4 - 18 ') 

ulos (4.13)-(4.18) the following four theorems concerning 
From forn ?, 0 f balanced transverse forces can be deduced, 
a plain system^ mgment 0 j fa secon d order of all the forces (divided 
Theorem I- (Q „ oin[ 0 f fa p i ane is a constant value, 
by 2\), with re p moment 0 f fa third order (divided by 3!) is a linear 
Theorem J • bscissa 0 f the moment point, 
function oj ^ momen t 0 f the fourth order (divided by 4!) is a 
Theorem 1 ' ara bolic function of the abscissa of the moment point, 
second or(ler .£ ff t e moment of the n-th order (divided by re!) is a para- 
theorem l • ^ or der (n — 2) of the abscissa of the moment point, 
bolic functio * are supplemented by statical equilibrium cquat- 
If these in c resultant is equal to zero, i.e., M 0 = 0, and the 
ions (that tn resu ltant is equal to zero, A/, = 0), then the follow- 
statical m®® „i a s will represent all these equations for a balanced 
ing set of f° r 



Theory 0/ J lomer 


system of forces 

M 0 = 0, M, = 0, 4^ = C, = const 
‘^ = C l x~C,, '^i=C,-y- + C,i + C 3 , etc. 
and, in the general form 

= Ci ("-2)1 ^ C * (n—3)1 +Cj (n —4)! + ••• + 

+ C n _ 3 £ + C n . i x + C n ., (4.19) 

where C t , C 2 , C 3 , ■ . ., C„_ 2 , C„_, arc constant values depending 
on the magnitude of the forces as well as on their arrangement in 
the balanced system, x is the distance of an arbitrary axis from the 
central axis. 

YVc shall consider the moments of higher order with respect to 
differently arranged parallel axes. Returning to Fig. 4.1, we shall 
determine the relationship between the moment of an arbitrary 
order of any geometrical figure and the position of the moment axis, 
when the latter is transferred parallel to its initial position. As 
previously, the moment of the n-th order with respect to axis B-B 
is determined by the following formula 
•'/„ , f „ . 

=^)x „dF = -jjj- (x A c) n dF 

Depending on the position of the moment axis, i.e.,011 distance e, 
a moment of the n-th order reaches its extremum at such a value of e, 
when the derivative of the moment with respect to c equals zero, i.e. 

~ (ir=T5? J <'* + '*"* iF - rS? “ 0 «•*» 

Similar calculations lead to 

d2 ( “ ) = (n — 2)! 

After comparing these formulas with those derived previously 
from analysing the signs of the moments of even and odd ordors, 
we come to the following conclusions. 

All even moments of a positive loading area are positive, whilo 
whe signs of the odd moments depend on the position of the moment 
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axis. If the latter is situated so that the entire figure is on its left- 
hand side, then the odd moment with respect to this axis will be 
positive. And vice versa, if the figure is on the right-hand side of 
the axis, then the odd moment will be negative. 

Therefore, any odd moment has an axis, with respect to which it 
becomes equal to zero. This axis is called the central axis of the cor¬ 
responding odd order. For example, the central axis of the first order 
(the general central axis passing through the centre of gravity), 
the central axis of the third order, etc. 

It may be concluded from formulas (4.18) and (4.19), that a posit¬ 
ive moment M 2n of an even order 2n reaches its extremum with 
respect to the central axis of the order (2 n — 1). The second derivat¬ 
ive M 2n -z has the same sign as the investigated function M 2n ■ 
i.e., Min-t > 0, then the extremum corresponds to the minimum 
value. 

The statements proved above may be formulated as the following 
theorems*. 

Theorem V. A moment of any odd order (2 n — 1) has only one 
position of the moment axis, with respect to which its value ,'V/ 2n _1 
becomes equal to zero. Such an axis is called the central axis of the 
order (2 n — 1). 

Theorem VI. A moment j\I 2 „ of any even order (2n) of any area of 
a geometric figure reaches its minimum absolute value with respect 
to the central axis of the order ( 2n — 1). In particular, the moment 
of inertia of an area of a geometric figure is the smallest with respect 
to the axis, which passes through the centre of gravity. 

Theorem VII. If a given composite load system (forces , force couples, 
distributed loads) is symmetrical, then any odd moment with respect 
to the axis of symmetry is equal to zero. A moment of any even order 
reaches its minimum absolute value with respect to the axis of symmetry. 

The concept of moments of higher order in three-dimensional 
space may be extended to various vectorial quantities given in space. 


5. UNIAXIAL MOMENTS OF AREAS OF SIMPLE FIGURES 
Relationship Between Uniaxial Moments Relative to Parallel Axes 
Consider an area F (Fig. 5.1) of arbitrary shape and two parallel 
axes in the plane of the figure, a central axis 0-0 and axis 1-1 set 
at a distance c from the central axis. The distances from an area 
element dF to the axes 0-0 and 1-1 are denoted by x 0 and x„ 
respectively. The moment of the n-th order of area F with respect 


• Similar considerations are true not only for areas of plane figures, but 
also for composite loads consisting of forces, force couples and distributed 
loads, and in general for combination of any force parameters. 
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to axis 1-1, divided by nl, is determined by the following formula* 


But x, = x 0 + c, therefore 


A'i" _ f (*o±e)2 jp_ fr x o . *o“‘ . 


r (n —2)1 21 


r 31 (n—3)1 r "' ' ” r (ii 


By introducing moments relative to the central axis and remember¬ 
ing that the static moment relative to the central axis is equal to 
zero we obtain a formula expressing the relation between moments 
of the n-th order relative to two parallel 
axes, one of which is the central axis 



(«—!)! ^ 


M r , i-, 

• 2jr 


Formulas for the moments of the second, third, fourth, etc. order 

can be derived from (5.1) by substituting n = 2, 3, 4. 

From here for brevity, moments of the first, second, third, etc. 
orders will be called the first, second, third, etc. moments, respect¬ 
ively. 

For the second moments (when n = 2) 




(5.2) 


This expression is well-known as the formula determining the 
relation between the moments of inertia with respect to two parallel 
axes, one of which is the central axis. 

For the third moments (when n = 3) 


.11 11 2 ! 1 3 


(5.3) 


* The formula expressing the relationship between the moments is derived 
here independently of formulas of the previous section, although it is a parti¬ 
cular case of those formulas. 
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There is no need to calculate moments with respect to axis 2-2, 
because due to the symmetry of the area the moments with respect 
to axes 1-1 and 2-2 have the same absolute values. All odd moments 
with respect to axis 2-2 arc negative, i.e.,M jjn „ =—M itntl for 
any n, all even moments are positive in this case, i.e., M 2 tn = 
= +M,2n because they arc of the same sign as the area. 

All odd moments with respect to the central axis 0-0 (which is 
an axis of symmetry of the given area) are zero, while even moments 



Fig. 5.3 Fig. 5.4 


are positive. To calculate them, we divide the rectangle in two even 
rectangles of length a/2. According to (5.7), we obtain 


This formula leads to the following formulas of the area, moment 
of inertia (divided by 2!), moment of the fourth order (divided by 
41), etc., when n = 0, 2, 4 . . . 

M 0 o = F = qa | 


The values of the second and third moments are shown in Fig. 5.3, 
relative to the two most significant axes lying in the same plane; 
the second moments are written above the rectangle and the third 
moments, below. Figure 5.4shows the same moments divided by 2! 
and 3!. respectively. 

Consider moments of higher order with respect to the most signi¬ 
ficant axes for a triangle with its apex pointing to the right and an 



angle coefficient tan a = k (Fig. 5.5). Taking an infinitely small 
area of the triangle dF = p du, where p = ku, we obtain the follow¬ 
ing formula for the n-th moment of the area . 

with respect to aSis 1-1 -1 —a --i 


(5.11, J 



ir- ‘ ( ; tX" (5 - 12) ui 

<2 S 10 J 1/ 

To calculate the n-th moment (divided 
by n!) with respect to axis 2-2, we consi- F'g- 5 - 5 

der the area of the triangle as the diffe¬ 
rence of the area of a rectangle of height q = ka and that of a sup¬ 
plementary triangle, the outline of which is shown in Fig. 5.5 by 
dashed lines. Using formulas (5.7) and (5.12), we obtain 

According to this formula, all even moments are positive and 
odd moments are negative. 

The value of the moment (without the factorial denominator) 
is given by 

This formula may be used to calculate the area, statical moment, 
second moment (moment of inertia), third moment, fourth moment, 
etc., corresponding to n = 0, 1, 2, 3, 4, . . ., respectively 

r--i-i£, Sj-ii/,,., 


a /, 4 = r\ 

2 5-6 30 ‘ 

Formula (5.4) may be used to determine the third moment with 
respect to the central axis O-O, taking 2-2 as the initial axis and 


M 0 , = M 2 3 - 3c M 0 t — c 3 F= -~-f 


■ / a \8 ka* ka* 

^ \ 3 ) ' 3 — 270 

(5.16) 
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The central third moment could be determined by direct inte¬ 
gration (as we would obtain the general formula for the n-th mo¬ 
ment), but in view of the relative amount of calculations the method 
of deriving formula (5.16) was found most appropriate; moreover, 
the only central moments necessary will be those of the second and 
third orders. 

Calculations carried out from the derived formulas result in 
values presented in Figs. 5.6 and 5.7; the second moments arc written 



on top of the triangles, the third moments—under them. Figure 5.6 
presents the moments, while Fig. 5.7 gives the same moments divided 
by corresponding factorials. 

If the largest ordinate q = ka is given instead of the angle coef¬ 
ficient k, then the values of the second and third moments with 
respect to the three most significant axes will be ns shown in Fig. 5.8. 

It can be concluded from Figs. 5.6-5.S that according to the sign 
rule, the second even moments of a positive area of a triangle are 
positive with respect to all the axes. As for the sign of the third 
(odd) moments, this depends on the sign of the load and the position 
of the moment axis. 

The moment of the third order of a positive area of a triangle 
will always be positive with respect to the axis passing through the 
vertical base of the triangle (axis 1-1 in Figs. 5.5 and 5.6). This 
follows from the direction of rotation about the moment axis and 
from the fact that all the surface elements of a triangle have positive 
arms relative to this axis. Similar considerations lead to the con¬ 
clusion, that moments of the third order with respect to a vertical 
axis passing through the apex of a positive triangle arc negative 
(the extreme left axes in Figs. 5.5-5.8). 

To determine the sign of the third central moment of a triangle 
is more difficult. The statical moment with respect to the central 
axis is zero, but when finding the third moment, all the moment 
arras of the surface elements are raised not to the first power, but 
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lo the third; this is why in the integrand of the expression the pro¬ 
ducts of the elements arranged on the left side will predominate 
since they are, comparatively speaking, farther from the central 
axis than the elements on the right. As a result, the central axis 
will be in the same condition relative to the sign of the moment as 



the axis passing through its base: the sign of the third moment (in 
general, any odd moment except the first) of the area of the triangle 
with respect to the central axis always coincides with the sign of the 
third moment with respect lo the axis passing through the vertical 
base of the triangle, and opposite to the sign of the 
moment of the same order with respect to the ver¬ 
tical axis passing through the apex of the triangle. 

The above mentioned considerations arc illust¬ 
rated by Fig. 5.9, where moments M» arc writ¬ 
ten above the triangle and moments :l/j—under 
it for a positive area of a triangle with its apex 
pointing to the right. Fig. 5.10 has moments, di¬ 
vided by the corresponding factorials above 
the triangle and^p under it 

In conclusion let us find the position of the central axis of the 
third order, i.o., such an axis, with respect lo which the third moment 
of the area of a triangle is zero. Let a triangle (Fig. 5.11) have base a 
and height q and 0,-0, be the central axis i.o., the central axis of the 
first order, 0y0 3 — the central (zero) axis of the third order. Then, 
according to formula (5.4), the third moment with respect to the 
zero axis of the third order is determined by the following 
expression 



M 0j ~M o . + 3cM 0 , + ^P 
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where c is the distance between zero axes of the first and third order. 
After substitutions, the following expression is derived 

M oi- — fs+ 3 ' (Dr )+«v-o 

The only real root of this cubic equation is given by the following 
expression 

a \/i , 3VS , « ,/T 3V6 
c ~t V io +- 2o — '"3 J/ io—ar < 5 - 1 7 ) 

or 

c «|^0.4674235 + 0.267435 = 0.0439a =~ (5.18) 

The distance between the zero axis of the third order and the 
vertical cathetus of the triangle is 

e » = c +T = 2l5n a ( 5 -19) 

Similar procedures help in establishing the position of the zero 
axis of the fifth order, which is shifted farther to the right of the 
figure than the O3-O3 axis, etc. 



6. UNIAXIAL MOMENTS OF AREAS OF MORE COMPLICATED FIGURES 
In Section 5 expressions were derived for the second and third 
moments of uniform and non-uniform (uniformly increasing or 
decreasing) loads most commonly used in 
engineering practice. 

The present section deals with compound 
- .?“?* * , * le loading areas of which arc desc¬ 
ribed by trigonometrical and parabolic 
curves. 

Complicated loads are considered in dy- 
ls ' naraics °[ machine components and slructu- 

concerning the behaviour of 3S£Sj?- d S °i. ving 0ther P™* 1 "" 
nometric and parabolic contour Z t*' ^ “T. lr ‘f 

follows from the fact that the l A ,i° ‘l *™ 31 B« nera, c 1 >'I )0S - ,T hls 
certain other loads, may bo consi.i dS . slu< * ,C( * ! n ^ ec - as well as 
area outlined by a higher order n I* P arlicular cascs of * loading 
Let us determine the raomonu? • a (see exam P les in Scc - 7 >- 
sinusoid. Consider the n-th rao °* higher order of the area of a 
a part of the area between the a : ,nen * w ' l l 1 respect to axis y-y of 
Let the sinusoid equation be lQus °id and the abscissa (Fig. 6.1). 


P = fcsin 


(“ + T> 
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Then the required n-th order moment divided by nl is given by 
the following formula 




where dF is the area of the shaded element equal to 


dF= ydx = hsin dx 


After substituting and integrating by parts we obtain 


nr- f j si "(“+ i r)‘ i -5£ : TjT 


, n* i V n +. I , na\ a*+i 

-+1S- ■5TF2)T“ 4 “"l a+ 'T)'(^rfjr~ 
—T-cos(a + -T) T ^ r 


( 6 . 1 ) 


Formula (6.1) is a recurrent one allowing to determine the moment 
of order (it + 2) in terms of the n-th moment. 

In order to determine the area of the shaded element and its 
statical moment relative to the axis, the following integrals are 
to be calculated 


M 0 =F= j ydx = h [ sin (a dx = 

= — j -j^-cos^a-f^y-) = -j£- £cosa — cos J (6.2) 

and 

M, = S= j yxdx = h j sin (a -h—j -) xdx = 
lh / . mi . IH , / , 

= __ a cos(a-, - r )+_ r sin(a-|-- r )—^-sma (6.3) 

By employing formula (6.1) moments of any order may be deter¬ 
mined. All even moments ore consequently determined by (6.1), 
if, according to (6.2), a zero moment is taken for the initial one. 
Similarly, all odd moments are determined, if, according to 
(6.3), the initial moment is a moment of the first order. 



Formulas (G.l)-(6.3) are simplified if a half-wave sinusoid is 
considered by taking a = 0 and a = l 

.»/„ , a* jn*i 

nl + J2 ' (n 4-2)! ~ nh "(/, 9)! (6.4) 

(6.5) 

= ( 6 , 6 ) 

1 n half-wave sinusoid symmetrical about the ordinate 

y (Fig. 6.2). In this case for the right half of the figure OBC ^accord¬ 
ing to formula (6.5), the area is F =lh/n. 
According to the equation of the curve 

y = Asia (y-r-x) 
and, when a = n/2 and a= 1/2, from 
(G.l) we obtain 

.»/„ , _ h t"** 

/.! 1 I* '(»-i-2)! _51 l • 2»**<»t-2)! 

(6.7) 

Substituting «=0 into formula (6.7) we have 
n , n« ,i7. jiAI 

from which 




Since the area is symmetrical about the ordinate axis, the 
of inertia of area ABC relative to this axis is 



moment 

(6.8) 

(6.8') 


Due to the symmetry of the area, all odd moments relative to y 
are zero. 

Thus, formula (6.5) determines the area of a sinusoid, formula 
(6.6)—the moment of inertia of this area, and the moments of higher 
order are calculated by formula (6.7). 

Formulas (5.2) and (5.4) may be used to determine second and 
third moments of a sinusoid with respect to any vertical axis. 

Let us consider higher moments of areas with parabolic contours. 

The moment of the n-th order of a parabolic segment bounded 


by an ro-th order parabolic curve y = q ^ (Fig. 6.3) with respect 
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The n-th moment of a compound load shown in Fig. 6.4 is given 
by the following: 


S 2 2 «. 1 

+ Z*- fi £$g 1 +2!« £ SSr 


7. UNIAXIAL MOMENTS OF COMPOUND LOADS 


Relationship Between Higher Moments and Multiple Integrals 


Suppose a compound load acts upon a section OX of a beam 
(Fig. 6.4); some of the force parameters may be support reactions 
or reactive moments. It does not matter for the calculations, whether 
the forces or force couples are active or reactive. 

In deriving the main formulas the force parameters are considered 
positive if tho forces are directed upwards and the force couples 
turn the beam clockwise. 

The load consists of point force couples M„ M 2 , M s , . . ., 
acting on sections with abscissas a„ a 2 , a 3 , . . . ; of point forces 
Pt, Pi, P 3 , • ■ ., acting on sections with abscissas 6,, b 2 , b 3 , ... ; 
of uniformly distributed loads g|, q 2 , q 3 , .... acting on sections 
with abscissas e t , c 2 , c 3 , . . ., and vanishing at the right-hand end 
of the beam; of triangular loading areas with k, = tan a,, k 2 = 
= tan a 2 , k 3 = tan a 3 , .... beginning at sections with abscissas 
d t , d 2 , d 3 , . . .; of parabolic loading areas, bounded by second or¬ 
der parabolas 


u-s 

y~s 3 g ••• 


(where s„ s 2 , s 3 , . . . arc the second derivatives of the ordinates 
with respect to the abscissa, and e t , e 2 , e 3 , . . . are abscissas of 
the second order parabola apexes); of loading areas bounded by 
third order parabolas 


y 


(“—Ea) 3 
31 


y=t 3 


(» — S3) 3 
3! 


(where f|, t 2 , t 3 , . . . are the third derivatives of the ordinates 
mlh respect to the .bscisss, end /„ g,_, e „ . . . „„ , he abscissas 
of the cubic parabola apexes). 

The bending moment M x at a section X with an abscissa x is 
k rr, k i!V ?• 1 ?u°- ment (i e ' a moment of the first order) 

n a ?. ‘SfJ‘“ij^ W, . th,n sect * on OX, while the transversal force 
Q x at the same section is a resultant of all the forces within OX, 
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or, in other words, is a moment of zero order of all the loads applied 
to the left of section X. Hence, 

M x = M t , Qx = Mo (71> 


However, since Q x = , it follows that = AI 0 . 

The integral-differential relationship derived for the moments 
of the first and zero order is a particular case of the general relation¬ 
ship between moments of various orders, based M 

on the relationship between moments of hig- 
her order and multiple integrals. 

Indeed, let us examine a simple differen¬ 
tial equation 

S-/M 



By applying the formula of integrating a hig- Fi e- 7A 
her order equation in quadratures and by con¬ 
verting the multiple integral into a prime one according to the 
Cauchy formula, we obtain 

+ J (*-<)"/(<)* P-2) 

(=1 1=0 

This formula means that all members of the right-hand side may 
be considered moments of higher order. 

Indeed, if function / (t) is plotted (Fig. 7.1), then the expression 
/ (t) dt under the integral sign represents an infinitely small surface 

element dF and the integral j (x — /)" / (<) dt is the moment of 

the n-th order of the total area F, which lies between vertical lines 
t = 0 and t = x, with respect to the latter vertical line. 

On this basis, the following theorem can be formulated. 

Theorem VIII. An (n -j- 1 )-multiple integral of any function f ( t) 
is equal to an n-multiple moment divided by n! of the area bounded by 
the f (x) curve , the abscissa and the vertical lines. 

According to Theorem VIII, the following expressions are valid 
if the first, second, third, ... integrals of any function / ( t) are desi¬ 
gnated by /„ I 2 , /„ . . . 


I ,--£■; 1.-^ P-3> 

and, in general. 


(II) 




According to (II), the order of the moment increases by a unit 
after integration and decreases by a unit after differentiation. 
Indeed, if 


However, /„+ ( = ^ hence 


and, vice versa, 




(7.4) 


_£_/Afn\ _ .»/ n -i 

<>* V n! )~ (n —1)! 


(7.5) 

The quantities listed below may be determined by comparing 
formulas (7.1) and (7.3) written for section X with abscissa x 
(Fig. 6.4), by introducing symbolic moments of negative orders and 
by transition from the bending moment M x to the transversal force 
Qx an( l further to the load intensity q x and its derivatives with 
respect to the abscissa, i.e.*, 


- = k x 




d3 1.T 


The relationship between the computed quantities is then given 
by the following formulas 


= k x = ^- = 
l-t 

_ ds x _ <Pk x <Pq x d'Qx #M X ,, 

x dx dil dx 3 dx* ~ dx* ~ 


* Tho subscript .V means that the corresponding value is determined (or 
section X (with abscissa x); small letters designate axes: (or example, M x , M v 
and M. arc moments with respect to axes x, y and z. and Q y , Q, are projections 
of forces on axes y and z, etc. 
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According to formula (I), formulas (7.6) may be presented in 
the following form 

Mx -M,-2 M, + 2 P, (*-«,) 2 », ^ 2 !! + 


+ I”) 

2 P ‘ + S »(*-«)-.- 2 

( 7 - 8 ) 

, x - «_ - s „ + 2 n t» -*,) r 2 »• + 

+ 2'.^’ P-8) 

i T _il/.,- 2 *,-r 2 «(*■-«.)rf 2 'I ( 7 -*°) 

Sl _ .1/., _V„ + V,, (> ._ ei) <7.«) 

Ii-M.,-211 (712) 


The general expression for the n-lh moment (divided by n!) of 
a compound load with respect to the vertical X-X with abscissa x is 
given by formula (I) in Sec. G. 

Formula (1) is one of the basic formulas in the theory of moments 
of higher order and is widely used in the following sections of the 
book. 

All the formulas of the present section allow for the influence of 
various statical factors forming a compound load which is presented 
in Fig. 6.4. It should be noted here, that the expression for the bend¬ 
ing moment in (7.7) starts with concentrated moments; similarly, 
the first term on the right-hand side of formula (7.8) for the transver¬ 
sal force takes into account the point loads, etc. Passing from (7.7) 
to (7.S) and then to (7.9) and so on, we truncate the first term of the 
formula, and the number of terms in the formula gradually decreases. 
On the contrary, when gradually passing from formula (7.12) to 
formula (7.7), with increasing order of moments the number of terms 
increases every time by one. 

Formulas for the second, third, fourth,... moments contain one, 
two, three,... terms more, than formula (7.7) for the first moment. 

New terms appearing in the formulas during integration of formu¬ 
la (7.7) take into account many factors besides the usual forces 
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shown in Fig. 6.4. That is why new terms in the series should be 
introduced so as to take into account these factors while expanding 
formula (1) for the moments of second or higher orders (see Sec. 8). 


Moments of Higher Order for Various Loads 


For various engineering problems which actually require solving 
differential equilibrium equations, the moment technique may he 
used in two ways: (1) a certain problem may be first solved by a non- 
momontal method for a unit force loading (the method of influence 
lines) and then the results may be generalized and expanded to various 
loads by means of moment designations, for example, by using 
formula (I) of Sec. 6; (2) no particular loading at all may bo involved 
in deriving the solution, the latter being 
reached by means of integration and, in 
some cases, differentiation procedures 
with moment designations (or, to be mo¬ 
re precise, moment functions). In the 
second case the solution obtained in terms 
of higher moments may be transformed by 
expanding the moment terms for the gi¬ 
ven particular load. In order to make the 
Fig. 7.2 task easier and to make use of the moment 

technique when evaluating statically in¬ 
determinate beams and frames, it is advisable to have formulas and 
reference tables ready for various loadings, so that there is no need 
to derive moment formulas for each load. The formulas presented in 
this article for various loads will be used throughout. 

It should be noted, that when using moment formulas it is advi¬ 
sable to calculate moments and divide them by factorials correspond¬ 
ing to the order of the moment. A moment of the n-th order of an 
area, divided by n!, is expressed by the following formula 

\ x n dF (7.13) 





Let us determine the relationship between the moments with 
respect to mutually parallel axes. Let axes y,-y> and y 2 -y 2 be situated 
at distance b one from the other (Fig. 7.2); variable distances between 
an area clement dF and the axes y,-y, and y.-y : are, correspondingly, 
x, and z 2 = X| + 6. 

Using these notations, a moment of the n-th order of area F of the 
total figure with respect to axis divided by n!, is given by the 
following formula 



(7.14) 
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The moment of the n-th order of area F with respect to axis yz-Jfzt 
divided by nl, is determined by the following formula 

+T^wl<' dF +T£w | ‘r'iF+ 

+ 1T" irbtf ! •f^ + TTT.-er j *T‘ de + ■■■ + 

+ vr=ww | ‘! dr +j jStt j A dp + 

hn-i p hn P M ,n-i 

+ (iriF | | -TT + 6 + 


o.ii w -'V- 

' 2! (n — 2)1 31 (n—3)1 T • • • T 

«,1 ftn-l fen 

+ (n — 2)! ’“5T+ M i' + 7T 

i concise form • 


a/ 2 „ "” u a/,* 
~ = 2 — 


(7.15) 

(7.15') 


Taking n = 1, 2, 3, . . . we consequently derive from (7.15) 
the following formulas for moments of various orders, which establish 
the relationship between moments with respect to two mutually 
parallel axes (note that M\a = F) 


M 2l = M l i + bF 


(7.16) 

M. A/., a 

—27— = —2!—+IT ^ 


(7.17) 

M 3 .V , .V . ^ ^ 

- 3r = ~ +6 ~ + T M i ,+ 3r /? 


(7.18) 

-'i! 4! ‘ 3! *2! 2! 3! t" 

^ 4! r 

(7.19) 

A/ (S A/ (1 ^ A/ )3 ^ Af^ fc , 

! “5P + 6 “4T+T • “3T + 3T • “2T +-5T M 1 

,+ 5f F 

(7.20) 


* It should be kept in mind that 2! =* 2, II = 1, 01 = 1. 
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In these formulas the sign of the area itself and of its arm with 
respect to the moment point should be taken into account. A surface 
element of a distributed load, as well as of a point load, is taken 
positive according to the usual coordinate system (Fig. 7.3), if these 
loads act towards the positive direction of the ordinate axis, i.e., 
upwards; the arm of a surface element or of a force 
y A is considered positive if it is directed towards the posi- 

j tive end of the abscissa axis (to the right) when mea- 

—|-sured from the load towards the momcntal point (not 

in the opposite direction!). 

Fig. 7.3 Formulas concerning a system of point loads may be 
derived in a similar way by establishing the relationship 
between moments of such a system with respect to two different axes. 

Suppose a formula is required for the relationship between moments 
of an m system of point loads P t , P 2 , ■ ■ ., P,, . . ., P m , with 
respect to points A and B (Fig. 7.4) placed at distances a t , a 2 , ... 
. ... a t , .... a m and d t , d 2 , d 3 , . . ., d lt . . ., d m from the forces. 
Then the n-th moment, divided by n!, with respect to point A, is 
determined by the following formula 


¥=2 9 


<V.22» 

The required relationship between moments with respect to points 
B and A is established, if in (7.22) we substitute d, — b -j- ai, 
the formulas thus obtained are of the same type as (7.15)-(7.20), 
the only difference being that for a system of forces 

we obtain the following formula 


If the relationship between moments with respect to the central 
and arbitrary axes is to be determined, a particular case of (7.15)- 
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(7.20) and (7.23) appears; these formulas become simpler because 
the moment of the first order (statical moment) with respect to the 
central axis disappears; this holds for cases of combined action of 
distributed loads and pointed forces. 

If 0-0 is the central axis (Fig. 7.5) with respect to which the stati¬ 
cal moment (A/ 0 i) of a compound load is zero, and 1-1 is the arbitra- 


J_L 


14 


rftnTTtrTT r rtT'i 


ry axis at a distance c from the central axis, the following formulas 
may be derived on the basis of (7.15)-(7.20) and (7.23). After substi¬ 
tuting Mo 0 = 2 .F + ^_P wo obtain 

M tl = cM 0 0 (7.24) 

_ V e 2 

21- zT+2T M o » (7.25) 


->- — .—21 ■ c * vr 
' 2 ~~ ir w, 


41 ' M o« 


(7.2(5) 

(7.27) 


S! 5! ‘ rC 4! + 2 • 3! +3f* IT + if M# (7.28) 
Formulas for a parallel transfer of axes are simnlif;„,i „ 
if the given load is self-balanced and consist of ^ f d 1 e . ven ., mor ? 
or point loads and reactive factors. According to tho I, e ~.^ 1S i tnbu .f < 
brium equations any self-balanced system has M — ft v# < * UI l_ 
with respect to any axis. That is why formulas n 1 = ® 

and (7.23) acquire the following form ‘ ‘M7-28), (7.15) 

A/,i=0 


(7.30) 
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or, in general 
M 



(7.31) 

(7.32) 


(7.33) 


Particular formulas and tables are compiled on the basis of general 
formulas, making it possible to determine moments of various orders 
not only for widely used loads (such as point loads, point force 
couples, distributed loads following a linear intensity law), but also 
for the less common types of loads seldom met (parabolic, trigono¬ 
metric and all possible combinations). 

The formulas derived were widely used in designing beams, frames 
and, to 0 certain extent, arches, subjected to various loadings. 


8. MOMENTS OF HIGHER ORDER AND GENERALIZED FORCES 

Interdependency in formula patterns for moments of gradually 
increasing or decreasing orders may be ascertained by examining 
transformations of loadings, which may be used in deriving moment 
formulas. It will be shown now, that one type of loading may be 
transformed into another on the basis of differential-integral rela¬ 
tionships between them. 

Each of the loads presented in Fig. 6.4 one under another, may be 
derived from the ono below by a transformation which is based on 
the following considerations. 

For example, let us examine a loading area, bounded by a parabola 
of the m-th order described by 

or y~l>~ 

Then the curve which is differential with respect to the one exami¬ 
ned is 



From this we conclude by comparing the derived equations, that 
each of the loads presented in Fig. 6.4 is the “differential" of the 
following load and the “integral” of the previous load. 
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Let us examine a continuous function y = / (x) (Fig. 8.1.)- To de¬ 
termine graphically the derivative of the given function along the 
abscissa we must show on the diagram for abscissas x and x + Ax 
their respective ordinates y, and y 2 = yi + Ay; subtracting the 
ordinates and dividing by Ax we obtain 

(if Ax 0); hence it follows that 

A y =yt — y t = y' Ax 

Another graphical method may be used for the same purpose. 
Instead of giving the increment Ax to the abscissa x and thus mov- 



Kig. 8.1 Fig. 8.2 


ing from ordinate y, to ordinate y 2 , the diagram may be moved to 
the left by a distance Ax so that the ordinate y 2 will be superimposed 
on the ordinate y,, and the difference Ay = y 2 — y, may then be 
obtained directly. 

This method may be applied to any distributed load, but it is 
especially useful for point forces and force couples, i.e., discontinuous 
functions. 

This transformation will be examined further; we shall first apply 
it to distributed loads. 

IT the straight line ON passing thro ugh the origin of coordinates 
(point O) has the equation y t = X,X 2 = kx (Fig. 8.2), where k = 
= tan a, then by moving this line to the left b y a va lue Ax = OA 
we obtain a new line /IS with an ordinate y 2 = X,X 3 = k (x+Ax); 
the ordinate difference is q = Ay = y 2 — y, = X 2 X 2 = OB = 
= tan a OA = kAx. Therefore, the part of the drawing containing 
arrows, i.e., the skewed rectangle OBSN. represents a vertical uniform 
continuous load of intensity q, which is integral with respect to k. 

For the case of a uniformly distributed load of intensity q 
(Fig. 8.3a), the shift of the initial loading area OO'B'B to the left by 
a value Ax gives a load A A "O'B'BOA (Fig. 8.3b) of the same inten¬ 
sity </; subtracting the initial rectangle OO'B'B from this area we 
obtain the rectangular area AA'0'0 which equals P = qAx. Thus, 
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between the values of q and P we find the same dependence as we 
formerly found for k and q; the point load is the integral of the con¬ 
tinuous load q. 

In a similar manner we may determine the relationship between 
the next pair of quantities (Fig. 6.4), i.e., P and M (Fig. 8.4). 

Moving the force P applied at point 0 (Fig. 8.4<i) by a distance Ax 
to point A on the left and subtracting the same force by an equal 



! I * 11 ‘ t <•> 

rnrrri 'w 

a 


Fig..8.3 


_4i_ t 


- («) 



<b) 

(*) 


opposite force at the initial position 0 (Fig. 8.46), we obtain a force 
couple M = PAx which may be considered acting at point O when 
Ax -*■ 0 (Fig. 8.4c). 

Continuing in the same manner, let a force couple M act at point 0 
of a beam (Fig. 8.5a). Then, according to the established rule, as in 
the previous case, we move the force couple M to the left by a dislan- 


t -‘* j A — w 
— u > 

Fig. 8.5 Fig. 8.6 


1 


p 


■ 

p 


ce Ax and place it at point si, and at point 0 we apply an equal and 
opposite couple M (Fig. 8.56). The resulting statically balanced 
system of two mutually opposite force couples (M) and ( —M) is 
called a force couple of the second order and designated by^Af 
(Fig. 8.5c), where M = A/Ax. Substituting force couples M and —A/ 
(Fig. 8.56) by their force diagrams shown in Figs. 8.6a and 6, respec¬ 
tively, we obtain for the second order couple M the force diagram 
shown in Fig. 8.6c. 



Finally, froforce couple of the second order M w-e may obtain 
a force couple of the third order M (Fig. 8.7). The resulting force 
couple of the third order, being the sum of two opposite and statically 
balanced force couples of the second order, is also balanced. 

A force diagram of a force couple of the third order is shown in 
Fig. 8.8a and b , where two force couples of the third order arc roplac- 



Kig. 8.7 Fig. 8.8 


ed by approprialejforces, according to Fig. 8.G6. As a result the force 
diagram for a couple of the third order can be obtained according 
to Fig. 8.8c. 

If we continue in a similar manner, moments of the fourth (desig¬ 
nated by M) and higher orders may be obtained (Fig. 8.9). 

The force diagrams of force couples of the first, second and third 
orders, as well ns higher orders, may be plotted according to Pascal’s 
triangle (see Table 8.1), the 

first line of which gives 1 (for r B Jg. 

a point load), the second line o p 1 - p* 3 - p'"' * 

— 1 and 1 (for a force couple r | ~~T~ 

of the first order), the third li- . y. ~** > ” 

ne— I, 2, 1 (for a force couple , • * ■__ | 

of l he second order), the fourth , J_ g. _ 

line—t, 3, 3, 1 (for a force |~>-x-- 

couple of the third order), etc. H - (x-Sj — - -- . 

Thus, the numerical coeffi- r- (x-a,) -— 

cients for a set of parallel for- 

ces in force diagrams of force Mg ' J 

couples of any order are found 

in corresponding lines of Pascal’s triangle. Directions of forces in 
the force diagrams always alternate (see the figures). 

The first and the last terms in every line of Pascal’s triangle 
are unity while any intermediate term in a line is equal to the 







68 


Theory o / Moments 



sum of the two terms of the previous line, which are placed 
directly on the right-hand and left-hand side of the terms being cxa- 
mined. 

If the beam presented in Fig. 6.4 is supposed to bear not only 
the loads shown in this figure, but also statically balanced force 
couples of higher order, additional terms should be included in 
formula (I) for the n-th moment, which take into account the higher 
moments: 

<»> 

Higher couples acting upon the beam do not affect formulas (7.7)- 
(7.12), because these couples are in equilibrium. As already noted, 
the right-hand sides of the formulas gain one additional term during 
each step from (7.12) to (7.7). This process is observed during the 
derivation of the formulas for the second, third, etc. moments. This 
is why it is possiblo for the higher moments of formulas (I) and (a) 
to be presented in Table 8.2. 

In Table 8.2 instead of the abscissa u we must substitute arms 

x _ fl(i x—b t , x—c t , x—di, . . ., i.e., the distances to the moment 

axis, according to formulas (1) and (a) and Fig. 6.4. 
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It can be seen from Table 8.2., that as we proceed from top to 
bottom, couples of the first order (point moments) first appear in 
formulas for the first moment; similarly, couples of the second order 
first appear in formulas for the second moment, etc. 

Generalized forces repeatedly used for solving various problems 
concerning elasticity and resistance of materials (for example, when 
computing clastic media relations), irrespective of the force interpre¬ 
tation of the higher couples can be completely expressed by the sym¬ 
bolic moments of higher order. These moments are widely adopted, 
because they cover all possible types of loads both static (real) and 
“kinematic” (conditional). They are used as geometrical characte¬ 
ristics of sections and by the moment-operational method for design¬ 
ing structures and components, such as beams, frames, arches (see 
Chap. Ill and IV). Generalized forces expressed in terms of higher 
moments should be considered as one of the possible applications of 
moments in engineering practice. 

Note. By integrating “kinematic” loads taking into account 
Table 8.2, one can see, that “a couple of the second order” (according 
to J. Rippenbein’s terminology) should be located in the fifth line 
of the table, while the sixth line must be occupied by “a couple of 
the third order”. If P. Nemenyi's terminology isto be adopted, then 
the third line of the table is occupied by the point load (“Einzellast 
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als Lnstgruppe ersler Ordnung"); the fourth line is for the point force 
couple (“Einzelmoment als Lnstgruppe zweitor Ordnung ), the tilth — 
for the load presented in Fig. 8.10 ("Doppelmoment als Lnstgruppe 
drilter Ordnung”). and, finally, the sixth—for the load presented 
in Fig. 8.11 (“Doppelangriff als Lnstgruppe vierter Ordnung ). Thus, 
all possible static and kinematic types of loads can be easily express¬ 
ed by 

Let us examine the main principles justifying the use of conti¬ 
nuous distributed force couples and the so-called "kinematic loads 
in the general formula for the n-th moment. 

Examining the right side of formula (1) we notice that force factors 
are arranged in a certain order: first comes the force couple, then the 



Fig. 8.10 Fig. 8.11 


point load, then the intensity of continuous distributed load, then 
the tangent of the inclination angle of the load area, the second 
derivative of the intensity with respect to the abscissa, etc., or, in 
other words, M,, Pi, Qi, k h s,, l,. These quantities form a scries 
in which every member is differential with respect to the previous 
one. On the other hand, the geometrical factors contained in the terms 
of formula (I), arc presented in the form of a scries 
(x—fl))"-' (*- *i) n (a — tj)"* 1 

(n-t)! ’ »l ’ ("+!)! ’ 

(x-d ,)•>*'- (a-<|)"* 3 (a-gi)"* 4 

(-. + 2)!“ ’ (" + 3)i 1 (n+4)! 


in which every term is integral with respect to the previous one. 

Apparently, the scries in the right-hand side of formula (I) may 
be continued cither to the left or to the right. On the right-hand side 
of the fourth term, the terms accounting for the parabolic loading 
areas are located. Just as the terms for the continuous distributed 
loads are located to the right of the term The terms which 

lake into account the influence of the distributed moment loads are 


located to the right of ^ 7 
What additional terms would appear in formula (I), if it is extra¬ 
polated to the left? When determining the clastic curve of a uniform 
beam it is obvious that the successive terms reflect the slope, the 



deflection and then the area of the elastic curve and other elements 
of the clastic curve multiplied by the rigidity El of the beam. 

Thus, if any section of a beam, say, the left end, has a step 0 
in the inclination angle diagram at a distance s from the moment 
point, and a step v in the deflection diagram at a distance t from the 
moment point, then, according to formula (a), the expression for 


in the right-hand side of (I) must be supplemented by two new terms 

E '<*T02ji+ EI “i£!w <b) 

The expression for —f may be extended and written as a sum of the 
right-hand parts of (I) and (b); in this case all the initial values of 
the transversal force, the bending moment, the inclination angle 
and deflection will be automatically considered. 

If distributed moments act upon a beam (Fig. 8.12), two additio¬ 
nal terms appear in the expression for they are “shifted” in 


Table 8.2 one and two lines higher, similar to the way the distributed 
loads “shifted” one and two lines higher with 
respect to point loads. 

Thus, for the distributed moments the addi- '•Vrtllfl 

tionnl following terms arc added m <\ 


Distributed “kinematic" loads, i.e., distribu¬ 
ted angular and linear deflections, when pre- F'R- 812 

sent, arc taken into account in a similar way. 

The nature of distributed “kinematic” loads can be understood 
from the fact that distributed inclination angles appear when a bar 
is heated unevenly and its axis becomes curved. Distributed deflecti¬ 
ons are due to the action of shear forces. Introduction of distributed 
“kinematic" loads makes it possible to extend the moment method 
to these particular cases of bar deformations. 

Let us assume that a beam of constant section is subjected to 
distributed bending moments and distributed "kinematic” loads. 
Let the beam be loaded with point force couples, point loads and 
distributed force loads os shown in Fig. 6.4. Besides, the general 
formula for the n-th moment should take into account initial deflec¬ 
tions, both linear and angular, at point A with abscissa x A . 

According to (I) and (b), the re-th moment, divided by «!, for 
a beam of constant section is expressed by the following formula 



(III) 






The order of the moment always corresponds to the power of the 
term responsible for the point load in the moment series. For examp¬ 
le, in (III), which is a formula for , the order of the moment 
corresponds to the fourth term 2 p i ( ’ r ~^ n . 

Where experience is lacking, it is advisable to begin writing the 
expression for the n-th moment from the fourth term of the right- 
hand side; to the left of it the first three terms should be written, 
which take into account the point force couples, and angular and 
linear displacements. Then to the right from the fourth term the terms 
for distributed loads should be placed, such as evenly distributed 
and evenly varying loads and so on. Thus we complete the right-hand 
side of formula (III) in which the static and kinematic loads will 
be arranged in the following order: v, 0, M, P, q, k, which is 
opposite to the order used in the graphical-analytical method of 
calculating strength and rigidity of beams. 

All the kinematic and static quantities forming the terms of the 
moment scries are multiplied by corresponding arms with respect 
to the moment point X with abscissa x. The arms are raised to powers 
which increase from one term to the other, i.e., (n — 3), (n — 2), 
(n — 1), n, (n+1), (n + 2), . . ., so that the point load is multi¬ 
plied by its arm raised to power n, in the general expression for the 
w-th moment. 

Both parts of the formula are given factorial coefficients in the 
denominators. 

It is shown in Chap. Ill and IV that in a correctly composed 
formula the higher moments and all the static and kinematic factors 
always have factorial denominators corresponding to the power of 
the numerator. 


Chapter II 

Application of Theory of Moments 


9. RIGIDITY OF UNIFORM BEAMS 
Elastic Curve of Uniform Beams 

According to formula (7.1) a general expression for the transversal 
force Q x and the bending moment M x may be compiled for any load¬ 
ing scheme acting upon a statically determinate or a statically^in- 
delcrminale beam of constant section* 

Qx = M 0 

[ l-:ik x = Mx = M, (9.1) 

where l; x is the curvature of the beam 
at section X: 

A76.V - Eie A +^- (9.2) 

EIi x - EIv A +EIQ A x + (9.3) 

By further integration we obtain 
the area of AA,X,X (Fig. 9.1), i.e.,the F ‘ 8, 9,1 

area U.y bounded by the elastic curve, 

the ordinates and the abscissa (for brevity this area is called the 
area of the elastic curve over section AX). 

By further integration we obtain S x and/*, i.e., the static moment 
and the moment of inertia of the area of the elastic curve with respect 



• Such symbols as M,. M j, . . ., only show the order of the moments and 
do not indicate the location of the moment points: thus they are inadequate in 
case higher moments with respect to various points are needed in design. In 
such coses symbols like M x ,. M B „ M c , should bo used instead of M z . where X, 
B and C are the points, with respect to which the momenta of all the left-hand 
forces arc calculated. All particular cases concerning any other loads besides 
the left-hand forces should he stipulated separately. 
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to the extreme right vertical line XX t . All these quantities are ex¬ 
pressed by the following formulas 


EIQ X = EIv a x + EIQ a 4>- + 

(94) 

ElSx = EIv a 4j- + £/©a -jj- -f -gr" 

(9.5) 

El -^y- = EIv a -^- + EI& a -2j- — -§c 

(9.6) 


Formulas (9.2)-(9.G) may be considered particular cases of formu¬ 
la (III) of Sec. 8. , . 

If the right-hand parts of formulas (9.2) and (9.3) arc expanded, 
they result in so-called general equations for determining deflections 
of uniform beams 

EI&x - BIOa + 2 *1 (i - «i) + 2 Pi ( * + 

q, ( I ~ i:| l 3 [ ^ It. ; 2 

+ (9 ‘ 7) 

EIu x = EIv a + EI6 a x+ 2 M, + 

+ S-" i Tr 1 +S‘' ± Tr 1 < 9 - 8 > 

These expressions are compiled for an arbitrary section of the beam 
at a distance x from the origin coordinates. All higher moments 
in the right-hand side of the formulas, here and further, should be 
determined with respect to point X. 

10. GEOMETRICAL INTERPRETATION OF MOMENTS 

Synthesis of Analytical and Graphical-Analytical Methods in ltigidity 
Design of Uniform Beams 

In examining the elastic equilibrium of section AD of u beam 
(Fig. 10.1) we replace the interaction with parts to the left of A 
and to the right of B by transversal forces and bending moments. 
At section A ,we apply Q A and M A ; at section B we apply a force 
opposite and equal to the transversal force (i.e., —Q B ) and a force 
couple opposite and equal to the bending moment (i.e.. — M B ). 
Angular and linear deflections at the extreme sections are designat¬ 
ed, correspondingly, by 0 A , 0 B , and i» A , v„. 
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After all the force factors on the left of section X ore taken into 
account, the following expressions may be derived from (9.2) and (9.3) 

EIQ x = Eie A -\-^Y L (left forces) (10.1) 

and 

EIv x = EIv A + EIQ a x + (left forces) (10.2) 

The left forces include all the loads located within]i4X| together 
with Q a end M A , which replace the 
discarded part of the beam to the left 
of A. 

If all the right force factors are to 
be taken into account at section X, 

(hen the following expressions may be 
written 

E16x = eiq b - jr~ (right forces) 

(10.3) „ 

EIvx = EIv b — EIQ B (e — .r) — 

( riglu forces ) (10.4) 

The right forces include all the 
loads within BX together with Q„ and 
M b - which replace the discarded part of the beam to the right of B. 

The designations left forces’ and “right forces" mean that moments 
of the second and third order with respect to point X are taken of the 
forces, acting either on the left or on the right sections of the beam. 

Angle 0o * s formed between the extreme tangents A x O and B x O 
of the elastic curve at their point of intersection O', it is equal to 
q 0 = 0 B — Qa- » sl "g expressions (10.1) and (10.3) we obtain 

EI &0 — EI&b— e I®a = —£ 1 - (left forces) + ^~- (right forces) 



or 


0o = 


M X t (all forces) 
2 17 


const 


(10.5) 


where Ux- (all forces) is the moment of the second order of all the 
forces acting upon section AB of the beam. 

Si milarly, from formulas (10.2) and (10.4), we obtain 


[V B -©8(1--*)] — [«»,» — ©A*I = 


5/y, (all forces) 


3! Kl 


( 10 . 0 ) 
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It is seen from Fig. 10.1, that v b = BB x = XX t , x ) ^^X it 

v A = AA l = XX i and 6 A x=X t X 3 , so that the left-hand side of (10.6) 
determines the length of XsX s , where X 3 and X 6 are points of inter¬ 
section of the vertical line (with abscissa x) with the two extreme 
tangents of the elastic curve, which pass through points A and B. 

By expanding formula (9.4) for the left and the right forces we 
obtain 

EIQ a . x = EIv a x -r EI6 a -j- ~ ( left forces) (l0 ' 7) 
and 

EIQ„. X = - Elv 0 (i - x) -b Eie„ ~ ~ir (right forces) (10 8) 

Hence, 

EIQx-u = - EIQd-x = EIv b (/ - x) - 
— EIB b ~ I)2 H—^p (right forces) (10.8a) 

By adding formulas (10.7) and (10.8a) term-by-term we find 

Q.t = \v A x + e A -£]-I-[u fl (1-x)-Q 0 ^y ^j i-4ir(all f° rces ) 

(10-9) 

These calculations take into account the fact that Sl A -x * s the area 
of figure AA x X x X\ Q x -d > s the area of XX,B,B\ Q is the area of 
AA x X x B x B\ v A x is the area of AA |X 2 X; j is the area of .4 ,X 3 X 3 ; 
v B (f — x) is the area of XX t B x B\ 0 B is the area of /i,X ( Xj; 

and consequently, the fourth moment ^jp (all forces) is equal to the 
area of j 4|X|5|X 5 X 3 /1| (shaded in Fig. 10.1), and so on. 

However, since the angles of inclination at the bearings 0 A and 
© B are determined by the graphical-analytical method as reactions 
front a fictitious load, the angle 6 0 , according to Fig. 10.1, multipli¬ 
ed by the rigidity of the beam El equals the sum of these reactions. 
The latter, in its turn, is equal to the fictitious load, i.e. to the area 
of the bending moments diagram. 

If a funicular polygon is plotted for the fictitious loads acting 
upon the beam, and the polar distance is equal to El, then the funi¬ 
cular polygon coincides with the elastic curve ;l,X|i?i, and it may 
be used for determining the ordinates by measuring them along the 
verticals. Static moments of the fictitious loads are obtained when 
these ordinates are multiplied by the polar distance El. 
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According to the established rules, when determining moments of 
inertia of a figure by the graphical method, the area bounded by the 
funicular polygon (i.e.,the elastic curve), the extreme tangents and 
the moment vertical line multiplied by the polar distance gives the 
value of the second moment (divided by 21) of the moment diagram 
load. . 

On the basis of the previous discussion the following theorems 
may be formulated. They are of obvious theoretical interest and of 
great practical importance for designing beams of constant rigidity 
and arc valid for the entire beam or any part of it. 

Theorem IX. Half of the second moment of all vertical (both active 
and reactive) balanced forces with respect to the axis which passes through 
an arbitrary point, is a constant value equal to the following quanti¬ 
ties: (1) the first (static) moment of the area of the transversal force 
diagram-, (2) the zero moment, i.e., the area of the bending moment 
diagram; (3) the angle 8 0 between the extreme tangents of the elastic 
curve (these tangents may be drawn from the ends of the entire beam 
or the part examined), multiplied by the rigidity El of the beam 


1*1 (all forces) = M x i (Q diagram) = M x 0 (M diagram) = EIQ 0 
2 ( 10 . 10 ) 
Theorem X. The third moment (divided by 3\) of all vertical balanced 

forces with respect to the axis which passes through an arbitrary point 
is a linear function in terms of the abscissa of the moment point. The 
va lue of 4^- is numerically equal to the following quantities: (1) the 
second moment (divided by 21) ol the transversal fore, diagram with 
respect to the vertical line passing through the moment pent. (2) the 
host (sialic ) moment of the bending moment diagram with respect to the 
{ ; u ne - (3) the ordinate between the two extreme tangents 

Tti eZwcuZ: tainted along the vertical line •. multiplied by El 

HI E.ircos) = —«? diagram) -M x i (M diagnm) - Ely 
“ " ( 10 . 11 ) 


_. VI Th , fnurth moment (divided by 41) of all vertical 

Theorem XI. r fo ^ ^ ^ pa$sing lhrough an arbitrary 
p a o^* Ja stcond order parabolic function of the abscissa of the moment 


- i,i c rcd positive if it is directed towards the positive 

• The ordinate is con*' u j nV arils, when measured alone the vertical line 
end of the ordinate axis, >• •• - t| ic extreme left tangent to llmt of the extreme 
from its point of intersection jn Kjg UI1 is positive. 

right one; the ordinate y— —oinent vertical line can be located beyond the 
•* The point X and tn* extrapolated axis of the beam, 
span, i.e., at any point of 1 
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point. The value of ^ is numerically equal to the following quantities: 
(1) the third moment (divided by 5!) of the transverse force diagram with 
respect to the vertical line passing through the moment point; (4) the 
second moment (divided by 2!) of the bending moment diagram with 
respect to the same vertical line; (3) the area Q of the figure bounded by 
the elastic curve, the extreme tangents and the moment vertical line, 
multiplied by El 

(.11 forces) = —gp— (Q diagram)--^ diagram) = E1Q 

( 10 . 12 ) 


Theorem XII. The fifth moment (divided by 5!) of all vertical 
balanced forces with respect to the axis passing through an arbitrary 
point is a third order parabolic function of the abscissa of the moment 
point. The value of j* is numerically equal to the following quantities: 
(1) the fourth moment (divided by 4\) of the transversal force diagram 
with respect to the vertical line passing through point X; (2) the third 
moment (divided by 31) of the bending moment diagram with respect 
to the same vertical line; (3) the static moment of the figure bounded 
by the elastic curve, the extreme tangents and the moment vertical line, 
with respect to the same vertical line, multiplied by El 

- (nil forces) = —(<? diagram)—^ (M diagram ) = EIS X 

(10.13) 

Theorem XIII. The sixth moment (divided by 5!) of all vertical 
balanced forces with respect to the axis passing through an arbitrary point 
is a fourth order parabolic function of the abscissa of the moment point. 
The value of is numerically equal to the following quantities: (1) 
the fifth moment (divided by 51) of the transversal force diagram with 
respect to the moment vertical line; (2) the fourth moment (divided by 4\) 
of the bending moment diagram with respect to the same vertical line; 
(3) the second moment (divided by 21) of the figure bounded by the elastic 
curve, the extreme tangents and the moment vertical with respect to the 
same vertical line, multiplied by El 

M x , jV_. 

-gj- (al1 forces) = —gp (Q diagram) = 

Mr, „ 

= ~\~ ( - M diagram) *■ El (Q) 


(10.14) 
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These theorems are of a general character and include, as particu¬ 
lar cases, the graphical-analytical method of designing beams and 
the general equation of the clastic curve*. 

The well-known Vereshchagin’s rule for calculating displacement 
integrals is a direct consequence of these theorems which are of great 
significance. Besides their broad theoretical generalization, they 
make it possible to solve easily a number of engineering problems 
which were more difficult to solve by other methods. 

It was proved in Sec. 4, that if the force characteristics are arrang¬ 
ed in the following order: M (a fourth order couple), M (a third 
order couple), M (a second order couple), M (a first order couple), 
P (a point load), q (intensity of an evenly distributed load), A (tan¬ 
gent of an inclination angle of an inclined loading line), s and t 
(parameters of the second and third order parabolic equations),— 
then every quantity is differential with respect to the previous one 
and integral with respect to the following one. 

Let us illustrate this by an example. 

Let a beam be fixed at the right end and loaded by an evenly 
distributed load acting upon the section BC — b, while the left 
part AB = a is free of any loading (Fig. 10.2). 

If the left end A of the beam is also fixed, then in designing an 
unknown point load and point force couple should be applied to the 
extreme left section of the beam; these unknown quantities should 
be equal lo the reactive factors in this section. In this first case 
the left end of the beam is considered free. 

If all the quantities are examined from the standpoint of reduced 
loads, then we have a series of loads with integral-differential rela¬ 
tionships between the members. 

From a rectangular loading area (Fig. 10.2d) a consequence of 
integral diagrams ( Q , M, EIQ, EIv) follows in the form of a triangle 
(Fig. 10. 2e), a second order parabola (Fig. 10.2/), a third order para¬ 
bola (Fig. 10.2g), a fourth order parabola (Fig. 10.2/t). If we proceed 
in the opposite direction, from the loading area (Fig. 10. 2d) then 
a consequence of differential diagrams (A, s, I) follows in the form 
of a point load (Fig. 10.2c), force couple of the first order (Fig. 10.2b) 
and a force couple of the second order (Fig. 10.2a), all these reduced 
loads being numerically equal to q. 


* The general equation of the elastic curve is called by some authors the 
“univorsar formula or the “universal” equation. This is hardly correct, because 
this formula can be applied only when a number of conditions is satisfied: 
all sections are equal, all forces aro vertical, no transversal forces influence the 
deflections of the beam, there arc no temperature influences, the supports are 
absolutely rigid, all deflections arc small, there are no lateral forces and no 
other loads except the ones presented by the algebraic polynomial. 
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In a similar way, “kinematic" factors, such as the initial deflection 
EIv A and the initial inclination angle EIQ a , which appear at the 
free left end of the beam must 
E/Vj R be taken into account. By using 

j[~*~_I * * __i reduced loads, the initial def- 

_ I lection being multiplied by the 

Tl8 A | J rigidity of the beam must be 

_'_i represented on the previous 

Teiv .i H/f | differential diagram El 9 by a 

_J H i ' ' point load (Fig. 10.2g). This 

| { will result in a rectangle add 3 a x 

_i_ i with an ordinate aa, = dd 3 = 

rm V " " ~~1. , EIv a in the EIv diagram, 

; i which is integral with respect 

i ] to the El 9 diagram (Fig. 

^ ! 10.2ft). According to the se- 

a,w ,s l “ b ; 

'*** ~~Tj g , *T ] EIv a on the inclination angle 

| i diagram (Fig. 10.2g) will un- 

jmc- -- 1- — .Mm HiTf! dergo the following transfor- 

——- TIP —(j (e) mations in the preceding diag- 

—I < rams: a force couple (Fig. 

t ,a ‘ i ! 10.2/), a force couple of the 

— ___second order (Fig. 10.2e), a 

~~EIV A _ I .. force couple of tho third order 

f/v . [' (Fig. 10.2d), and so on. up to 

j a force couple of the sixth order 

% In) on the 1 dia 8 ram < Fi e- ’10.2a). 

|4 C The initial inclination an- 

iW A 1 1 i i i I i I I I j il i 1 1 I \ ° gle EIQ a must be expressed 

1 _i 9l -|®j by a point force on the bcn- 

1 i ./ ding moment diagram (Fig. 

] 4® 10.2 f) which precedes the in- 

1 tcgral inclination angle diag- 

\o l-uMlIIIIH A! 1 ' ram. According to the assumed 

| | | | | | | | I |j| 11 II a £,v sequence, this point load on the 

I I M I I ! a7 bending moment diagram 

I (Fig. 10.2/) will be consoquent- 

ly transformed on thedifferen- 
tial diagrams, which precede 
the bending moment diagram 
l ' i8 ' 10 ' 2 on the scheme, into force coup¬ 

les of the first, second, ... or¬ 


der, up to a force couple of the fifth order on the t diagram (Fig. 
10.2a). As /or the integral diagrams which follow the poiut load 
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(Fig. 10.2/), a rectangle appears on the angle diagram (Fig. 10.2g) 
and a triangle, on the deflection diagram (Fig. 10.2 h). 

If the left end of the beam is fixed, then a point load (reaction A) 
and a force couple (support moment M A ) must be shown on the distri- 
buted load diagram q (Fig. 10.2<t) at the left section. All other diag¬ 
rams, both above and below the loading diagram of these force 
factors, will show reduced loads according to the sequence previously 
established. 

Let us examine these load transformations analytically. 

Suppose is an m-mulliplc integral of function / (z) 

...}/(.)*- (10.15) 

Since all the quantities presented schematically in Fig. 10.2 have 
differential-integral relationships, each one may be derived from 
any other by a certain number of integrations. For example, the 
deflection (multiplied by the rigidity of the beam) may bo expres¬ 
sed as 

EIv = /, (£10) = I 2 (M) = /, ( Q ) = /* (q) = I s (k) = 

= /„ (s) = /, (0 (10.16) 

where /,, / 2 , ... arc the first, second, ... integrals, respectively. 

According to the above mentioned relationship between multiple 
integrals and higher moments Isce formula (II), Sec. 7). formula 
(10.16) may be transformed by substituting higher moments instead 
of multiple integrals. This results in the following formula 

EIv = M„ ( EIQ) = Mi (M) = (<?) = 

“■frW—TrW—Tf-w—#■(*) < ltM7) 

Formulas (10.11) and (10.17) are essentially the same. The only 
difference is that when formula (10.11) and theorems IX-XIII are 
used, appropriate moments must be calculated for the total load 
on the left- and on the right-hand sides of the moment axis, as well 
ns from the diagrams both on the left- and on the right-hand sides 
of the momontal axis. When formulas (10.10)-(10.14) arc used, the 
“kinematic” factors (i.c., the boundary values of the angular and 
linear displacements) arc not included in the formulas; as a result, 
angles, ordinates, areas, etc. expressed by the last terms of these 
formulas correspond to the shaded part of Fig. 10.1. 

Theorems IX-XIII may be applied not only to section AD of 
the beam located on both sides of the X vertical line (Fig. 10.1). 
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but to the left section AX or to the right section BX as well. If only 
the left part is analysed, then points A and X will be the boundary 
points and only the A t X x part of the elastic 
curve will be examined. 

After the right part is rejected, thus lea¬ 
ving the left part AX for examination 
(Fig. 10.3), the straight lines A t CX 3 and 
X,C become the extreme tangents and all 
the conclusions drawn for the total section 
AB and the shaded area in Fig. 10.1 will 
now apply to the left part AX of section AB 
and to the shaded area shown in Fig. 10.3. 

The results obtained can be reduced to 
the following theorem. 

Theorem XIV. // any part of abeam, taken 
between two cross sections is balanced by boun- 
forces and force couples) on the left- and on the 
arbitrary section is examined within this part, 



dary force factors ( i.i 
right-hand sides and 
then for 
have • 


expression determined with respect to this section w 


-jp - (EIv diagram) = (EH) diagram) = 

= diagram) = (Q diagram)- 

-- ( „ U "^j (l diagram) = (k diagram) = ... (10.18) 

This formula may bo continued to the left by adding terms which 
contain, according to the previously established rule, moments of 
successively decreasing order (/»— 1, n— 2, ...) for the clastic curve 
area, for the sialic moment of tho elastic curve area, for ils moment 
of inertia (divided by 2), and so on. 

According to (10.18), tho value of-^p. for the deflection diagram, 
multiplied by El, may be determined in several ways because it is 


* (a) These rcli 
factors taken 
in the first cat 
by the elm 


DC "‘iiicii pom with the boundary "kinematic 
...... ........... (tigs. 10.1 and 10.3)and without them (fig. 10.2); 

«se the shaded areas arc considered, in the second-thc areas bounded 
, .... .......ic cone and the abscissa; 

'(b) Formula (10.17) may be derived from this theorem if wo assume n = I 
It follows from (10.17). that the deflection ordinate (multiplied by lit) may be 
ig thearcas of deviation din™....- (multiplied by El) 


It follows from (10.1,). that the deflection ordinate (multiplied by El) may be 
obtained by determining the areas of deviation diagrams (multiplied bv El) 

. . **«*"*•* 





equal to 

(1) ^ of the deflection diagram, multiplied by E / 

(2) (n _^2)! °f t * ic bending moment diagram M 

(3) of the transversal force diagram Q 

(4) (n^V)! of tfie unifor “ly distributed load intensity diagram q 


(5) ■ 


- of tho uniformly varying load intensity diagram k 


All these diagrams arc examined within the selected part of the 
beam. In a particular case, all the relations hold for the entire beam 
ns well. 

II. CALCULATION OF DISPLACEMENT INTEGRALS IN ROD SYSTEMS 
Theorems and formulas of Sec. 6 may be applied for calculating 
displacement integrals in rod systems with members of constant 
rigidity. 

Let one of the quantities, namely M, which is a member of the 
following displacement integral 


/ = 


-du 


( 11 . 1 ) 

be expressed by ordinates of an arbitrary shaped diagram (Fig. 11.1a) 
and let the ordinates of the other function M, which is “multiplied” 
by M, vary in different cases according to different laws; some of 
these cases will be considered below. 

(1) If M =M\ = const, then 

'•"Tr\ Miu ~TT ".“<■«> (11.2) 

where fi (M) is the area of the moment diagram M (Fig. 11.16). 

According to formula (10.10), the area of the moment diagram 
may be calculated without constructing the diagram as the moment 
i.c., directly as a function of the load (including the reactions) 


After wo designate M t = h , and combine formulas (11.2) and 
(11.3), according to (10-10) wo obtain the following relation 

/ > = 4-T ! -=-£y-a<«>-*. So 


(11.4) 
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because the area of the moment diagram, Q (M), defines the incli¬ 
nation angle 8 0 (Fig. 11.Ig, A)*. _ 

(2) If the ordinates of tho diagram M = Mu follow a linear law 
with a “vanishing" point T it then (Fig. 11.1c) 

Mu = ku^ 
and 

/n = j du * = w\ UiMdu * 

However, M du 2 is area clement of diagram M, u t M du 2 is 
the static moment of this area clement with respect to the T 2 -T 2 
axis, and J u 2 M du 2 is the static moment of the total diagram M 
with respect to the same axis. 

If straight lines AB t D and A t BC arc the extreme tangents of the 
clastic curve and y B and y A arc sections of the support vertical lines 
cut off by these tangents which intersect at an angle ©o, then, accord¬ 
ing to formula (10.11) and Theorem X, we have 
k k 

III = £7—3! = TT M T\ W diagram) = ky T , (11-5) 
In a particular case, when the “vanishing” point of a linear diagram 
s on tho support vertical line (Fig. 11.1A) or, in other words, if the 
moment Mui diagram is a triangle, then formula (11.5) transforms 
into tho following 

i ™ = TT'~W~ = TT M b' W diagram) = Ay B (H-6) 

Segment y B is shown in Fig. 11.lg and h. If a straight line 
AiBxWAiB is drawn, then from triangle AB\A 2 we find 

AA t =y A + y B = Q 0 l 

hence 

yA = %i-y B (11-7) 

where l = AB. 

After calculating** 



* The clastic curve in Fig. 11.1; is drawn for the general case; it is supposed 
to foll ow the curve ANB with positivo boundary deflection ordinates /I 0 <1 = 
= v , B 0 B = u B , tho elastic curve in Fig. 11.lh is supposed to follow the curve 
ANB with zero deflections at points A and B, which is true for a free beam 
resting on two supports. 

** It was proved previously, that the moment M 2 of the second ordor of a 
balanced load is a constant value; however, in (11.7) and (11.8) it is more con¬ 
venient to calculate both moments M 8 , and M B3 with respect to point B. 
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and 


_j_iV 

ye ~ EI * 3! 


( 11 . 8 ) 


we determine y A from formula (11.7). After plotting y A and Hb on 
the support verticals we draw the extreme tangents AB,D and A,BC 
for the elastic curve (Fig. 11.1A). Now y Tl , as well as any other 
segment between the extreme tangents, may be obtained graphically, 
from the drawing, or analytically. 

If x T is the abscissa of point T t when measured from point A, 
then 1 

yA+yTi=%XT 2 

hence 

yTi=%x T ,—y A (11-9) 


According to Theorems XI and XII, displacement integrals of 
diagrams representing parabolas of second and third order may be 
calculated in a similar way (Fig. 11.le and /). 

(3) lfM= M\\ , then 

hi - j - J («*,) <“■8"“) 

and, finally. 

/lv = T7--^=-£--r-(M diagram) («-W> 


(4) If M = M v = ^-u|, then 

1 tt -to J 

and, finally. 

r M tI (' W dia & rl,in > r M tI 

lx= TT 31 = TT'~TT 


( 11 . 11 ) 


(5) If the moment diagram is a triangle with an ordinate A at 
distances a and b from the supports (Fig. 11.2), then the straight 
line BC , may be continued until it meets the left vertical line at 
point A1, and the given diagram may be thus replaced by two triang¬ 
les aba, and a 0 c o a 2 of opposite signs. In this case the displacement 
integral will be expressed by the following formula, according to 
(11.5), 



Calculation of Displacement Integrals 


where M„i and M c » are third moments of the forces (active and reac¬ 
tive) lying to the left of points B and C ; &, — tan a and k 2 = tan p. 

(G) If one of the “multiplied" diagrams is a parabola, which is 
symmetrical about the centre vertical (Fig. 11.3a), its largest ordi- 
A natc being equal to h, then the dis- 

’l s s placement integral should be cal¬ 

culated by the following formula 



with ordinates of the symmetrical parabola following the law 

*-£»<<-«> 

Hence 

Ah r 


'==-TFT---7rl / \ M-du-u — 2\ M-du ^~J = 

At « (At diagram) 


' El V I 


[»'„.<•« di*gram)-2- 
, ,. c At. At 


According to Theorem XIV, the first and second moments of the 
moment diagram are replaced in this formula by the third and fourth 
moments of the load. 

The moment diagram M (Fig. 11.3a) obtained for a free beam 
resting on two supports with a load uniformly distributed over the 
total span (Fig. 11.36) has a maximum bending moment h =2i-. 




hence q = -jj-. The work of such a load along the displacements 
caused by different system of forces (Fig. i 1.3c) is equal to the sum 
of works produced along these displacements by each element q-dx 


— f q-dx-v= —q j v-dx = — 


where Q A _ B is the area bounded by the clastic curve over the total 
span. 

From the equations of displacements 


•’ t = e '« + W’ Vx ~ 6 '* iC WTT 


Substituting Q a . 0 from (b) into (a), we again arrive at (11 13) 
(7) If one of the “multiplied" diagrams consists of two iri-...„i«„ it 
opposite signs (Fig. 11.4), it rang be replaced”, l”' i”' 8 ' 0 ”' 
a positive triangle with ordinate ( h , + h») and “«»( ‘ lla " r; >ms. 
at the right support, and a negative rectangle with or,!' S . P °'i nl 
Then formula (11.9) may be used. B W,lh or,l ‘ >h- 

On the other hand, we can write directly 


J I 3T~ 


• 47 1 “IT (11.14) 

since the “vanishing” point is in 0. 

When point 0 is in the middle of the span ik 
asymmetrical, which means that / = 0 unde lh0n ( *' n B ra,| i A/ is 
because A/os — 0, according to Theorem VII* r symmetrical load 


• Besides the cases examined in Ibis section 

... set 




culatton of 


Problem 1. Determine displacement integrals for a beam AB 
(Fig- 11.5) where the first ’’multiplied” diagram corresponds to one 
of the curves in Fig. 11.56-/, and the second diagram corresponds to 



the load shown in Fig. i 15a Thc laUer need nol be built 
all thc results may be obtained directly from the given 
means of formulas (11.4)-(H.14). 

When n = 2, according to formula (I), Sec. 6, we find 

when « = 3 


(ii.K) 








If Iho moment diagram for a unit load is a rectangle of height A, 
(Fig. 11.56), then 

/ =h,b, _ (11.17) 

If tho moment diagram is a triangle (Fig. 11.. r >c) with A= lan« = 
- -j -, then 

/ =kb, (11.18) 

If tho diagram is a trapezium (Fig. 11.5d) with ordinates (h 3 + A,) 
and Aj at Iho supports, then it may bo divided into a rectangle with 
an ordinate Aj and a triangle with A = -J-. Then the required result 
may be obtained as a sum of two terms 

l=hj>t + kb 3 (11.19) 

If tho ordinates of a diagram arc expressed by a parabola y - ££- 
with its apex at point D at distance g from the origin of coordinates, 



Fig. It.li Fig. It.7 


then the integral may be calculated by formula (11.10) for the diag¬ 
ram in Fig. 11.5c. Since this formula contains the fourth moment 
of tho load with respect to an axis passing through point /), the 
distributed load may be continued to the moment axis (Fig. 11.6) 
and the additional areas shown by dotted lines subtracted for calcu¬ 
lation convcniency. By designating the 5-support ordinate as r = 
■= k (/ — d) and using formula (11.10) we derive 

Finally, for a triangular diagram (Fig. 11.5/), according to (11.12) 
and (11.16) the following formula is derived 

'+*■*■-# ^ | + 


( 11 . 21 ) 
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Problem 2. Determine displacements (by integrating j ^ x ) 

for two distributed loads applied to a beam (Fig. 11.7): (1) with 
uniform intensity q over span a, 
and (2) with uniformly increasing 
intensity expressed by a triangu¬ 
lar loading area of length <z 2 and 
an angular coefficient k. Let the 
moment diagram of a unit load be 
a triangle with an ordinate h at point 
D at distance d from support B. 

Tho distances from the right 
support B to centres of gravity 
(c.g.) of the rectangle and the 
triangle are designated, correspon¬ 
dingly, by C| and c 2 ; the angular 
coefficients of diagram M are 
k, = tan Oi = -y and Ar 2 = = 

hi 

<W~J) • 

By applying formula (5.3) and Figs. 5.4 and 5.7, the following 
expression is derived according to formula (11.12) 

1 TT { TT + [ 0 + c ' ( + T?) + W (+ ga,) ] + 

! [ +W + c M + ^)+lH + T i )J} - 

- lh{ A +[ Q +( c »~ d )(+-^-)+ (C| 31 <<) ( + 7 a ')j + 

»-0^ + (^( + ^) + ^( + -^)]} (11.22)* 


[itby 


(») 
(c) 1 


, i; 

(d) I I i jll i i 

\ 


Problem 3. Let the diagram M be asymmetrical (Fig. 11.8a) 
and the diagram M is a second order parabola with a maximum ordi¬ 
nate M 6 (Fig. 11.86). Diagram M may be considered a moment 
diagram of a uniformly distributed load of intensity q, which acts 
upon a beam with a fixed right end (Fig. 11.8c), and M b = • 

By determining the reactive third moment B = ql and the support 
moment M b = ^ with respect to the axis passing through point O. 


* The first brackets in both terms contain expressions for the third moments 
(divided by 31) of tho rectangle, the second brackets are the samo expressions 
for the triangle. Doth distributed loads are taken positive, because they tend 
towards the positive direction of tho ordinate axis. 



from formula (11.14) we find 

, 2.1/xf ., (?) , ql* (t) I _ Mj !tl 

r L q 31 '' 2 • 2! J 6 

since the third moment of the rectangle area is zero and 

2 M. , 2iUb 

tan a = —p and q — -jy 

If a compound load acts upon the beam (Fig. 11.8d) and the moment 
diagram M is the same as before, then the displacement integral 
should be determined by calculating the third moment of the load 
and the reactions with respect to point 0 (Fig. 11.8a). 

12. APPLICATION OF HIGHER MOMENTS TO LOADING OF PARABOLIC 
INFLUENCE LINES 

by sub, .tul ng tbe o( IoU „ illg I/., 

I””' m corr '’ p "" ,k “ ll ” 

of the moment. obtaining the influence line equation 

.- 

on of abscissa x _ _ 

Hx)=<h-rOt* + a '--2+ a >Sr- ■■ t 1 - 1 ' 

c r inav be expressed by a function of moments 
Then the value ol / / 

of various orders _ - u. - .1/, , 


i moments should be replaced in formula (12.2) by 
Symbols ol m „ t0 the given load, according to formula (I) 
quantities corresp 0 ’ es 

and its particular c ompare this method with the usual method 
It is interesting ljnes by integrat j on . 
of loading inliue>* j n f|u C nce line of a certain quantity T is loaded 
Suppose a P* rab D „ n by a distributed load (Fig. 12.1). 
over a part of iW 




Higher Moments in Parabolic In/lue 


Let us divide the load into elementary portions qdx and calculate 
the following quantity 

T= j qdx-f(x)= j (a 0 + a,*+aiY + a 3 -^-+ . --)qdx (12.3) 
For the load presented in Fig. 12.2 

T= j' (a 0 + ei* + a2Y + a J5r) + 

+ £ [ae + a i x+a i £ + a i ^)(qt -,-kx) d x (t2/i) 

where q 0 is the ordinate of the triangle diagram at * = 0. 

For determining T by integration and substitution of limit values 
according to formula (12.4) we have to calculate 24 terms. 



However, if T is calculated without integration by means of higher 
moments, then formula (12.2) should be used and the final result 
can be written directly for the case examined 


T = ao-l/« + «i A/| + Oj + 03 -!jjr = { (Q a 1) + 

■i- «i(<J«i)( - ci) + [9 (9«i)] + 

+53[(-e I )§ + i^( W )]} + {5o^+^ ft -r(-^ ! - 
4-02 [y + -^ : T ± ”Y] + 

+ fl s[^ + (- c *)^'+ ( -Yr^-Yj} (1 ”' 0> 

From comparing formulas (12.4) and (12.5), it becomes calcula- 
thal integration results in a formula with 24 terms. , . . 

tion of T by means of higher moments results in 
13 terms. 
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Thus, loading parabolic influence lines with ulgebraic loads by 
means of higher moments may be carried out without actual inte¬ 
gration in solving every engineering problem. The basic formula (I), 
as well as auxiliary tables and formulas establishing relationships 
between moments with respect to different axes, make the loading 
process quite mechanical and allow to write the required result 
directly in all cases, the number of terms being less than or (seldom) 
equal to the number of terms when the influence line expression is 
integrated. 

A non-parabolic influence line may be approximated precisely 
enough by a parabolic influence line with a comparatively small 
number of terms. 


13. FORMULAS FOR STATICALLY INDETERMINATE STRUCTURES 

Compiling manuals for designing statically indeterminate beams, 
frames and arches has always attracted the attention of investiga¬ 
tors. However, there was ono substantial shortcoming in all these 
manuals: the same type of frame structure was examined by the 
authors many times in connection with different loadings; for exam¬ 
ple, if a frame had n members and m types of loadings, then the 
author was obliged to give formulas for the reactions and reactive 
moments (as well as for other necessary parameters) for m x n 
different cases. It is obvious, that manuals thus compiled were far 
from complete, because the number of frames of various types, as 
well as the number of loadings found in practice, is far too large. 

Klcinlogcl's manual and other manuals were heavily criticised 
for containing unnecessary loading cases; for cxamplo, loadings shown 
in Figs. 13.1 and 13.3 arc particular cases of the loading shown in 
Fig. 13.2. The loading of a frame shown in Fig. 13.4 can he derived 
from Fig. 13.5. 

The author of this book suggested a different way of compiling 
tables, which is based on the application of specially introduced 
symbols for higher moments. This method makes it possible to exa¬ 
mine practically all kinds of loadings acting upon beams and frames 
in a manual of a substantially reduced size. The principle is as fol¬ 
lows: the number of times a frame or a beam of each type is mention¬ 
ed in the manual should coincide with the number of separate rods 
in the structure. It will be sufficient then to compile working formu¬ 
las for successive loading of each rod with a point force; these formu¬ 
las will be of a general character and will hold for any type of load¬ 
ing acting upon the same rod. This generalization may he carried 
out by means of symbols introduced for moments of higher order. 

Let us examine a f-frame under loadings acting upon its members 
(Fig. 13.6). 
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Loading member CBj iccording to Fig. 13.7 

MV** = »j* Tp = jr- (M i - fV) (13.2) 

A/r' = /,* 7p = (Art, - Art (13.3) 

A/ f = (O.jijA'a v b) -jj- = -jp [(O.SijA— l)a + /,) (l, —a) /- > <j — 

= -}t 1(1 — 0.5ijA) /V — /i (2— 0.5i t k) /V f If / J «j (13.4) 

3/ rf =a-5f = |i(/V/,-W) (13.5, 



respect "to* n °* l *' C * irs1, soco,,< *' third or< * er °* a P oint l° a<l will* 
P°ini C arc equal to 

By = /'a, A/ 2 = Pa\ M, = />a’ 

°blaIn S "* )St,tUtln " *l*cso expressions into formulas (13.l)-(13.f») we 



(13.7) 


(13.8) 


(13.9) 





(13.27) 

(13.28) 


M. -(O.Sf.fa+5) «. JL [I,p a - 

—h (2-0.5 ijfe) /V -|- (1 —O.oijfc) Pa? | (13.29) 



Fig. 13.9 Fig. 13.10 

Considering tlial Ihc expressions lor the first, second and third 
moments of the point load with respect to point A arc 
M, = Pa, Mi = Par, At, = /V 
we finally obtain the following formulas 


3/{f" = ^ (hM,-M,) (13.30) 

= ^ («/,-«,) (13.31) 

(13 32) 

«.-§■( (13.33) 

(/•«,-.¥,) (13.34) 


•V.-15- [AW,.-»(2-0.51,4) M, + (l-0.5y.)»,| (13.35) 

In these formulas the following designations arc used 



(13.36) 
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Formulas (13.7)-(13.12), (13.19)-(13.23) and (13.30)-(13.35) are 
of a general typo; they can be used for calculating various loadings 
acting upon a frame. Consider, for example, a uniformly distributed, 
load appliod to member CB (Fig. 13.10). First, the following moments 
are determined > 

= Mt = , M 3 = ^- (13.37) 

After these expressions are substituted into formulas referring 
to the case of loading CB elements, we arrive at 


jttit _ 1 - ia* ^ 


(13.38) 


(Mr-fH'*# 

(13.39) 

Ml' ru ' = -!£ 


(13.40) 

M c 

-d + WO-g 

(13.41) 

M a 

-1,4 |f 

(13.42) 

M„ 

-1,4-1J 

(13.43) 


Let us solve the problem illustrated by Fig. 13.11. Moments of the 
load with respect to point A are expressed as 

(13.44) 

which leads to the following set of formulas after these expressions 
arc substituted into the formulas for the loaded stmt AB 

< l3 - 46 > 

-(l-,,4)f. (13.47) 

(13.48) 

+ <1 -0.51,4) _ (3 + i,4)-ff (13.50) 
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Solution for an arbitrary loading of any member may be obtained 
in a similar manner if the first three moments are determined be¬ 
forehand. 

In the last example only the first three moments wore used to 
calculate the unknown quantities. However, formulas may contain 



Fig. 13.11 Fig. 13.12 


moments of lower and higher order as well. This will be shown in 
the following problem. 

Consider a 11-shaped frame with fixed ends with a load on the 
strain-beam (Fig. 13.12). The support reaction V A is given by 

Fa= (“o-f flix+ae-y+ OJ-J-) P (13.51) 

where 

6k 3(2*—1) 10 

0#— Ofc-i-1'’ a ' - (6*-;-1)I • (64 + 1)1 

a *=~ (C *1 2 (, [7 • *=77 J 

If the following expressions for the moments with respect to point C 
are taken into account 

M 0 = P, M, = Px\ Mt = Px *, Mj = Pi* (13.52) 

then formula (13.51) for the unknown reaction can be written in 
the general form as 

M~ M r , 

V A = doMco -f <i|Mci + —— h U3—g— (13.53) 

Formulas for the other unknown quantities may be generalized 
accordingly. 

Consider an example (Fig. 13.13) in which the unknown quantities 
are expressed in terms of the first five moments (from 0 to 4). 
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The axis of tho arch is presented by a slightly curved second order 
parabola. The cross section of tho arch follows the law 
/ cos a = I e 

where a is the angle between tho tangent to the axis of the arch and 



Fig. 13.13 


the horizontal line, I c is the moment of inertia of the arch at the key. 
The unknown quantities are 

r 2*) (i + 2i)£_P-3.££ + 2 if (13.54) 


B 

o Pi* , Pi* 

II * 13 


(13.55) 

H 

15 k / Pi* Pi* , Pi* \ 

= — - 2 —+ —) 


(13.56) 

A/a 


(13.57) 

Mh 


Pi* 



-(Sit-, i>-££- tf-lf- 


(13.58) 

M c 


1 21 • 



ok Pi* 5k Pi* 

2 ' 1* 4 ' <* 


(13.59) 


In the last formula 0 ^ x < y l. 

Coefficient k in these formulas allows for the influence of the 
longitudinal force and is equal to 

TfT: U3.C0) 

Since the expressions for the moments with respect to A are 


M a . = P, M m = Px, M A , = Px t 1 
M A , = Px *, M A , = Px* j 


(13.61) 
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we rewrite formulas (13.54)-(13.59) as 






(13.62) 

B = 



(13.63) 

// = 

T'T 

+ TT*'f 

(13.64) 

d/„= 


4"« l ,3 - 65 l 


i_i)i^;_(5jt-i) 

.'/ A , , 5* 

~ 1 ~ J 3 

(13.66) 


, 54 , 54 .0,. 

2 ) 2( + 2 ■ ii 

, at 

T‘ i 3 

(13.67) 


Fig. 13.14 F ‘8- 13,5 

Theso formulas may bo used to determine quantities for the arch 
shown in Fig. 13.14. In this case 

I (1368) 

i 

which leads to the following expression after substituting the values 
of moments into formulas (13.62)-(13.G7) 

44-f |13 ' G9 > 

In a similar way wo obtain 

S.-f (13.70) 

H.i if- (13.71) 

M.-.-if-ql' (13.72) 

" 373) 






Formula (13.67) cannot bo used to determine the bending moment 
at section C in case of a completely loaded arch, because it is true 
only for a partially loaded span when 0 Sj x ^ y. The solution 
may be obtained by examining the loading diagram of Fig. 13.15. 
Moments of this loading with respect to section A arc expressed as 



> ,1* 

— 24 

(13.74) 


4 _ 9l* 

~ C4 

(13.75) 


A/* 

160 

(13.70) 


This particular loading gives the following bending moment M$ 

When the entire arc! is loaded the bending moment is twice as 
large 

Mc = 2MZ = ±=lLqP (13.77) 

The method described may be applied to closed contours. 

A complete set of formulas for the contour shown in Fig. 13.16 
may be compiled by examining only four loading models (Figs.13.17- 



13.20 . In can of symmetry the number o[ necessary landing models 
m.y bo reduced .coord,ng lo llic number of exes of symmetry. 
Formulas for the moments at nodes A, B C D 'as well as for 

“Ti'n in deS”c b r Cd 11,0 ■>. 

,F- F0 73^ P i 1 .'u\^e t ;™!?r d i! 0 “.'!.“ p , plle d *» the entire member AB 
i„ F : S ding mo’dd (FlJMkH)! J “” P ”' d <“ ‘ h « 

The forceactingat the end of a cantilever RR' 
rejecting the ca.Uleve, and by replacing”,' s “ lo ““JfS 5“™‘.55 
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a force couple at node A (Pig. 13.22). Then this force may be consi¬ 
dered a particular case of the loading in Fig. 13.17, whereas the force 



Fig. 13.19 Fig. 13.20 Fig. 13.21 


couple at nodo A may be taken as a particular case of the first or the 
second loading. 

The load acting upon a cantilever BB’ (Fig. 13.23) may be replac¬ 
ed by a force and a force couplo acting at node B. The force couple 



Fig. 13.22 Fig. 13.23 Fig. 13.24 


inay be taken into account as in the' previous case. The force resul¬ 
tant at point B will only cause uniform compression of strut AB. 

Finally, the loading shown in Fig. 13.24, as well as any oilier load¬ 
ing acting upon all four members of the closed contour, may be treat- 


0 

V i, 








-<#.J -4- In-1 - 


Fig. 13.25 

cd as a sum of separate loadings at each member of the closed con¬ 
tour. 

For composing formulas for beams and frames with members of 
variable sections another method can be applied which also makes 
use of the moment symbols. This method takes into account such 
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factors as resilience of supports, the influence of the transversal 
force, etc. 

Let us apply this method to stepped mullispan beams resting on 
elastic supports. A system of canonical equations of the support 
moments when the n-lli span is under loading (Fig. 13.25) is as follows 


A„-3. 

„-sMn-i 

a„. 3 . 


4 -r An-J 




-I- An-o. 

n-zMn--. 


=0 

An-t. 

n-,M„. t 

-i An-Z. 

n- 3 M n - 

, + An-t 

.n-zMn-Z + 



-f- A n -Z 

. n-lM „- 

l+An-2 

. n M„-j-T7„_ 2 =0 

A„.,. 

n- 3 M n -3 


, n-zMn- 

Z + An-, 

• „-.A/n-.+ 


+ A„„. „M n + A„. t . n+lMn+l + H»-l = 0 (13 ?8> 

An. „- 2 Mn-iT A„, -I- A n . „M n -i- 

+ An. „*,M n *,\-A n . n«jWn + iH-TT„ = 0 
A n * I. + A„*,. „.W„ A n *,. n*,Mn*, + 

+ A n *|. n**M n+2 + A„* |. n+J A/„+3 + II n +| = 0 
A n y,. „Mn A„*z. „*,M n*l + A„* 2 . + 

+ An+2. tn.aA/ n +j+ A„ + 2 . n+*Mn** = 0 


In system (13.78) coefficients A m ,, are expressed by the fol¬ 
lowing formula 

A m .,=GEI c 6m,t (13.79) 

where E= modulus of elasticity of the material of the 
beam, 

Ic — arbitrary number 


II n - 2 , lln-i, Hn, n„+i = angles between two sections caused by rota¬ 
tion at supports multiplied by 6 EI C - 
The angles arc caused not only by deflections of the beams, but 
also by sagging of the supports. Hence, 


ii„., = (n n . 1 +6n n .,)-fAn n . l l 
n„ = (n n +6ii n )-f An„ / 


(13.80) 


where H„-i, H„=anglcs of rotation at supports (n — 1) and «, 
respectively, due to deflection of the n-th span 
6n„-„ = angles at the samo points due to the influence 

of sheering forces 

Alln-i, An„ = angles at tho same points due to sagging of 
supports (n— 1) and it 
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Note. All the angles are multiplied by 6 EIc- ... 

Sagging of supports (n — 1) and n due to the span loading m the 
basic model is expressed by the following formulas 

y n -, = Rn-fin- ll (13.81) 

Vn = « n -;™ J 

where R n = reactions of supports (b — 1) and n 
) n = pliancy of supports (n — 1) and n 
If an angle is considered positive when measured towards the 
unknown support moment, then the following formulas are obtained 



for the angles of rotation of the sections due to sagging of supports 
(Fig. 13.26) 

An n - t =TT„. 2 = 6 EIc = 0EI c -jjf- J- Rn-t 

An,,., = - 6 EIc - 6 EI C f 6 EI C ^ = 

= - 6 Elch-i (t 5 " + f ) *-• + GEIc T- Rn 

" n (13.82) 

An„ = 6 EIc ^ - 6 EIc - 6 EI C ^ = 

= 6 EIc'-fiRn-OEIcin (77 + 7^-J R " 

An„ +I = n n+l = 6 = 6 EIc £ t Rn 

Let us now express R„- , and R„ in terms of higher moments of 
the span loading. 

Suppose M 0 , Mi, M 2 , M, are the zero, first, second an£ third 
loading moments with respect to support (b — 1) and M 0 , M,, 
M t , M, are moments of the same orders of the span loading with 
respect to support n. To simplify the symbolics, the following quan¬ 
tities are introduced which reduce the dimensions of all the moments 
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to that of the moment M , 

A 0 = l n M 0 ; A f = il/,^ 

A t =£l; a 3 = ^} (13-83) 

To establish the relations between the loading moments of the 
span with respect to supports (rt — 1) and n we derive the following 
formulas 

A7„= J q x dx = A/„ = ■— (13.84) 

On) " 

Mi= j QxUn — x)dx = l n | q x d x — j q x xdx = 

= l„M 0 -M,= A„- A, (13.85) 

( qx(l»-x)*dx=l* f q z dx—2l n f q x xdx + 

(In) (In) (In) 

+ j x*q x dx= 1%M 0 — 21M t A/ 2 = / n (A 0 —2A,-j-A*) (13.86) 
Af 3 = j q x ( l n—x) 3 dx = l n j q x dx—3ll j q x xdx + 

_u 3/ n j QxX 3 dx— j q x x 3 dx= l , n M 0 —3ll,M l + 
j- = ft (A 0 — 3A ( + 3Aj — A 3 ) (13.87) 


i >r to express the reactions of the supports to the span 
In or . >r , cr0 is of higher moments the first moments of all the for- 
loading 10 1 ^ jo supports n and (n — 1) are assumed to be zero 

c es with r cs P 

«n-.fn- j 9,(f-*)dX=0 
n„ln— ( q z xdx = 0 


Hence, /?i _ i== _L(A,,-A 1 ); H„ = -i-A, 


By intros 1 ” 8 


designations 

6EId*-ii K„ = 6£/ c /n 


(13.88) 

(13.89) 
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formulas (13.82) become 

AII„. 2 = fU = (Ao - A,) 

An n .,= -^(jl.- 1 -J-) A.+ 

+ [t + x‘ (c + i)] 4 ’ I' 3 ' 82 ') 

A „-£ F!4 -[^ , + ^(^ + _L) ]4l 

An 1 , + ,=Ti Il+l =-i^-A, 

If the n-th support is fixed, formulas (13.82) may be written as 
An„- 2 = TT„-2 = (A„ _A.) 

4n -,--Tf (£+17)*+ 

An n = ^ A 0 —-i- (K + K„) A, 

If support (n— 1) is fixed, wo hove 

An„.,= -^'Ao l -jr (K n . t + K„) A, 
An„=^- , A.-[^!+^(-ji--!- r i 7 )]A 1 (13.91) 

An n+1 =ir, 1+I = r y= :7 A, 

Finally, when both supports arc fixed, which means that a single 
span boam with fixed ends on elastic supports is considered 
(Fig. 13.27), formulas (13.82) are reduced to 

An,= -An 2 =^-'A,i--i-(AV|-rA: n )A l (13.92) 

Angles of rotation of sections caused by sagging of elastic supports, 
as shown by (13.89)-(13.92), depend only on the zero and first mo¬ 
ments of the span loading and do not depend on the cross-sectional 
characteristics of tho beams. Therefore these formulas are valid not 
only for beams of constant sections but for beams of variable sections 
as well. 





In order to determine the angles of rotation at supports (n — 1) 
and n, caused by the loading of the n-th span, moment and trans- 



Fig. 13.27 Fig. 13.28 Fig. 13.29 

vcrsal force diagrams are drawn for the n-th span loading and unit 
force couples applied to supports n and (n — 1) (Figs. 13.28 and 


Loaded Span of Constant Cross Section 


Angles of rotation are determined by Mohr's integrals 



Angles of rotation caused by shearing forces are determined from 
diagrams on Figs. 13.28-13.30 

6ri„-, = -en n = o/ c j Y „ ^ d* = 

= 0 I C j ynJTJ^dx — die [ Yn = 







(13.95) 


= 6/cYB-j^—6 y»— 2 ^'] = 

where 2 Mi is an algebraic sura of external couples applied to 
span n. 

Coefficient y* depends on the form and dimensions of the cross 

W 

fl*., 

{b) 


(') 


Fig. 13.30 Fig. 13.31 

section of span n, as well as on the material of the beam 



where E, G = moduli of elasticity of the first and second type, 
respectively 

/„, F„ = moment of inertia and cross-sectional area of span n, 
respectively 

Coefficient K depends on the form of the section according to the 
following relation 

<’ 3 - 96 > 

K =6/5 =1.20 for a rectangular section, K =10/9 =1.11 for 
a circular section and K = 1.03 for a rhombic section. 
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For an I-section beam (Fig. 13.31) the following approximate 
formula is used 

* r “4(' s, T + T S4 ! + no‘ !A :) (13.07) 

where 

hi = h — 2t — 0.106 (6 + d) 

S = 0.1066 (d + 4 1) (h-2t- 0.11 d + 0.0356) 

For beams of equal spans and constant cross section resting on 
elastic supports of equal pliancy it is advisable to assume 7 C = y ; 
then the formulas for angles of rotation become 


n„_, = - 2aA 0 + (2 + 3a) A, - 3A* + A 3 + 3 2 M t 

IT n = aA 0 + (1 - 3a) A, - A 3 - 6 2 M t 

TT nt , = aA, (13.98) 


Formulas (13.98) are simplified if the loading of the n-th span 
is symmetrical about its centre, because 


A 0 = 2A,; 2A, — 3A 2 + A 3 = A, — A 3 
Substitution of (13.99) into (13.98) results in 

TT b . 2 =«A, 

n irt -(l-«)A 1 -A 3 + 6-J-2 M ‘ 

TT n = (l-«)A 1 -A 3 + 6^-2 M ‘ 

n n+1 = aA, 


(13.99) 


(13.100) 


Loaded Span of Two-Step Rigidity 
(a) Loading of the first-rigidity segment (Fig. 13.32). To determine 
angles of rotation, moment and transversal force diagrams for unit 
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Angle increments caused by shearing forces arc determined by 
the following expressions 

6n,-,--6n„=v.i-5^ (•£r*+ 

- - 6 T[ v ”'fe 4 ' _ ( v-, S; +T " ! £r.)( 4,+ 2 Mt )] 

" 13 . 103 ) 

(b) Loading of the second-rigidity segment (Fig. 13.33) 

I-rr ft f -f «,* = 

,'l ^ n n " 0 " 

"'•fet'.+ t (fe-‘) 

r./ c <i/ 3 

3! 

Using fonmila (13.87) we obtain 

IT,,., = f„ [a,A 0 -r (2-a,) A, -3A* + A a ] (13.104) 

- f (fe-'H 3 - 2 ^) 

II. 

■ tS- J < A "- 4 ')f *-■£ 5 (*-t) 

a n 6 

“ j c - ■ -f (Ao — A.) + 2f„ £ (A, - A,) - 
2/c °» t\ \\ M c| g » 7/ M 

-*?. (A ° A,) /»! I 21 3! 1„ J 



By substituting into this formula expressions for M 2 and M z 
from (13.86) and (13.87) we find 

- In (3A 0 - 6A, + 3A,- A,+ 3A, - 3A t + A 3 ) = 

- l n 'j£- (agAo + (1 - o 2 ) A, - 3A 2 + A,) (13.105) 

where 

Angle increments caused by shearing forces arc determined by 
the following expressions 

6n„.,= —6n„=-YM-^-| (Ao-A.)-j \-dx- 

6 In I* 1 1 

— Y-2-7^- j (A<>—A|)-jj-<fx + 

+ V..2 f j^Q P dz + 

+6 tt ( T ’ , xr +1 ’" , 'fe') 2 


where 


- (Yni-7^- + Yn»-j^-) — ^®) 2*,] 


GF nt 


and V d/j is an algebraic sum of the given force couples applied 
to the loaded segment. 
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* «L{ 4, (. -£) j 

= l n J£- ( a : A,-A 3 ) (13.108) 

4 (^r-‘X 3 - 2 xr) 

Angle increments caused by shearing forces are determined by t|,e 
following formula 

61 c "i" , GI C f" 

611 n _ ( = — 611 n = Ybi ~f~ j + -ff^ + 

=-4[-M7f7 a i-( 7 "("f4 7, ' t ~~ ~ 

(13.109) 

(b) Loading of llie second-rigidity segment (Fig. 13.35). For calm, 
tion conveniences Zhemochkin's and Glushkov’s method ck.ii 
Fi„°n P ,°- ycd *?>' ®dding and subtracting the diagram shown in 
s- io.joc to the curvalivc diagram 

0 t>B 

+ t 4 '(V4)( ! 'Hr)- 

+ (A , --^A 0 )( 7 L-JL)(2-2i- + 1 )] x 

y «C Iq 

T~ = l * 7^- (aiAo+02A,-3A 2 + A 3 ) (13.110) 
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t ’*- 1 “ 2 'rf _ (4^rr~ O+tt (xt _ 1 ) ( 3_2 Tr) 

Angle increments caused by shearing forces con be determined 
by adding the diagram of Fig. 13.35e to the diagram of Fig. 13.35d 
and subtracting it from the some diagram 


<>fc f A. . 

6n„.,= -6n, 1 = Yn. 7 ^- ) -jr-dx + 

J ^ + V.>4£jV- 

— v ' ,z f Tr dxJr ~it{' ,ni '^r + 


-i- Vnz 7^- -!- V..J 7^-) 2 Ml + 

— — •» 7T" [v »2 7^-— (■'’"I 77 '+Vr , 2 7^7 4- 
-:-V" 3 tJj) (A.+ 2 S A/f ) + 6 'lf - ( Yn2 T^— 
-Vn, -Kr) A# 


(c) Loading of the third-rigidity segment (Fig. 13.36). 





iMr)* + 


1 

1 


(13.111) 




Fig. 13.3G 


After the expression for M 3 is substituted into this formula the 
latter may be finally written as 

IV, = / n ~j“ I«|A 0 + (2—«i) A, - 3A 2 + AjI (13.112) 

where 

—4 (t*— fr) ( 3 - 2 ir)+-|(ft- 1 ) ( 3 " 2 tt) 

n„ = -t~7 '5 (Ao-AO^-tte-i -^] (A»—A,)-^-d* + 

+ 7 ^- j (Ao-A,)-^-da:--^-| M p (l--^-) dz = 

= In ~J~ [®2Ao + (1 — «a)A| — Aal 


(13.113) 
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Angles of rotation caused by shearing forces arc 

■r- jt - 4-Yn3-j^-) 2 Mi = 

" if ['’■■'fc (4, ~ 4,1 - ( v -'7fr+ »*»7Sr r 

+ V..-^-)(4,-4.+ 2 «,)] (13.114) 

In theso formulas £ d/ ( is an algebraic sum of external bending 
moments applied to the loaded segment. Moments arc assumed 

Jr "Lr - if ■¥ i”’’ /-ir % 

- 


Fig. 13.37 

positive when directed clockwise and negative when directed counter¬ 
clockwise. 

Coefficients of system (13.78) are angles of rotation of a section 
over support m due to a unit force couple applied at support l (multi¬ 
plied by 6 EI C ). It may be easily proved that A m . , = A,. That 
is why the matrix of system (13.78) is symmetrical about the main 
diagonal. 
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Let us determine these coefficients as a sum of three terms 
(Fig. 13.37) 

A m , t = A] n ,r\-A'm,i + A a m , t (13.115) 

where , = angle of rotation due to flexure 
Ah] i = angle of rotation due to shear 
Am,t= angle of rotation due to sagging of supports 


... A m .,„. t = A m . m . 3 = 0 


A m . „,_ 2 = Al. m-2 = (iEIc 

(13.110) 

A m , m _, = ^lm, m - | + /lm. m-1 + A 3 m . m ., 

(13.117) 

A m . m =A' m ,„ + Ai, m + Al. m 

(13.118) 

A m . m-M = m-f -1 + Am, m +1 + 2lm. m+l 

(13.119) 


(13.120) 



(13.122) 
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(m+l ) 1 


d: 



(13.123) 


Formulas (13.121)-(13.123) can bo obtained in a different form 

4i,= 6I C j ^ J/S? —-WiS < 13 - 121 ') 

[6 , c j 

_j_ 6/ c M ( ” t * *> | 2/ C u j . 4/{,"s + ” 


<m + t = 6/ ( 




(13.122') 


= ^£.JIfSl +>) ~-^-M ( ”, + i> (13.123') 

Here 

1): = first and second moments of flexibility diag¬ 
ram of span m with respect to support in — 1 
(Fig. 13.39) 

M l Z\ M%\ = zero, first and second moments of flexibility 

diagram of span in with respect to support m 
A/S» +l, = first and second moments of flexibility diagram 
of span (m-|-l) with respect to support m 

■3/(m+l)i, Af(m+!)J= first and second moments of flexibility diagram 
of span (m-j-1) with respect to support m-j-1 
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Coefficients A„, m _i, ^lm. m+i are determined by the fol¬ 

lowing expressions 



= j-gi dz,= -Vf-MZo (13.124) 
(13.125) 

•m+1 _!_. 

-4m.m + l = -6/c j dZ\ = 

= —(13.126) 

TFI+l 

lie re Wm« +I * are moments of zero order (area) of the -j- 



Fi e- *3-39 Fig. 13.40 


diagram (Fig. 13.40) of the m-lh ,„d (m + l)-th spam, will, ros- 
pect to the m-th support. 

Th° 3 following expressions determine coefficients A 3 m m ,, A 3 m m 
and A m , m+ i which depend on the pliability of supports (Fig. 13.41) 

A 3 m , m-2 = Al-i t m = 6£/ c (13.127) 



(13.128) 
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+ + (13.129) 

Jm. m + . = -4m-M. m = 6£/ c [ ( J- -L _L_) _ 

_iE±l 1 0.1_JJ _ 

---fek+iirJ-ferlTir+i) < 13i30 > 

A^n, m+2 = (i£7 c J -’";' = T ^ m ; i (13.131) 



Fig. 13.41 


If the (m— l)-th support is fixed, then coefficients A„, „,-2 
and A„, m-1 become 



Coefficients A„, m , A„, m +i and -4m, m+2 do not change. 


(13.1 28') 
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If support m is fixed (in this case m = l), then 

+ f (13.129') 

<t=—jt-(x + T) (13.130') 

A 3 t ' 3 = -£j- ( 13 . 131 ') 

If support (m + 1) is fixed the coefficients change in a similar 
way. 

Coefficients A }„ 4 p and Al,. „ will be calculated now for some types 
of beams. First, formulas will be derived for higher moments with 



Fig. 13.42 


respect to an axis passing through point O of a figure composed of 
rectangles (Fig. 13.42) 

Mo» = »/t«i + Ut («i — «i) -!- • • • -r !/t («< — «i-i) = 

= g (13.132) 


M 0 i— y t ij 2 2 1 -j- ... rijt 1 2 "‘~ l = 

- 2 (13.133) 


M 0 .= £ " 1 ‘* 2 (13.131) 

Examine a beam of constant cross section within each span 
(Fig. 13.43). The higher moments in the calculation formulas arc 
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determined by the following expressions 



Fig. 13.43 


I (living substituted those expressions into (13.121)-(13.123), wo 
obtii in 

" 3<35 » 

...2 (1.^ + U.t^) (13.1.%) 

| 0/c 1 f m*l 6 fc t l ”>+ I _ 

m, m 4-1 f m+| /„,+! 2 , tm*i 

= /m+1 ._i£_ (13.137) 

^2 m _, = -I™. = _ f( ^L.^. (13.138) 



(13.139) 

(13.140) 
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Examine a beam with two different cross sections within one span 
(Fig. 13.44). The higher moments in formulas (13.121)-(13.123) are 
determined by the following expressions 




!)-(13.123) we 
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-V-7^7[ 1 +tfe- i )(»- : xr)3 

* 2 *(- 7 ^&) = 


(13.141) 


-T^r[ ,+J r(-te-)] 




-».T^rt^-felferr- 1 )]- 


Ai. m ~ ^L(«„-ga- + l.„-g^) 4 - 

4 c J<m*li. 1 ■ fr iari | <in * ; j 

Similar formulas may be obtained for beams having j 
cross sections within each span (Fig. '13.4a). Leaving out 
mediate calculations, we write the final formulas for s = 

a.-.-I. :£-,[< + ■£ (-tr- fcr)( 3 - 2 t 

+-rc-fe-0( 3 - 2 -£-)] 


r)] 

(13.143) 

(13.144) 

(13.143) 

(13.146) 

: different 
the inlcr- 
3 


(13.147) 
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- 6 ^-(v™.«£ + 

+ Y">. 2 I™ 3 +Ym. ) 

■rtfi. m — 6 -JT 1 - ( Ym. 17^ + Y"i. 2 ' Y">. '■ ) " r 


^m, m+1 = — (y«i*+I> ' j' + Yonm.a i " 

+^‘^-7=7) (13 - 152) 

Let us examine the influence of supports sagging on the bending 
moments. 

If supports of an initially straight beam sag so that they arc not 
on one straight line in the final slate, then the beam is in flexure. 



Fig. 13-4G 


The only external forces acting upon the beam in this case are the 
vertical support reactions; therefore the bending moment diagram 
will consist only of straight lines between the supports (without 
irregularities at supports). 

Let us examine the sagging of supports (m— 1), m, and (m i- 1). 
Coefficients A m ., will be determined by the formulas derived 
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above, only the coefficients II m -2> ll m -i. Hm, limn, ll m +2 

change; 

they m 

my be written, according to I-'ig. 13.40, ns 


n m _ 2 = -G£/ct^= - .lm.,., 

ilm-, = 6 Elc ( 7 ^ - 7 ^ ) - 6 EIc 4 s - = 

(13.153) 


I7 m = 6£7 c Au)_(j£/ c - 7 ^-- 

- 6 £/ c -^- = 

(13.154) 


= - * -r («1m. 1 + 71m. ») - Hmn. 1 

l7 m+ , = 6 £/ c (Atii - 1 . As±L\ _ 6 £/ c 7 ^- = 

\ <mtl <m+2 / lm*l 

(13.155) 


— — 71m + (TJm * 1 . 1 + 7|n,M. t) 

13.156) 

where 

H m > 2 = —6 EIc ~ —7) m+ | t [ 

(13.157) 



(13.158) 


When other supports sag as well, the problem is solved by super¬ 
position of results obtained for separate supports. 

Consider the bending moments caused by rotation of a firmly 
fixed support. The bending moment diagram of the beam will con- 



Fig. 13.47 


sist of straight lines between tho_supports. In this case it is only ne¬ 
cessary to determine coefficients n. If support m is fixed (Fig. 13.47), 
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then 


where 


ll m .,= ll m .,=0 

TT m = 6£/ C 0n, = X m 

A m = C£7 c e m 


(13.159) 


Equation numbers (m -i- 1) and (m -f 2) arc missing in the system 
of equations. 

Sagging and rotation of supports may be used in various problems 
to reduce the design moments. 

Let us now examine the influence of uneven heating of the top 
and bottom surfaces of a beam. 

Suppose the beam has an invariable cross section within each span 
and the temperature in the m-th span (Fig. 13.48(7) changes linearly 



Fig. 13.IS 


(Fig. 13.48b). Angle of rotation of two adjacent sections in an exa¬ 
mined portion of the beam (Fig. 13.48a) is expressed by the following 
formula 

(13.160) 

The end sections of the m-th span will form an angle 

p m =! = (13.161) 

due to heating, each end turning to an angle ^ • Thus, we finally 
obtain 

n».,- n„ - 6 Eh -f£- 3 etc -g 1 1„ = <!3.162> 
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<P„, =3/?/ <; *~L 

and a is the coefficient of linear expansion of the material. 



Fig. 13.49 



Fig. 13.50 


The following formulas are true for a beam with two 
linear temperature patterns within each span (Fig. 13.49) 


P 

hence, 

where 


n m .i=n m =<p m 


'pm = 3£7 c a (A<| + Alt ) 

A/, = /| — t t ; Att=l 3 — t, 


Similarly, for three temperature patterns (Fig. 13.50) 
n m .i=n m == <p m 


(13-163) 


different 

(13.164) 

(13.165) 

(13.166) 

(13.167) 

(13.168) 
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<p m = 3£/ c a ( to, -f + to 31 ^j) (13.169) 

to, = t,-l t ; to 2 = t 3 -t,-, to 3 =h-l 0 (13.170) 

On the basis of the above dependencies we may compile formulas 
for frames having members of variable sections. 

Let us consider the example of a R-shapcd frame with fixed ends 
(Fig. 13.51). 

First of all, a point should be made on the choice of a principal 
model for the work method. Such a model should be chosen so that 


8 _ C 6 _ C 


(a) (W "7 " (c) 


•4. -i) 

-* U) 3 


H li 

d a (t) a 


it must suit all (or the most) of the support conditions possible within 
the given geometry of the axis of the frame. This will make it possible 
to use the coefficients obtained for a frame with fixed ends in design¬ 
ing frames with different support conditions, but with the same 
geometry and loading. All these requirements arc met by the basic 
model presented in Fig. 13.51/, because it may be used to solve 
problems given in Figs. 13.51a-e. 

Support moments and a horizontal component of the support D 
reaction multiplied by the height of the frame h (Fig. 13.52) arc 
taken as the unknowns 

M a = X,; M d = A\; hH D = X, (13.171) 
The canonical equations may be written as 

6.,X. + 6«Xz-:«-i A,p = 0 1 

6 2 |X, -r 6-r A 2p = 0 1 (13.172) 

fiuXi + flaXt- 1 <W 3 -A 3P = 0 J 
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Multiplying all the coefficients of (13.172) by —and deno¬ 
ting each by 



i4 1 X l + i4 < X 4 -!-/l s X 5 = -n, i 

A t X l + A t Xt- r A i X i = -n 2 } (13.174) 

A t X, + A „Xi + A,X 3 = - ri 3 J 

Coefficients A, are determinedly unit factors (Fig. 13.53) 




Coefficients Il|, II 2l Ilj depend on the loads. 

Examine the loading of the bottom section of the left strut of the 
frame (Fig. 13.54). 

The following notations arc introduced: 

.V/„, M { , Mi, M 3 = moments of the zero, first, second and third 
orders respectively about point .4 








Aft, M„ M 2 , M j r= moments of tho zero, first, second and third 
orders respectively about point B 
Relationships similar to (13.84)-(13.87) exist between the moments 
which arc taken relative to points A and B- 
Let 

#-4, <»•!») 


and dP = q x dx. 



Fig. 13.54 Fig. 13.55 


Expressions for support reactions (in the principal model) from 
the applied frame loading are written as 

2^ = 0, xq x dx=V D l-M, = 0 

hence 

Vd = -[-'< Va= — Vd=— -y- 


2 X -0; H A -^q x dx= 0 

from which 

Coefficients H|, ll 3 . II, are expressed in higher moments of the 
load which is applied to the bottom section of the strut with 
respect to point A 


6 l t M t 
hd ' 2! 



(13.176) 

(13.177 
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= 3 (13.178) 

Examine the loading of the top section of the left strut (Fig. 13.55). 
The support reactions are the same as in the case of the bottom secti¬ 
on loading. 

Coefficients /7 t , 77j, II 3 are expressed in higher order moments 
of the top section loading with respect to point .1; these expressions 



Fig. 13.56 Fig. 13.57 


are derived using the relation between moments relative to points 
A and B, established above 

-(,1,-3) 4,-24,-gj--£- = (.1,-3) a„- 
-2A,-3-j£-(A,-2A, + A,) (13.179) 

” n* = 34 t A, = A, (13.180) 

-r-3A,—*^(2A,—3A. + A,) (13.181) 

The right strut loadings are solved similarly (Figs. 13.56 and 
13.57). However, it is more advisable to take the horizontal compo- 
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sent of the support rcnction A, multiplied by h, for 011c of the un¬ 
knowns. Then the coefficients A, will not change and the solu¬ 
tion of the system will be valid, if 


X, w = hH A . ^ b BC r b 




13.58) is loaded, the higher order 

L ' 



moments are evaluated relative to 




point B and the following designa¬ 




tions are used: 




A 0 = M 0 l; A| «ss M t ; A 2 = £l; 1- 

: J 


A D 


A 3 = -^- (13.182) If 


Expressions for the support reac- Fig. 13.58 

lions for the given gantry loading 

are derived from the equilibrium equations referring to the principal 
model 

2 M a = 0; V D l- | xq x dx=V D l-M l = 0 

hence. 


Vo-4 1 -; S*.-o 

V A l— j q 1 {l — x)dx <~0 
0 

Coefficients n f , Il 2 , n 3 arc determined in terms of higher moments 
of the loading applied to the gantry beam BC, with respect to 
Point B: 

n '- t 1 [ i % (*■- f) !| j i <■> -1> «>*•] - 

(13,83) 


(13.184) 
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Frames with continuously variable sections arc solved similarly 
if the loaded members consist of invariable or stepped sections. 

The method outlined here was used in deriving formulas for beams 
and frames with members of variable sections. These formulas are 
of a general type, and it is possible to use them to determine referen¬ 
ce values for almost any load, because the computations of the higher 
moments used as functional solutions arc always easy to carry out. 
In the works of N. Valishvili 119 loading schemes are examined and 
the moments of the first three orders are calculated for these schemes. 
These references contain formulas for bending moments, transversal 
forces, rotations and deflections of single beams of invariable sections 
within the span under tho influence of the same loading schemes; 
all the formulas use the notation of higher moments' symbolics. 
After the redundancy of structures is solved, these formulas may 
be used to plot the summary diagrams of bending moments and trans¬ 
versal forces for beams and frames of both invariable and variable 
cross sections. 


14. RIGIDITY OF BEAMS COMPOSED OF PRISMATIC PARTS 

Let us evaluate the variable rigidity of beams, which remains 
constant within separate sections along the beam and changes only 
from one section to the other. In 
such eases the beam has a step 
form along its length (Fig. 14.1a). 

The following method of deter¬ 
mining angular and linear dis¬ 
placements. suggested by B. Zhe- 
inochkin, is based on replacing the 
stepped beam by a beam of con¬ 
stant stiffness. Displacements of 
such a beam, both linear and an¬ 
gular, will be equal to the dis¬ 
placements of the stepped beam, 
if the effective rigidity is calculated according to certain rules. 

Tho given beam may have an arbitrary number of parts with 
different rigidity. The transverse loading applied to the beam may 
be also arbitrary. To simplify the drawing, only one point load is 
applied to each part of the stepped beam shown in Fig. 14.1. 
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Let P'„ P\, P\" = point loads applied to the first, second and 
third sections, respectively 

El,, Eli, El, — rigidity of the beam within the first, second 
and third sections, respectively 
EI 0 = arbitrary effective rigidity, i.c., rigidity of 
the constant section beam replacing the stepp¬ 
ed beam 


£7 0 

£77 


El 0 
El, 


i. 


(14.1) 


Linear and angular displacements of a beam of effective rigidity 
will correspond to the ones of the given beam if the given forces P ,, 
P"„ P\", ... are replaced by effective forces (P['i,), (Pyh)< 
(P\" -i,), . . . applied to the same sections; in addition, fictitious 
loads and force couples must be applied at the positions of the chang¬ 
ing sections. These fictitious loads arc 


I<?2. al = <?2. 3 (^3—' 2 ); |M 2 . 3 |=M 2 . 3 (i 3 -i*) J 

etc., for the other sections. 

[@,. ,| and 2 ] arc additional shear force and point bending 
moment applied at the joint between the first and the second sections; 
\Q 2 . 3I and [M,. 3 ) arc similar quantities between the second and 
the third sections, etc. 

Q tm M,. 2 , Qi. „ M,. 3 denote factual shear forces and bending 
moments, which exist at the joints of the sections of different rigidity 
due to the given forces P\, P\, P\", ■ ■ ■ applied to the beam. 

Figure 14.16 presents the beam of constant effective rigidity with 
all its loads. Rotations and deflections of this beam are equal to 
the rotations and deflections of the stepped beam of variable rigi¬ 
dity. 

Zhomochkin proved the effectiveness of the higher moments' 
theory by applying it to such problems as determining beam displa¬ 
cements. 

The method suggested by Zhcmochkin is quite efficient in all cases 
of compound loads applied to beams with constant rigidity along 
the separate sections, that is, when the beam is built up of several 
prismatic parts. 

For example, consider a three-section beam (Fig. 14.2a) under the 
influence of distributed deflecting loads (Fig. 14.26); let us examine 
the transforms necessary to provide a beam of effective constant 
rigidity. 

This problem will be solved if the following fictitious intersecting 
forces and bending moments are applied to boundary points 

[<?.. 3 I f«) and [<?*. 3 ] = Qi., (i,- h) (14.3) 

[Mi.sl = M,. i (<*—«,) and [M 2 . 3 | = M 2 , ,(!,-!*) (14.4) 
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In addition, the distributed loads must be transformed without 
moving them along the beam. This means that a uniformly distri¬ 
buted load of intensity q will transform to three different uniformly 
distributed loads (qi,), (qi 2 ), and (qi 3 ) acting within the first, second 
and third sections, respectively; a linearly increasing distributed 
load will be replaced by two different increasing loads, one within 



Fig. 14.2 





the second section from 0 to (ka) i z and the other, within the third 
section from (ka) i 3 to A: (a + 6) {3 instead of the given load increas¬ 
ing from (ka) to A: (a -j- 6). 

Zhemochkin’s method of solving problems in flexure of structures 
will be shown later, the examples being elucidated by the graphical- 
analytical method. 

Diagrams of bending moments M (Fig. 14.36) and curvatures 
k = -gj- (Fig. 14.3c) are plotted for the beam shown in Fig. 14.3a. 
The diagram of curvatures allows for the different rigidities of the 
first and second sections of the beam. If the rigidity of the first secti¬ 
on is denoted by Eli, then the rigidity of the second section will 
be 16£7„ because its diameter is twice the diameter of the first scc- 

Displaccmcnts of a beam of constant effective rigidity EI 0 are 
determined according to the following rule: the given beam and the 
beam of effective rigidity have equal linear and angular displacements, 
if the curvature diagrams in both cases are identical-, the displacement 
diagrams are integral with respect to the diagram k. 

Let us choose an arbitrary rigidity Ef 0 of the “effective" beam, say 
El 0 =EI, and assume that its curvature diagram k (Fig. 14.4d) 
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is identical to the curvature diagram shown in Fig. 14.3c. Such 
a diagram may be obtained for a beam of constant rigidity, if an 
appropriate load (theoretical) is applied. 

For the given beam we lake the curvature diagram k\ according 
to Fig. 14.4 d we solve the problem of construction of the beam load¬ 
ing scheme by successfully moving from the curvature diagram k 
to the bending moment diagram M, then to diagrams Q and q using 


the differential relationships bet¬ 
ween q, Q and M. 

The bending moment diagram 
of a beam of constant rigidity is 
obtained by multiplying the ordi¬ 
nates of the A; diagram (Fig. 14.4d) 
by the effective rigidity EI 0 = El,; 
Ite results '»T 

tSit 11 '-- 

= -jjr- instead of 1 liese 

ordinates amused in constructing 
the bending moment diagram 
(Fig. 14.4c) for the beam of con¬ 
stant rigidilv. 

The Q diagram (Fig. 14.46) is 



Fig. 14.4 


plotted after its ordinates arc de¬ 
termined as slope tangents of the M diagram (Fig. 14.4c). Within the 
first section of the beam Q = tan 0| = —-y- =— P; within the 


second section Q - tano 2 — — -^--y = — yr. When Q = const 
within each section of the beam, 7=0, which means that the “effec¬ 
tive" beam cannot have distributed loads. 

According to the Q diagram (Fig. 14.46), a point load P is to be 
applied downwards at point A of the loading diagram (Fig. 14.4a), 
a force ^P applied upwards at point C, and a force -jjr applied 


downwards at point D. In addition, a force couple M =-^Pl is 


to be applied at point C, which is equal to the step in the bending 
moment diagram M (Fig. 14.3c). 

Thus, if a beam is under the influence of the load shown in 
Fig. 14.4a, then the problem is solved. 

Now, after both the given beam and the given load are retraced 
to give an “effective” beam and effective load, thus proving the 
conversion method, we shall examine formulas which make it pos¬ 
sible to solve the problem directly, without plotting the diagrams. 





The fictitious load is determined according to the following rules- 
First, reduction coefficients are found for the n-th section of the 
beam 

i _ EI « 

" El n 


where El a = constant arbitrary rigidity for all beam sections 
E /„ = rigidity of the n-th section of the given beam 

In our example, for the left 
j£p (first) section of the beam 


and for the second section 


a g| ?j i Next, a fictitious load is applied 

, N nJ kr- i 5 *® to the beam at the joint of secli- 
' c ' ■ sisj ' ' ons n and (n -t- 1) of different rigi- 

; j dity; this load consists of 

,-n ,,\ 4 I —I- (1) point force couple with a mo- 

" h ‘n XJT—tilS km |V.,l--w.i.»* 

sfc® - (2) transverse force l^,,. „-f- ■ I = 

= Qn. n + I (*n-H — ‘a). >■> which 

Fig. 14.5 ,1/„. „i| and Q„. „+i arc the actual 

bending moment and shear force, 
respectively, appearing at the joint of sections n and (n +1) 
of tho given beem. 

For the problem shown in Figs. 14.3 and 14.4 

[V..J-(1.-1, 

19 ,. ,1 


If E[ 0 = 10 El t is taken for the effective rigidity, then a solution 
shown in Fig. 14.5 will bo obtained. 

The curvature diagram k (Fig. 14.5 d) is taken for the initial 
diagram in tins case. Tho bending moment diagram M is obtained 
by multiplying the fc-ordinates by the effective rigidity EI a = 
= 16£/| (Fig. 14.5c), etc. 

Zhemochkin’s formulas give 







Hence, the fictitious force factors at the mid beam section are 

(<?.. 2) = Qi. 2 (h - i.) = (- 1') (1 - 16 ) 15 /' 

IAf t . *] = M,. *(**—/,) = ( — />) (1 —16) = 15/>7 

As the rotation angle is zero when x = 2l for the beam of effective 
rigidity, then 

0 = Eie„ + ^- 

where is the second moment of the total load, divided by 2. 
Hence, according to Fig. 14.5a 

EIQ 0 = - - - [(15/>/) l- 16/>£jj£ - 1S1> -f J = T pp 

and, as deflection v is zero when x = 21, then 

0 «= Elvt + Eie 0 -2l+-^- 

where 4^ is the third moment of the total load, divided by 3! 
Hence, 

El v 0 = -Eie„2l—^- - lgpp.21- 

-[(15Pi)T +16/> ¥ Hl5 -¥'] = ~T PP 

Zhemoclikin’s method can be applied to torsion and tension-and- 
compressi'in of bars composed of several sections with different 
rigidity. 

15. MOMENTS OF AREA OF FLEXIBILITY DIAGRAM FOR NON-UNIFORM 
BEAMS 

The method outlined in the previous section cannot be used to 
evaluate beams of continuously varying rigidity. It seems possible 
to calculate the fictitious load on the basis of the bending moment 
diagram of the given beam of continuously varying rigidity, so that 
the “effective" beam may have the same bending moment diagram 
os the given beam. But this method will hardly give any practically 
useful solutions. 

Let us examine other methods of solving the same problem. 
Consider a beam under the influence of a compound load shown in 
Fig. 15.1. Let the left end bo fixed so that the initial angle 9 0 = 0 
and the initial deflection v 0 «= 0. Then the bending moment at an 
arbitrary section X of the beam at a distance x from the origin of 




coordinates 0 is given as 

2 «(*-*)• -2 (■<»-«+ 

+ 2 ! M’ T 2/ l !ij?2. (15.1) 

where the sum ie evelueted over all the loads of the same type, each 
shown in Fig. 15.1 by one load. 

Similarly, at any section U at a distance u from point O 

J/„ - 2 M („ -«>• yJPl.-tluS,^ 2 ‘'-TT 2 <‘5.2> 


Suppose section U is at the left of X, that is u < x. 

The curvature k of the elastic curve at section U of the beam is 
given by , where Ef v is the variable rigidity of the beam. As 



Pig. 15.1 Fig. 15.2 


El v and M v aro determined for every section of the beam, the curva¬ 
ture ku may bo calculated as well and the curvature diagram may 
be plotted ns shown in Fig. 15.2a. 

Using the grnphicni-nnnlyticnl method to determine the linear 
and angular displacements in flexure by interpreting the diagram 
as n fictitious load (PI within du, a differential of the load is given 

ldP] = kdu = $-du (15.3> 

If a diagram with the ordinates 

■v-k < 15< > 

is constructed (Fig. 15.26) we have a diagram of a variable quantity y 
inverse of beam transverse flexibility. 
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An element of the area of the Q T -diagram is given by 

dQ., = ydu = du (15.5) 

hence, 

\dP] = M u (K2 V (15. 6 ) 

,i " eM * nd angular displacements by the graphical-ana¬ 
lytical method gives, os usual, the formulas 


Ox = 60+ f |d/>) (15 . 7) 

«'.T = i' ( 1 -!-e 1 ) i+ j l<fPl(*- u ) ( 15 . 8 ) 

° f ldP ' iD ll,CS€ formtllas wil1 View the following 
— (15.9) 


-V = y o +0oi+ j M u (x—u) dQ y 


(15.10) 


TsllZn U lh ° bCn< ‘ ine m0m ° nl ° f lhe 10181 com P ou nd load taken 

.EuS? xi “?!.s; b “ “ „ y 


Vx -■ Ho + Oo 1 -I (11—a) 0 (1 — u) dQ y -f 

1 ?i T 5. (!-«)*, ( ,5 t 


The first integral of this formula J (u — a)° (x u 


the multiplier (u — a)° =1, which is artificially j ntro . 
that all the integrals may have identical structures. aucp d so 


10« 
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Let us examine the four integrals in the formula for v s as biaxial 
moments of area Q v . ... , . 

Abscissas appearing in the expressions under the integral sign are 
shown in Fig. 15.3. 

According to Fig. 15.3, the first integral j (u — a) 0 (x — u) dQ y 



orders within one biaxial moment; 


is a biaxial static moment (i.e., 
A/,) of the flexibility diagram 
area with respect to two paral¬ 
lel vertical axes with abscissas 
x and a. The other integrals in 
the formula for v x are similar bi¬ 
axial moments of the flexibility 
diagram. 

Biaxial moments are known to 
be composed in several ways, the 
two moments being of different 
biaxial momentsobtained above arc 


j (u — a) 0 (z — u)dQy = M a o x > (15.12) 


j (u—6) (x — u) dQy = M 1,1,1 


(15.13) 


j (u-c)*(*-u)<tev = <W e>I . (15.14) 

^ (u— d) 3 (x — u) d£l; = Matxi (15.15) 

where A/«<*, is * biaxial moment of zero order with respect to the 
vortical axis with abscissa «, and of the first order with respect to 
the vertical axis with abscissa x; hence, the moment is of the first 
order- M„,* is a biaxial moment of the first order with respect to 
two parallel vertical axes, one with abscissa b and the other with 

“^Substitution of biaxial moments in (15.11) will yield the following 
formula 

„ x = l> o + 0ox + 2 a>xl + 2 PM »'*■ + 

111 Ox' , V . 


(15.16) 
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Similarly, a formula for the angle 8 X is derived by substituting 
( u — a )° or (x — af for the absent second multiplier, both equal to 
unity, in the integrand expressions, thus resulting in the generaliza¬ 
tion of expressions as in the case of the formula for v x . This gives 
the following formula for the rotation angle 

e,=e 0 + 2 m- Mm + 2 p m »*>+ 

The expression for the angle 0* is a direct differential of tho expres¬ 
sion for u x , in which the order of the moment with respect to the left 
vertical axis remains the same, whereas the order of the moment 
with respect to the other vertical axis * is a unit lower. The following 
expressions are derived for the area of the transverse flexibility 
diagram Q v 


Ma 0*.= j 

(u — a)°(x — it) 0 dS2 v 

(15.18) 

M b , l0 = j 

( u — b ) (* — u)°dQ, 

(15.19) 

AW= J 

(u—c) } (x — u)*d£l v 

(15.20) 

Max o= j 

(it — d) 3 (x — u)° d£l, 

(15.21) 


Thus, the formula for the area Q v outlined by the elastic curve and 
the straight line (before deformation) of the beam axis may be con¬ 
structed at once on the basis of a simple analogy, and this formula 
may be expressed in terms of biaxial moments, if required. For this 
it should be only necessary to consider that the area Q v is integral 
with respect to the deflection v and all the orders of the moments 
must be increased by one when taken at abscissa x, i.e., 

a,.«+e.4s «- ? % £L +2' , % L + 

+ 2>w+2 i 'w.»- «' 5 - 22 > 

It may be observed from comparison of formulas derived for & x , 
v x and Q y , that as the integration is carried out with respect to the 
first index of the biaxial moment when passing from the left terms 
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of the formulas to the right terms the factorials in the denominators 
change accordingly. If a term corresponding to a certain force factor 
is traced through formulas for Q x , v x , Q v , etc., then this sequence 
is accompanied by integration with respect to the second index of 
the biaxial moment. This means that it is advisable to calculate the 
biaxial moments of the flexibility diagram beforehand when a rigi¬ 
dity design of a beam of a continuously varying section is carried 



out. Orders of these moments arc indicated in formulas (15.1(1) and 
(15.17), which are expressions for the angle 6 X and the deflection v x . 

These calculations are very simple to perform in practice, because 
tho curved flexibility diagram may be replaced by a polygon with 
sufficient accuracy for all practical purposes, thus simplifying the 
calculations. For example, curve ab (Fig. 15.4) may be approximated 
by three tangents and the area below this broken line may be divided 
into a number of elementary figures, such as rectangles and triangles. 
One of the possible variants of such a case is shown in Fig. 15.4, 
the flexibility diagram area cabd being divided into triangles 7, 2, 
3, 4 and rectangles 5 and 6 . 

The biaxial moments of triangles and rectangles arc simple to 
operate with. To prove this, let us derive formulas for certain biaxial 
moments often used in practice. 

(a) The area of a rectangle (Fig. 15.5). 

Biaxial moments with respect to two parallel axes 1-1 and 2-2 
with abscissas x, and x 2 , respectively, are determined by the follow¬ 
ing formulas 

'Wi|x$= j' u,d£2 Y = y [ (u+o,)dit-= 

-v(t+*)-“(t+«.) 


(15.23) 



0 u=b 


j ufd£2 = y j (u+fli)*dit = Q (-y-+Oifr + af | 

| (15.24) 

M x , 0x , = j u,u t dQ = y [ (it+a,) (6 — it + a,) da = 


-°(t+*+¥+«*) 

(15.25) 

M*},j = j u\u t dSl = 


=Q ( t? + ^ ++ a,fl26+ ) 

(15.26) 

(b) The area of a triangle with its apex pointing to 
(Fig. 15.G). 

With respect to the same axes we find 

the right 

A/*. x o= j u,tfQ= [ (a, + it) Yu du = 


“ j («I + M) (Y-Yy)<*t = fi («i+t) 

(15.27) 

•W*;*s - j u' t dQ= j (a, + it)* Yu du = 


-o(«J+-!^+ t) 

(15.28) 

•Wxjxi = j M|«JQ (-£ + a i<»2 + -^ + -l!®' 6 ) 

(15.29) 

jV/*8,i== J ir l it i dil = 


-Q^ja,b-3- + i5+ a i a J j «t«i5 + -jr 

) (15.30) 

As a rule, only angular and linear displacements are required 
when evaluating the rigidity of beams. They may be calculated by 
using formulas (15.17) and (15.16). Biaxial moments included in 
these formulas may be determined in two ways: from formulas 
(15.23)-(15.30) and from the general considerations on the higher 
moments given in Sec. 6-8. 

Indeed, the higher moments in (15.17) are written as biaxial 
moments of the flexibility diagram, but they are essentially uniaxial 







moments of various orders and may be calculated according to the 
above mentioned rules concerning uniaxial moments. 

Moments in (15.16) are more difficult to calculate because they 
arc biaxial moments of various orders; however, duo to the fact that 
all the moments in the right part of the formula are of the first order 
with respect to the right-hand bounding vertical line, they may bo 
expressed in terms of uniaxial raomonts. 

Suppose a biaxial moment of a figure Q (Pig. 15.7) with respect 
to the bounding axis r-r and x-x, is to be determined, one of the 



Fig. 15.0 Fig. 15.7 


moments (about tho left axis) being of order n and the oilier (about 
the right axis), of tho first order. Taking the clement dQ of this area 
with changing distances u and (t — u) from the axes gives 

a a a 

M r n x , = | u n (t-u)dQ = l j u n dQ-j u n * , dQ = 

= tM r n-M r n ♦. (15.31) 

i.c., tho unknown biaxial moment is expressed in terms of uniaxial 
moments of orders n and n + 1. 

In particular cases, assuming n = 0, 1, 2, 3, .... the following 
expressions aro derived for substitution in formula (15.16) 


M aOxi = (x—a)Q — M a i 
M 6ixi = (x — b) M b i — i 

A/ 4 ixi •■= (*—c) M e i — 

Md >xi = (x — d) Aid s— Md>, etc. 


(15.32) 


When n > 2, the formulas of the relationships between biaxial 
and uniaxial moments relative to the right-hand vertical become 
moro complicated, than thoso in expressions (15.31) and (15.32). 





Calculation Examples 

Problem 1. Design of a spindle of the front mandrel of a universal 
cylinder-grinding machine. 

For tho case of a continuously changing transverse flexibility, for 
example, when evaluating conically shaped members, the y diagram 
is outlined by a parabola. The most suitable approximation of this 
shape is performed by dividing the area into triangles (Fig. 15.8). 
A similar method was used when calculating tho rigidity of a spindle 
head of the front mandrel of a universal grinding machine. 

Design 'ormulas for a cone under the action of tho loading shown 
in Fig. 15.9 (point loads and a uniformly distributed load) may be 
written as 

e.v =00+2 P„M a , kI . +1 (15.33) 

u. t = + e»z + 2 Pki I/.**, -f1 (15.3/,) 

where M , # = biaxial moment of area Q, between a* and x (of 
* the first order with respect to the section with 
abscissa a h and of zero order with respect to the 
section with abscissa x) 

M c , xt = biaxial moment of area Q v between c„ and * (of the 
“ second order with respect to the section with abscissa 
c 0 and of zero order with respect to the section with 
abscissa x), etc. 

For a triangle with its apex pointing to the right (Fig. 15.10) 


( a i ■f'j) (lt>.35) 

M c y c , = Q J (°i+y a i& + Tf) (15.36) 

M„ lxt =Qy + (15.37) 

A/-i I i = i2 v ^arb —■^p + -j§-+eJ‘*z + ‘§ aia 2^—) (15.38) 

For u triangle with its apex pointing to the left (Fig. 15.11) 

(«,+t s ) < 15M > 

<‘5») 

+ + (15.41) 

- Q, (-v'- + -3- -f ) I 15 - 42 ! 



Fig. 15.9 


Fig. 15.10 
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For the loading diagram shown in Fig. 15.12, when P = 5.64 kgf 
and q = 2.1 kgf/cm, we obtain for the fixed end the following expres¬ 
sions 

0 = e t PM a ^-jM til o 
0 — + 60!— PMo]xi -\ M c , z , 



Fig. 15.11 Fig. 15.12 

Substitution of the numerical values gives the rotation angle and 
the deflection at the free end 

0 O - 5.64.663.0545* 10- ; +^-669.954.10-’ = 4443-10-’ 


+ ^.3705.19.10-’-= -0.00063 cm 

Problem 2. Design of a hollow flour-grinding shaft. 

Rigidity design of a hollow flour-grinding shaft is an example of 
application of biaxial moments of a flexibility diagram area. 

The central part of such shafts is a hollow cast-iron cylindrical 
bushing pressed on steel axles rotating in bearings. The shafts have 
several separate parts of different rigidity along their length, as 
shown in Fig. 15.13 together with the flexibility diagram. 

The uniformly distributed working load and the reactions of sup¬ 
ports arc shown in the q diagram. The angular and linear deflection 
formulas, when applied to loads of this type, have the following form 
e.T = eo+2|A/ a:x o (15.43) 

v x =vo+QoZ+'2i\Ma*xi (15.44) 

where .V/ a t*o and A/ a t x i are biaxial moments of the flexibility diag¬ 
ram, both moments being determined with respect to two parallel 
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axes, one of which coincides with the beginning of the section from 
where the continuous load acts, while the other axis passes through 
section X, in which the displacement is determined. Moments in 
(15.43) and (15.44) arc of the same order with respect to the first 



axis, while the order of moments with respect to section X in the 
second formula is a unit higher than in the first formula 


M„t z o= j (u—a q )*(x — u)° d£l y 

(15.45) 

Oq 


M a «*t = j (u—a,,) s (x—u) d£l y 

(15.46) 

where is an element of the flexibility diagram area; 

gration we obtain 

after inte- 

M a i x o = {l l (-y- + <j|& + aj) 

(15.47) 

M a i X i=Qy (■JJ + + + + a i<h 

) (15.48) 


All the designations are shown in Fig. 15.14. 
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When calculating the results in practice, it is convenient to 
construct tables in which numerical values determined by polynomials 
aro grouped in a column for each separate value of the transverse 
flexibility y (Table 15.1). 

Since the continuous loads of intensity q do not roach section X 
(if we move along the shaft from the origin of coordinates), the distri- 



Fig. 15.14 


buted loads of corresponding intensity are added and subtracted as 
usual to make the load q reach section X. For the shaft in Fig. 15.13 
nine separate parts appeared on the flexibility diagram and eleven 
uniformly distributed loads. 

All values were calculated by means of Table 15.1; for example, 
if 4, = 46 kgf/cm we obtain 

Af all i = — 2345 • 10 4 (15.49) 

After all the other distributed loads q were treated in the same way, 
the total moment was determined as 

2 y M a tei = — 2479• 10‘ 4 (15.50) 

and the following equations were composed for the supports 
0 — i» 0 + 1680 O — 0.24795; 0 = v„ + 30 o — 0.00768 
which give the values of the initial parameters of the flexural curve 
0 O = 0.001767 and v 0 = -0.04888 
and the linear displacements were calculated for all the check points. 


Besides the method described above, there are several other methods 
of designing beams of variable cross sections; these methods are 
based on the moment-operational method presented in the following 
sections. 
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If the transverse flexibility of a beam (i.c., the inverse of rigidity) 
may be expressed by an algebraic polynomial in terms of the distance 
along the axis, then it is especially easy to design a beam. However, 
if the rigidity itself is expressed by a polynomial,say, El — g 0 + 
+ 8t x + £*** + • ■ ., then the required expression for the flexibility 
may be derived from 

TS 7 —1.+7H+ n»’+ • • • - .., 

The flexibility polynomial may be also obtained from the given 
rigidity expression by approximation when several terms are taken 
into consideration. 

The end reinforcement of beams often practised in engineering may 
be taken into account by approximating the ends with a parabolic 
curve (or a combination of curves) and by replacing the entire beam 
with a beam of a continuously varying cross section. The beam may 
be also divided into several beams of continuously varying cross 
sections, but a more complicated calculation method is necessary 
to solve this problem*. 

Solutions obtained for beams of continuously varying cross sec¬ 
tions are proved (in Chap. V) to be applicable in designing multispan 
beams of continuously varying sections within separate spans; these 
calculations become much simpler when the beam is symmetrical 
and especially if the loads arc symmetrical or asymmetrical. 


• For example, this may be achieved by a combination of the moment 
method and functional disconlinuators or pulse functions. 
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Moment-Operational Method: 
Theory and Application 


Chapter III 

Moment-Operational Method 

16. PRINCIPLES OF MOMENT-OPERATIONAL METHOD 
Tho first part of this book deals with the principles of the theory 
of higher moments and with the application of the moment method 
to various engineering problems. Two entirely different ways of 
development and application of higher moments were described; the 
geometrical way and the static-kincinatic way. 

In the first case, the topic discussed was the application of higher 
moments to the "geometry” of cross sections of bars subjected to 
bending or twisting, or any other force. Higher moments would 
inevitably ariso and had to be used whenever a comparatively compli¬ 
cated or precise problem was to be solved. Higher moments were 
used os a subsidiary tool in these problems, the same way as moments 
of comparatively lower order, such as moments of zero order (areas), 
moments of the first order (static moments) and moments of the se¬ 
cond order (moments of inertia), were used in simple problems on 
flexure (or on torsion of a circular cylinder shaft). 

In the second case the moments of higher order were used in the 
form of external force moments for obtaining a scries of values 
necessary for evaluating the strength and rigidity of beams, i.e., in 
static-kinematic beam evaluation. This trend of development and 
application of higher moments is a natural extension of the well- 
known concepts of tho transverse forco and the bending moment, 
or of linear and angular displacements taken as the first and zero 
moments, respectively, of the conjugate load of a beam presented 
by its flexibility diagram; the distributed load may be considered 
a moment of the “minus first” order. These ideas were illustrated by 
calculating the rigidity of a beam of a constant cross section. 

In contrast to tho first part of this book, the second part contains 
formulas derived without including the load in the calculations; 
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solutions arc obtained by integral and differential operations with 
moment symbols, or, more accurately, by operations with composite 
functions representing moments of higher order of vectors of higher 
moments (the so-called bimoincnls). 

To carry out successive computations and transforms several sub¬ 
sidiary formulas arc given at the beginning for integration and 
differentiation of the indicated functions; these formulas arc widely 
used in the further calculations. 

As a result, a limited number of exact solutions was obtained 
and a wide range of problems was covered by means of the iteration 
method (similar to the iteration used in Pikar’s method of the ap¬ 
proximate solution of differential equations) to derive polynomial 
solutions of differential equations of bending. 

The main quality of the moment-operational method consists 
of the fact that solutions obtained (approximate, although suffi¬ 
ciently precise for practical purposes) refer to any possible type 
of loading, both static and kinematic (the latter allows for pointed 
and distributed breaks and steps in the flexural curve). 

The method is proved to be effective in solving certain problems 
which have been previously solved by other methods; in addition, 
a series of new solutions is presented for evaluating strength and 
rigidity. 

The moment-operational method may be used in solving stability 
problems of rods subjected to kinematic loads. 

Any problem solved by the moment-operational method obtains 
a general solution in terms of functions of higher moments; these 
functions arc replaced by appropriate values when a particular 
load is considered. The solution does not become more complicated 
with any possible compound load. 

The application of basic and subsidiary formulas to evaluate beams 
subjected to combined compression and flexure or combined tension 
and flexure in designing beams resting on clastic foundations and 
in some olher problems concerning flexure of bars shows the possibi¬ 
lity of solving any problem irrespective of the type of loading. 
If a certain problem is solved in terms of higher moments, then the 
symbols of the moments for any given load will be deciphered accord¬ 
ing to general rules. 

Expressions for higher moments arc derived in the form of final 
designing formulas only after the general solution was obtained. 
That is why all the intermediate analytical calculations arc perfor¬ 
med without considering any concrete loading and the necessary 
evaluating formulas arc obtained as the results of mathematical 
operations over the symbols of moments. 

These observations make it possible to consider the theory of 
higher moments as a kind of moment-operational calculus when 
a problem is solved by means of the moment-operational method. 
11-032 



The only thing necessary for application of the moment-operational 
method is to express the transverse flexibility, the restoration factor 
and other quantities in terms of the abscissa. 


When evaluating the rigidity of ordinary beams the angle B 
or deflection i; is determined by integrating the curvature expres¬ 
sion once or twice, respectively; here — Yu •* the 

flexibility at section U. 

If the beam has a continuously changing rigidity, then y v is a 
function of the abscissa, as well as the bending moment M, through 
which the curvature k of the beam is expressed. 

Denoting Ye; — / (*) and M - <p(-r), we obtain k ~ / {*) <p (x) 
and therefore the rotation angle (-) at section U is 


©(, = ©0+ J /(*)«f(*)d* 


and the deflection at the s 


v v - v 0 + ©«« -f j j / (*) <P (i) d.r' ; 


According to I. Bubnov, the transverse flexibility along the beam 
may be expressed by an algebraic polynomial, of the form 

Vo = Vo + Yi* -t- Vs if + Vo -§r V* -^T ( ,7 3 ) 

The bending moment is the first moment M, of the load which 
during the following multiple integration transforms in higher 
moments -=f , -rf , etc. 

Thus, if the flexibility is cxprcssc<l by an algebraic polynomial, 
then the curvature of the beam at section X is given by 

*.t = Yx'W, = [Yo + Vt* + Vi -|r -r Vj -jr -i- ■ • • ] M i =* 

= Vo' w i + Vi*'Wi rVi-5T- w i ■ ••• (17.4) 

When integrating this expression, we use products of the 

^rin £Llypc - 

An expression of the following type 


(17.5) 
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is called a bimoment oj higher order, it is actually a moment of order 
m of the moment of order n. Bimomcnts will be designated by the 
Gothic letter TO. 

If a moment is represented by a vector applied at section X 
and directed normally to the plane of the drawing, then, according 
to formula (17.5), a bimoment is formed by multiplying this vector 
by its arm X raised to power m, similar to multiplying a force vector 
P by its arm raised to the required power in determining an ordinary 
n-th moment. 

The moment-operational method will be also used to solve more 
complicated problems. 


18. DlI-'FKIIENTIAL AND INTEGRAL BIMOMENTS 

For simplicity of calculations in deriving differential and integral 
bimoments, formulas will be composed for multiple derivatives 
and integrals of 9)1 in the form of tabular quantities. 

The first differential bimoment 9)1| of the main bimoment 9)1 = 
= ' i -r -: !rr is derived as l ' ,c fi fsl derivative from the product of two 
factors which arc functions of the same independent variable x, so 


s previously established that 


d ( ) - «-■ 
<M nl ) (n — 1) 


The subscript of 9)1 gives the order of the differential bimoment. 
Similarly, the second differential bimoment 9J1 2 is the second 
derivative of 931 obtained by differentiating (18.1), therefore 


( m — 2)! ,.l • (.,.-1)1 (n — 1)! • 

, « m -‘ , * n M n . t 

(m — 1)!' <«—1)1'' TZT ' (n - 2)1 - 


The sum of the exponents of the two factors for the main bimo- 
mcnl 9)1 is (m + n). In the expression for the first differential bimo¬ 
ment this sum is (m + n — 1) after the first differentiation; it is 
(m. + n — 2) for the second differential bimoment, and so on, that 
corresponds to the rules of differentiating usual power functions. 
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Similarly, an expression for the third bimoment TO 3 is written 
as the third derivative of the main bimoment or the first derivative 
of 

m - * m ~ 3 i 3 im ~ 2 *-« . 

(m—3)1 nl + °(m-2)! (n-1)! 1 

+*i^-£gSrHri&Si 

For the fourth differential bimoment 


” * _ (m—4)! n! ^ (m-3)! (n-l)! T 
. c «-» ■ ,, xm- 

■ °(m-2)l (n-2)M ’(m-1)! (n —3)! 1 m! (n-4)! 
Thus we arrive at the following general expression for a 
tial bimoment of order k 


(18.5) 

differen- 


Vl _*l^ I 1 "-* M n+t-h 

= 2j j! (m—t)! (n-- s — k)\ 


(18.6) 


Formulas (18.1)-(18.5) are obtained as particular cases of (18.6) 
after substituting k = 1, 2, 3, 4. 

The number of terms in each expression for a differential bimo¬ 
ment is always greater by one than the order of the derivative taken 
from the main bimoment 9)2. 

Successive numerical coefficients in the expressions for differen¬ 
tial bimoments are the usual binomial coefficients which are easily 
found from Pascal’s triangle (Table 18.1). 

Any figure of Pascal’s triangle is equal to the sum of two figures: 
one in the preceding row and column and one in the preceding row of 
the same column. 

The rows of the triauglc contain numerical coefficients of the 
successive terms derived for the differential bimoments. For exam¬ 
ple, the fourth line contains figures 1, 4, 6, 4,_1, i.c., the ones 
obtained for the fourth differential bimoment SJf«, etc. 

We switch now from the differential to the integral bimoments, 
which are more widely applied in rigidity computations of various 
beams. 

The first integral bimoment TOi is the first integral of the main 
bimoment TO = ^, i.o.. 



x m M nt I r * m ~‘ 'Wn+I j 

. = 'mT (» + tjr J (m-l)l (n-t-l)l 








Integration by parts according to the general formula 

{a.*-,, 

and presentation of in terms of the next (higher) order 

* 


be continued by applying 
expression 


lilar proccdni 

frl 

The final expression of the first integral bimomenl . 


• I)! ^ l™- 

■l/n.3 _ 

T3jT 


^W' (n -- 4>! ■ 


(18.7) 


_ . ,i molarities are thus revealed in polynomials obtained 

jsssibirr.;r~ThS'u«» i. 

The sum oi i i ^ sum of powers m each term of the 

basic b, " ,omcn 01 , derived for the first integral bimoment TO, 
^lynonn.l ex w tte rules ol tal.fr.Uon 

is ( m + derive an expression for the second integral bimomenl, 
- , ;il second integral of the basic bimomenl TO — ^ 
, first integral of 931,- Using formula (18 7) for the construc- 
and Ujc « *i formed as previously according to the principle 
ti0 "7 < 5) n establish the differential relationship between two sue- 

*S°".»»«■«»> ij '»■ 

*■-115 


. derived by integrating each term 

A I’ oly ' L| according to the orders of higher 
is rcarr ?IVmiila being a result of integration, its first line contains 
Joking/";" d from integration of the first term of (18.7), the second 
Wafers to thc sccond ,crm ’ m cl 1 c - Thercforc "c obtain 


in expression (18.7) 

..moments, the fol- 

integration, its first lin 


line 


refers « 

91**= ■£?"' 


e obtain 


(18.8) 




Successive integral bimomenls arc obtained likewise. Numerical 
coefficients in the successive terms of the alternating polynomials 
resulting from integration, may be taken from Pascal’s triangle by 
writing out figures from the column. 

For example, the fifth column of the triangle may be used to ob¬ 
tain numerical coefficients I, 5,15, 35, 70,126... forsucccsivc terms 
of the fifth integral bimoment arranged according to the rules out¬ 
lined above 

*"> i g *— 1 'Vn.6 , 

ml '(<> •: 5)! 0 (m -1)! * - 6)! ' r 

^ 10 * pT^f)T “ 30 (jrT3)! ’ + 

7Q Tm ~ 4 _126 J '"' i ■ (18.9) 

7U (,n-4)! (n-i-0)! (»,-5)! («-rl0)!' ' 

Formulas for integral bimoments may be cither exact or approxi¬ 
mate depending on the power m and the number of terms in the 
series used for calculation; the more terms arc included, the more 
nrccisc is the solution given by the approximate formula. 

" -|-| l0 following conclusions relating to the structure of formulas 
may be drawn from comparison of formulas obtained for integral 

and differential bimoments. 

\|| the terms of differential bimoments have the same sign; me 
first term of all the polynomials always contains a factor ^ while 
the power of the geometrical factor x is equal to m minus the order 
„f the derivative used in obtaining the bimoment. The order of 
moment gradually decreases in the successive terms of the senes as 
renuired by differentiation rules, whereas the exponents of x gradually 
,., s according to integration rules; in the last term the power 
. ' - . ponal to m The sum of powers of both factors in cacti 
TO, subsequent series Is ene unit lower_th.il th.1 U» 

preceding series. In lb. basic UMMIt » -jt-jf this ... 

(,. + „); in the first bi«JJ»* “ is <" * " ~ '>' 1,1 <*» 
‘’ l “e'tirms + on^ie 2 y b 1,n0 ““ te '“ve .Ueni.tmg signs; the 
firs, term of all the „olvno,„i.l> cent.ins a facie, - . while the 
, . .. . first term is equal to n plus the order of 
order of moment M in ,. omC nt 9)1 used in obtaining the integral 
the integral of the main *> „ c nt gradually increases in the succcs- 
bimoment. The order of n rc( j U jrod by integration rules, whereas 
sivc terms of the series crcn ses according to differentiation rules, 
the power of x gradually ‘' ^factors in each terra of every subsequent 

The sum of exponents of “ . ( higher than that of the preceding 

integral bimoment is 0,,c 




bimoment, according to integration rules. In tho first integral 
bimoment it is equal to {m + n + 1); in the second, (m n + 2); 
in the third, (m 4- » -1- 3), etc. .... , , . 

All the expressions obtained may be generalized in the following 
formulas for integral bimoments: 

(a) The first integral bimoment 

“.“‘si-')*, 

hi The second integral bimoment 

*•-3 <-')*(‘+0|Sb-cI*^i (1S ' H) 

c) The third integral bimoment 


-k)! (n-HM-3)! 


(d) The fourth integral bimoment 

n .2,_„SBat±s.^i ( , 8)3 , 

(e) The fifth integral bimoment 

«.-s<-*83g5S 

and, finally, in the general form 

(f) The p-th integral bimoment 

(>8.15) 

For direct applications in the following calculations the first 
four integral bimoments will be presented herein by assuming m = 
= 1, 2, 3 and 4, successively. 

The first integral bimoments 

J «*•<* 

l T‘“^ L * ,X = '2r(n+i , )l _ *T"^2jl + (1817 > 

( 44* = fel + 4'T^^7%-7%r (18.18) 





j 4! •■^r <w =ir-7Tnjr _ '3r'7^T2jr + 

« 2 'Wn*3 r Mn±j , l/n.5 

^ 2! (/It3)! x (n~ 4)1 " r (it + 5)! 

The second integral himoments 

H ’ *•- I iS#i- 2 -ife% 

f f 4^.. fat _ _ Mn*j Oj '^"+ 3 1 Q ^n«« 

J J 2 nl 2 (n-j-2)1 («+3)! (n r 4)l 

ff —.-^<k*-4i "•« 1 * 2 *■»*» . 

J J 3! 3T (n-r2)! ^ 2 (n-3)! r 

-L 3 X — 4 . 

1 (n-i-4)! * (n-i-5)! 

f f **» ds *- * 2 13 *"» . 

J J 4 1.1“ 41 (n-f 2)! “ 3! (n-3)! 

. o»» M ntk , M n +s , c ,V n4 , 

(n-r4)! ,x (n-5)l °(/i--6)! 

Tho third integral bimoments 

m T ^n , J/-3 , ■»/„ t 

1 n! *^-*(^3)!- J (lTT5)i 

JJJ 2 nl “ 2 (n-r3)1 “(»+4)! 1 U (/. T 5)I 

m j- *n rfr 3_ ** »n,3 ,a» 3/n» , 

TT n! 31 (04-3)! * 21 ’(0-4)! ~ 

1 6r _ (0 '^n** 

1 DX (7TT5)T 1U (^3?ji 

4! nl “ 4! (»f3)! 5TJ)i T 

| C xt M n* i jq Mn+» , ,c />/ n »7 
+ 2 (n + 5)! 1U *(„ + 6)!“ 15 (^T7)! 

The fourth integral bimoments 

jm*-***-*3*-«-e* 

nn 4 -^=*-^-« 4 ^ + 

f f f f 4i M " J r * _ ** ^ n*t , ** M nt . , 

J J J J 41 • nl a;r ~ 4T(T74j! ' 3T(^T5Tr r 

+“x•F5SSi-»« i ^+®^ 1 . 



170 


Moment-Operational Alethod 


19. APPLICATION OF MOMENT-OPERATIONAL METHOD FOR SOLVING 

LINEAR DIFFERENTIAL EQUATIONS 

Consider a linear differential equation of the n-th order 

11&-+ 

/.(■)5+SWfW.C)i'.I > (19.1) 

where D is a moment of a certain order; for example 
D = M%\ D =M 0 =Q; D = = q 

An exact solution of this equation appears to be rather difficult 
to obtain even if special functions are used. If the equation is to be 
solved in terms of trigonometrical functions, then trigonometrical 
moments' techniques may be used as proposed by the author for 
solving beams subjected to combined transversal and longitudinal 
load. However, if an approximate solution is required in the form 
of an algebraic polynomial, then the method of successive approxima¬ 
tions may be applied in terms of moment symbols of various orders 
similar to I’ikar’s method of solving general differential equations. 
The solution may be given by the Chcbyshev polynomial representing 
the least-maximum-absoluto-error approximation; in this case it is 
highly advisable to solve the problem first for a single point load 
and then to extend this solution to any given load by means of mo¬ 
ment symbolics. This procedure actually means loading the influence 
line with a combined load, the influence line expression being 
derived by the iterative method. 

The general way of solving linear differential equation (19.1) by 
the iterative method consists of the following: 

(1) to obtain the first approximation we assume that all the terms 
in the left-hand part of the equation, except the first one, are equal 
to zero; 

(2) to determine the unknown function V — V, and all its deriva¬ 
tives we solve the equation 

Sr- 0 (19-2) 

and find all its derivatives 

d\\ . £t^ 
dx dxZ • • ' tfx«-1 

(3) by substituting the values of V,\ etc., found for 

the first approximation, into the right-hand part of the following 
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equation 


rfz» 


I l r \ dn ' iv i I I » <,n ' u 'l 
-/n-2 (x) -35PT-(X) -j—J 


(18.3) 


we solve the latter for F to determine the second approximation, etc. 

Thus, the infinite moment series obtained in moment symbols of 
various integer orders is nothing else but the expansion in Taylor- 
Maclaurin’s scries of the function which is the exact solution of the 
differential equation (19.1). If such an exact solution is not found 
then the obtained infinite series is in fact the Taylor-Maclaurin’s 
expansion of the same but not yet found solution. The speed of 
convergence is judged by estimating the value of the first rejected 
term. 

Equation (19.1) is especially easily solved if its coefficients are 
expressed by algebraic polynomials in terms of x. 

A third order differential equation will now be used to illustrate 
the application of a method which may be used for any coefficients. 

For n -- 3 equation (19.1) gives 

(ISM) 


All hough the coefficients of this equation arc variable, they mav 
bo considered constant within a sufficiently small interval of the 
argument x\ 

/« (x) = A ; /, (i) = B; /, (.r) ■_ C 
First we obtain the solution of equation (19.4) in its zero approxi¬ 
mation by neglecting all the terms except the first one in the right- 
hand side 

Z-d-** S-f ; (in..-,) 

Substitution of F and its derivatives into (19.4) and subsequent 
integration gives another term of the first approximation 

i- 

nilarly, another term of the third approximation of the solu- 
of equation (19.4) is obtained by 


Sii 

lion 


V - C-% i- 2 BC J + (2 AC -!- B-) ^ - r 2 AH ^ A"- ^ 

V =■■ C* ^ i 2 BC % -j (2.-1C -|- B*) % •- 2,1 B '~ \ A 1 — 
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V=C'%+2BC§ + CAC+B')% + 2AB!!l+A-%f 

V^C’?l!~2Bc"< + (2AC + B')Q + 2AB?li + A‘^ 

Finally, the solution of equation (19.4) is given in its second ap¬ 
proximation by 

V-M, - C a - (B - P> P - (A - 2BC) % + 

+ (2AC + B-y^ + 2AB^ + A^ (19.6) 

+ VAC+B‘) l 4l + 2AB*-!l + A'^ ( 19 . 7 ) 

f-% 1-Cj-(J-Clj-(A-2K0^ + 

^(2AC + B‘)^! + 2AB^ + A^ ( 19 . 8 ) 

<'-%~C%-(B-C‘)%~.(A-2BC)£ + 

+ (2AC+B‘)<% + 2AB%f + A‘%f 


(19.9) 



Chapter IV 

Rigidity of Non-Uniform Beams 

20. DETERMINATION OF DISPLACEMENTS BY COEFFICIENTS OF FLEXI¬ 
BILITY POLYNOMIAL EXPRESSION 

Three different methods of determining displacements in non- 
uniform beams, as well as designing non-uniform continuous beams, 
will be examined herein under the usual assumption that 



The first method described in the present section can bo only 
applied when the transverse flexibility y = -gj , which is reverse 
to rigidity, is expressed by an algebraic polynomial 

Yx = Yo + Vi 1 tYs■ y" + Ys’ fr + Y<"fr " ••• l 20 - 1 ) 

This gives the following expression for the curvature of a beam 
at section X with abscissa x 

kx= l£ = Jl = Yx-W i = Yo V/, + y,xM , + 

+ Ys-^-Afi+ Ys-jrAfj-j-Y^-ff-jtfj-!- ( 20 - 2 ) 

in which the first moment (Mi) is the bending or static moment 
of all the forces, both active and reactive, applied to the left of the 
examined section. 

Integrating formula (20.2) once, twice, three and four times and 
using subsidiary formulas (18.17)-(18.23) and (18.28)-(18.31), we 
obtain expressions first for the angular displacements and then for 
the linear deflections of the areas outlined by- the left-hand part 
of the flexural curve, and for static moments of these areas. 
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The first integral of (20.2) and formulas (18.16)-(18.19) give 
an expression for the rotation angle of the flexural curve at an ar¬ 
bitrary section X with abscissa x*: 


B.v = 0o+YoiT + Yi (* 


M. M 3 \ , 
2r - 3T) ' 


+ Y2 
“ Yj 



lP+^) + 


i 'V3 , 

I * 3! X V. 5! / 


-r ... (20.3) 


Deflection of the beam in the same section is expressed by a for¬ 
mula derived after (20.2) was integrated twice [which is more easily 
done than integration of (20.3)1 with formulas (18.20)-( 18.23) 
taken into account 

, o .1/3 , / .1/, „ .1/. \ , 

»x - i>o -f Bx Yo -3T + V. (x 35?- 2 + 

+»(t'§-*$+ 3 t?) + 


Similarly, the following formula for the left-hand part of the area 
outlined by the flexural curve (in the OX interval) is derived by 
integrating (20.2) three times with (18.24)-(18.27) taken into ac- 


tv: s-Bo-J + Yo^t + Yi (x^-3 ^)+ 

/ 1* .»/« „ .Ms ,M,\ , 

^=(-2T-4f- 3;t 5r^6r) + 

'*■ v* (W - 3 ip• ^ + °x jf - 10 jf) + • • • 


Finally, the fourth integral** of (20.2) and subsidiary formulas 
of See. 18 give the following expression for the static moment of 


* I lore and further ft 0 and r 0 arc the initial rotation angle and deflection, 
respectively, at the origin of the coordinate system, which generally coincides 
with the left end of the beam. 

•• Further integration gives formulas for the second moment (divided by 21), 
the third moment (divide by 31), the fourth moment (divided by 4!) of the 

We shall use only the four formulas derived herein; the first two formulas 
relate to rigidity design directly, the other two formulas arc used in calculating 
Mohr's displacement integral for distributed loads of rectangular and triangular 



n Coellicienls of Polynomial 


Iho area mentioned previously with respect to point X 

S *-»T : + 

' *('F' 1 ?- te S+ w §) + 

- <*>•«> 

Higher momcnls appearing in (20.3)-(20.6) must be calculated 
beforehand according io the formulas 
presented in Chap. I. 

Consider the parlicnlarca.se shown , , , , ... 

m Fig. 20.1: a point force couple ■j' ^Tyi ’i yiyi'iyi ‘ iy\ 

.1/ and a point load P arc applied to 1 I IT T' TIT IT T T I 

the section with abscissa x = 0, i.c., 
at the origin of coordinates, while 
the simplest distributed loads, such 
ns the uniformly distributed and the 
linearly varying loads, act upon the 
beam along the entire abscissa axis x\ thus, according to formula 
(I) of See. 6 


Fig. 20.1 


.»/„ 


= M„ 


(n-l)! 


-j- Po —r - ■ 


r--D! ' 


(20.7) 


By substituting the values of n = 2, 3, 4... into formula (20.7) 
b find the values of higher moments for substitution into formu- 
s (20.3)-(20.6), which result in the following formulas 

»„-«,+J7.(v*.+T,4-i r.4+T.'-f+—) + 

-'’•("'f : •••) + 

+*(*$ 4 -T.f+n^+i.¥+-) < 20 « 

I’.v = 00^ ' «. ! Y» -.|- L Vi 4 V- (r 4 V, ■>;. ■+■■■) 4* 

+r.(». 4 +n'f i +mT+i»T + —) + 

l(y°7T ■ -?4 :y.4 r •■) 4- ■ - < 20 - 9 ) 

0*-»*4-&£ 4 »'.(v4+Ti^- + v4^ v4+ ■■•)4 


( 20 . 10 ) 
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’x~ . \ _ / i 5 2** . 3* 7 , “4*® 

1-V.fT ■ •••)-! 


(20.11) 

For tho particular case under consideration X. Snitko obtained 
formulas for angular and linear deflections; he also gave the equa¬ 
tion of the flexural curve for a non-uniform beam by expressing 
the flexibility by a trinomial taking into account the loads contai¬ 
ned in formula (20.7). Thus, the solution given by N. Snitko refers 
only to the initial conditions. The moment-operational method used 
in the present section gives the general solution for any loads includ¬ 
ing “kinematic" oucs, which allow for point and distributed steps 
and special points in the flexural curve. Snitko's solution is based 
on the direct integration of the flexural curve of differential equa¬ 
tion; the flexibility expression must be derived every lime a force 
or any other loading appears on the beam, and the reference point 
must be transferred to this point according to the initial parameters 
procedure, these calculations require a large amount of labour. 
All these considerations and the results obtained further prove the 
efficiency of the moment-operational method in calculating conti¬ 
nuous non-uniform beams. 

If the flexibility variations of a beam follow any «iven law 
presented in a graphical or analytical form, then it may be approxi¬ 
mated with sufficient accuracy by a polynomial with a comparati¬ 
vely small number of terms. 

Two other procedures o[ designing non-unitorm booms are outlined 
fhTn ' "L r ‘- ," n ! ,k “ tl,e l “, h ? d nrenlioncd above, do not require 
K* ! 10 * >’> >" algebraic poivnooiial and can 

H ? “ r T''""'”"" beam, will,rigidity polyno- 

nual expressed by various formulas. 


El = g 0 + g,x -f g 2 il 


may be solved after the flexibility 
direct division 


expression was derived eitherby 


Tl = Vo Y.* ~ y, -g-- ... = 

or by approximation. 

Brackets used in engineering mav h 
approximating by parabolic curves a , . ken account of through 
non-uniform beam or a combined bea- lnlr °ducing a continuously 
the combined beam being considered" 111 * l * ace °* *be 6> ven beam, 
a continuously varying section. 0 as a succession of beams of 





In Cotl/lclenlt 0/ Potynomt 


Solutions obtained for a continuously non-uniform beam may be 
applied to the design of non-uniform continuous beams; lbe calcui«. 
tions may be substantially simplified when the beam is symmetrical 
and especially when it is loaded symmetrically or a fymmttncally. 

For example, examine a simple beam freely supported at ts ends 

with its rigidity varying continuously and 

respect to the middle (the maximum being at the centre), as siiown 

1,1 Lct e tlio°nexibility of section X with abscissa x from the origin 
of coordinates be expressed by 


( 20 . 12 ) 


l l El c _1 

Vx-eT^-eT^'eT^-E l 

where 

i.l-d-rcl'-ma! < 2<M3 > 

This expression may be transformed into 
< = « +- (1 — n) jX-(\-n)^x i (20.14) 
which results in the following polynomial 
Y = Yo + Yi*-:Y2X 

y # = T73 ; Vl = T77'T 
y^-d-n)^ (20.15) 

Suppose the beam is subjected to flexure 
under the influence of a composite load shown in Fig. 20.2. 

Formulas (20.3) and (20.4) may be used to derive rotation angles 
and deflections 

e-e.+T.§+v,(rt-t)* 

v = V, + ©or -f- y„ ^2 + y, { x ^ _ 2 } + 

-H'>(4'T- 2 »ir‘ +3 §)-' ■■ < 2 °' l7 > 


^Diagram 

— 

^ I , 

1 —4— T —- 

r—- .9 




\-\Jk 




As Ys = 0 an< * Yt = 0 in lho flexibility polynomial, formulas 
(20.16) and (20.17) may be limited to the terms containing Y2- 
The boundary conditions for the given beam are x = 0, v 0 =0 
and x =51, v = 0... 
i2-an 
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These conditions are employed to determine the initial values. 
First, the initial angle is determined from the condition at support 
B, according to (20.17) 


(20.18) 


where C , is an expression containing higher moments when x = 51. 
Substitution of 


and x = -^- / 


into (20.10) and (20.17) gives the unknown values 0 O and v. 

The sign of 0 S // 2 (slope at mid-span) indicates whether the maxi¬ 
mum deflection is located to the right-hand or to the left-hand of 
the mid-span; when 0 5l/2 = 0 the maximum deflection is in the mid- 
span. 


21. DETERMINATION OF DISPLACEMENTS BY DERIVATIVES OF FLEXI¬ 
BILITY ANALYTICAL EXPRESSION 


The previous section dealt with non-uniform beams and used 
an algebraic polynomial with a finite number of terms to express 
the flexibility. 

Another method of designing non-uniform beams will be conside¬ 
red below. The flexibility may be expressed by any analytical func¬ 
tion in terms of the abscissa, provided the only condition is satisfied, 
that is the function itself and all its derivatives are single-valued 
and finite within the interval examined. 

The most simple formulas are derived in case the flexibility is 
expressed by an algebraic polynomial, as in the first method. Both 
methods will give the same formulas for this particular case, a slight 
diffcrcnco appearing only in the arrangement of terms. 

Rewriting formula (20.3) after the polynomial is expanded and 
tho terms arc arranged according to the order of moment wo obtain 

e„ = ©o -i- Yo'lf-rYi* y \ +V2 ‘F*'2T + 


" Vs 31 ' 2! ’^ 4 4! 


0u = ©»-!- (Yo-i-Yi-r + Y^+ValT + Yi-J) X 

X (Yi-rY2* + Y3-Y + Y4-|r+ • • •)• • • 



Displacements 


I'leTihilitii Deri vat ire. 


m 


Since i 

Yo + Vt*-rV2-V-:T3-|r-|-Y4-|r+ ••• =Y 1 

;> , ; . ■ , t < 2i -*> 

Yi -r Yi* -I* Ya -ft ■' Y* If ~ ' ’ ‘ = ? etc -’ J 

by inlroducing the values of the flexibility derivatives we arrive 
at the final formula for the rotation angle 


0.x = 0o + Y7r-Y'^-i-Y'^ ! -Y'^ + Y ,v ^ S 


( 21 - 2 ) 


Similarly, the beam deflection is expressed by 

- ». + 6^ T f - 2 V ' f r 3 V - ^ (21.3) 


These formulas may be also directly derived by integrating the 
differential equation of the elasticity curve 



by parts for an arbitrary flexibility expression. 
For example, the angle is expressed by 


0 .v = 0o-; j YMi<fr = 0o-r j yd = 



( 21 . 4 ) 


Hence, formulas (21.2) and (21.4) coincide and may be used for 
the rigidity evaluation of beams which have a continuously varying 
section, the flexibility of which may be expressed by an arbitrary 
function in terms of x, as well as by an algebraic polynomial. 

Repeated integration of (21.2) or (21.4) performed twice, three 
and four times, gives formula (21.3) and, subsequently, the formulas 
for the flexural curve area 


“*-*» ^•# + V$-3y'§+Ci>-^-1°V'^+ - (21.5) 

and the static moment of area Q, v with respect to a vertical axis pas¬ 
sing through point X is 




-M0f$_20**jl+..., ««•' (21.6) 


* Numerical factors of the integral bimomrnls arc taken from the first Tour 
columns of Table 18.1, according to the integration rules. 


12 * 
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Let us apply the formulas derived in the present section to the 
following problem. 

Consider a beam with a fixed left end A and a free right end B 
under the influence of a load shown in Fig. 21.1. We shall determine 
the rotation angle and deflection of the free end knowing that the 
transvorsal flexibility is expressed by a second order parabola 

( |_ | Ufuir l . F ‘rat. Iho flexibility doriva 

' | a ___ |. » 8 fives arc determined by 

' I LJtir: 


When x = l the flexibility nnd 
•j.® its derivatives at iho free end 
are given by 



Finally, according to (21.2) and (21.3) we find 

in ih “’ '«""«>*• •» *>«»*-* ik. 

Formulas arc especially easy tr> V *" ‘ ^ 

dilation of displacements at the ° • w ^ cn x = *e., for cal- 

taken into account in ovalu a i- ° ri8 ! n °f coordinates. This may be 
Formulas (21.2) and (21.3) Ml ® s * m plc beams and cantilevers. 

»=©o + Yu^t . u 

21 i«.n 

^ = **+0^ + ^^ w ' SI 
will be used to determine dispi 31 ~~ 2v “ IT 3y “ ~W * 21 ' 8 * 

vatives for a beam by means ” c f em ents in terms of flexibility deri- 
1 Polynomial coefficients discussed 





Formulas (21.7) and (21.8) are limited to terms containing yi, 
since the derivatives of higher orders contain only y s , y,, which are 
zero in the present case (see formulas (21.1)). 

Boundary conditions v„ = 0 and x = 51, v = 0 should be used 
to determine the initial angle 8 0 . This is performed by applying 
(21.8) to the right-hand end of the beam. 


where C 2 designates the expression containing higher moments when 
x = 51. 

After the initial angle 9 0 is determined, and knowing that v 0 = 0, 
formulas (21.7) and (21.8) may be applied to determine angles and 
deflectionsof the beam. Forexample, at mid-span (x= y fj formula 
(21.7) gives 

E, ' e ‘, —§■+ {” + <*-») T"f' —(I 0*4} > 

-{(i_»)i-(i-n)4-|i} i 21 - 101 

Similarly, according to (21.8) 

x { A S™L_ p w®L^l!g_y 

,<Wi (5f/2)» r (31/2)* Wg* ) (21.11) 

-3 {(l-n)p-) { A ~m — P ~ii o— 
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!!- DETERMINATION OP DISPLACEMENTS DY PLENIEILITV INTEGRALS 

01 was dacriM. i„ w | lich 

formulas (21.2)-(21.4) were obu„„„l by |„ lwll i ln , !, llb S 

cqu.ilion presented ns a function of 
abscissa x. In the resulting series 
the first integral expresses the rota¬ 
tion angle while the subsequent 
integrals correspond to other 
quantities. 

The order of the moments in 
these polynomials increases with 
every term according to the usual 
integration rules and every term 
contains as factors successive deri¬ 
vatives of the beam flexibility. 

Subsequent integration mav be 
performed in another way which 


Kig. 22.1 


will io»a „ - puriormeu in another wav which 

.b. i,fs m=,; r „iT esse - 

or £. r l i:5bii;rr» i "b.” b “ r ' p ' a *»«** *~i. 

r.-jpun i’.-JJt*'! r.jj?| ... j t «.« (22.1) 

When integrating the differential equation of the flexural curve 
we luko into account that = 


r = v; 


2-IV 


terras will? mnmnl, lhC t mo ! nc " ls decreases, the expression obtains 

5S« jsSS 

• mornput oFonlo, ” R 1 '° r “ fT"* *W 1M i '» 

forces; for a moment of order n =-l iui"^. H.e l.oL'i 0 " 1 -' 0 " 7 P ° in .* 
to r t7ic y ri , ght)' b for°n pa , SSin8 alo " e lhc I'camVronWhV'lcft 

■ MuWpl. integrals k ^ ^ ^ 
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Integration and differentiation of such functions may be perfor¬ 
med if integrals are considered to be of the Slicltjes type, not the 
usual integrals of continuous functions (Riman's integrals). 

Thus, wo arrive at the following formulas for tho rotation angle 

e x = 0 a h- I m itdu =9 a -l | d/,£fr,=e A i iA/,r,iL‘ro- 

- j r, dx=e A + iA/,r,iS3 - j r,AM* - 


=e,,+iA/,r,i::=5— j *Mr 2 =... 

Since 



we find 

B.-ex+i-w.r.ga— j 

As successive integration is carried out, the bending moment, 
the transverse force, the load intensity and the angular coefficient 
of the loading area (i.c., M, = M x \ = Q x ; M., — q x ; A/_* = k x ) 
form successive quantities, every member being a derivative of the 
preceding one 

e.v = e A -r [d/,r,]i“j- id/ 0 r,i:=J+iM.,r,cs- U/. 4 X 5 (22.2) 

Since no parabolic loads will be examined in the further discus¬ 
sion, i.c., only linear types of loading (such as rectangular, triangu¬ 
lar and trapezoidal) are considered, the series in (22.2) is limited 
to the term |:V/_ 2 r_J, because 



Substitution of upper and lower limits of variable u in (22.2) 
must be performed with the discontinuity of M t = M x ; M 0 = Q x ; 
M -1 = q x \ M _2 = k x taken into account, as mentioned previously. 
This gives a step in the bending moment diagram at the point where 
the force couple is applied. If several force couples are applied to 
the beam, then the bending moment diagram will contain as many 
steps along the abscissa x as the number of force couples. Similarly, 
steps will appear in the transverso force diagram equal to the cor¬ 
responding point loads at sections where these loads arc applied. 
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The distributed load diagram will contain steps at the beginning 
of each distributed load. Finally, the diagram of the intensity deri¬ 
vatives (a/. 2 = k x = —"7"^) W 'N contain steps at the 

points where the loading line breaks. 

For generalization, a beam will be considered loaded by a combi¬ 
nation of force couples, point loads, uniformly distributed loads 
and uniformly increasing loads according to Fig. 22.1, which shows 
only one load of each type for simplicity. 

Substitution of the integration limits from (22.2) gives 

e x = e A + \M x Vi. x - Q x T t . x + ?xIY x-MV xl - 

- 12 A/.r,. .,-2 P,r 2 . h ,+I q,t 3 , ,, -2*/ r*.,,] (22.3) 


where M x , Q x , q x , k x = bending moment, transverse force, load¬ 
ing line ordinate and its derivative, 
respectively, at section X with abscis¬ 
sa x, in which the rotation angle is 
determined 

r,.*. r,.x. r 3 . x. r,. x = first four integrals of the flexibility at 
the same section * 

ri. 0| = first integral of the transverse flexibi¬ 
lity at x = a, where the force couple M, 
is applied 

r*. 6 ( = second integral of the transverse flexi¬ 
bility at x = bi where the point force Pi 
is applied, etc. 

The valuos of M x , Q x , q x and k x arc determined by formulas 
ol S>ec. 7 or as particular cases of formula (I), Sec. 6. 

Integrals ore especially easy to calculate if the flexibility is 
expressed by an algebraic polynomial 


Y = V«-!-T.'* + V-t + V3X + "-= 2 ?<-£• 

r _ v r 

Z. r< ( j + )) l : **•■*- >, 

1-0, 1. Z.,. i-0. j, 2 

or in the general form 




r„ 


(22.4) 


.i .kid, u?nS,S55,“V5S,™ 
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Thus, moment M t is of the lowest possible order to include nil 
loads shown in Fig. 22.1. The zero moment A/ 0 includes only forces 
but not force couples. The moment M corresponds to thejiilcnsity 
of distributed loads and its expression contains neither M nor P. 
Finally, in the expression for jl/_. which represents the rate of con¬ 
tinuous load variation, only k is included. 

Thus, all moments of orders lower than —2 have no physical 
meaning and since M. 4 and ,V/. ; vanish for loads shown in Fig. 22.1, 
the scries obtained in formulas 
(22.3) and (22.0) arc limited to 
the terms containing M 
These scries arc even shorter if 
the loads arc simpler than those 
shown in Fig. 22.1. 

For example, if only point 
loads arc applied to a beam, then 
the polynomials for 0 and v are 
limited to terms containing M„. 

Thus, when moments of negative 
order are used in deriving formulas 
for 0 and v. the series of moments 
are finite and solutions obtained are exact for any compound load, 
while the two previously described methods give approximate solutions *. 

The simpler the load applied to the beam, the simpler is the 
expression for the exact solution. This simplification concerns not 
the number of terms corresponding to the same type of loading, but 
to the type of loading itself. For example, formulas become simpler 
if there arc no non-uniform distributed loads or no distributed loads 
at all. 

Additional explanations arc required for the application of inte¬ 
grals r,, r 2 , r,. These integrals were given by (22.''i) for the case 
where the flexibility y can be expressed by an algebraic polynomial. 

In case the rigidity of a beam is expressed by a monomial EI„ = 
= gu", the flexibility is given by 

which leads to the following expressions for the integrals: 

■ ("-3)1 


Fig. 22.2 


r *-ri 

r,= -l,,-"' 


_!)(/. —2) g 

«£=&: r*=-i 


-1>! 


__ (« — 

(«-!)!’ " 
if the flexibility of a beam along its axis is presented 
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*“"> m'IA'KVSu'h? ?2 6l 2 i0n D b i 0 

Tho integration constant 0 O = 0 . i s determine.! mn .. 

ST 81 -' 

#.--b | 

to- H,«-» ) (22.il) 

which gives the cqunlion 

8eii(2fll',.,-S|, T ) r (/_d) | r l .,. up, 

-1.Mr,..(!-«)-, /»r..,((-(,),„_ rt g. 

(eon, which we determine ©,* 

her-,. (22.3) give, „,e (.Hewing » pras h,„ , or lht angle 
e * 0 * + [■ Ae — M ~ p (x-6)iL-ffj Fi ^_ 

- [.i-B-ji-c-hijaij,.;,., 

• I —<l~k(x~d)] Tj. 2-j-AT, x - 

+ (22.il, 

Assuming a;=i and noting that M a = 0 we arrive m a i. t i 
lowing formula [or ihe angle ,t , upp „ t j *‘ ,oU 

©n'-M, {Bl\ . f ,, vV[(_oj|th v IT, 

+ ’ (22,i2l 

lion° r X Ulil t22G) 1S “l 3 l >lieti lo deierminc Ihe deflection at sec- 

».v “ i + { [ via _ .i? _ p „ _ „ _ f iijrf _ 

*i-t-*t»-i«ir k ,+«n„}_|irp t , + ' 

' W^e-JiTk, i «T,. J l_|d?r [ ..(i_„) i 

_+frn.(*-»)-,rn,(,_c) +t r,. j( ,_d)i < 22 ., 3) 
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Intpfrrnls T. Tj, T» for substitution into formulas (22.11)- 
(22 12) are de;; rm ine<l from (22.4) when the flexibil.ty .s expressed 

by Thc problem wlved^Tn*Sec. 20 in terms of polynomial coefficients 
will be P solved now in terms of integrals of the same flexibility poly¬ 
nomial. 

When g 

£/ cV = n + (l-n) 

the integrals are expressed by the following formulas 


EIJ, = nx + (1 — n) ~ • -y - (1 - «) 7? X 

£/ t r 2 = n-j-+(l-")T-T -(1_ " )7r *^ 
EI c r 3 = n-£- + (l-n)j j 


(22.44) 


Using these expressions to solve the problem, according to (22.2). 
we obtain 

0 T _ e 0 +|r,A/, — r 2 H/ 0 + TjAf-,— r t M-*lu=o (22.15) 

Since all moments of orders below -2 are zero for tho given load. 
formula (22.15) contains only moments of order M. 2 and higher 

Formula (22.15) gives the exact solution; Us comparison will, 
the solutions obtained by the previous formulas ("' I 0 ™; 01 ” 1 ' 
bility polynomial coefficients and in terms of den values of the fit- 
xibiUty)* makes it possible to evaluate the accuracy of prev ouslj 
performed calculations if the latter were approximate . e if he 
flexibility was expressed by a polynomial or an infinite series limited 
to the second, third, ... members. 

First, the initial angle is determined as previously from the 
boundary conditions that v 0 = 0 when * = 0 and the deflection v - 0 

W AMumTnfx = 51 in (22.6) we arrive at the following expression 
for the deflection 

Etc»* - Bim + E1S# + ir,M, - 2r.M.+3r l M- l -4r l M„l - 

-[r.M-2r,(-P)-2r,/i + 3r.(-?)-4r^]- 

-ir,S-r,(-i>)-r,M)+r,(-«)-r.*i*+ 

+ r,Hx„ - r, (- P) x, + r, <- 9 ) *, - r.fa, < 2216) 

, „ o, _ — l in = 21. x k = 41 according to the given 

STAT, 3 .™Vnt.in1'ng .. i.n&h bec.se r. = 0 and T, =0 
when x = 0. 
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X - 2 I' 

Vi'™'™ givc " j n l , he present section are polynomial because 

based o'SVTfwihl'L'i h ",1? , i? n b0 Panted m other forms 

p A/„_. 

'• —PTTijr (22.1?) 

Substituting n-i, 2, 3, 4, 5. wo obl.in 

e.r - So + [ + ,x ^ - k x 0*. j _ 

,„d -[S*^-2^+S,,^_2» ) ^tj ,42.18) 

r »-«•>■ -=(?., a?+ 3h -«, ^t] _ 

“ [ 2 M ' M a \ (* - a/) - 2 PiM b . (i - 6,) + 

* j « , ' 

+ Zj9J-^-(x-c,)-2fc,- 5r L( a; _d 1 )J (22.19) 

where M x , Q x , q x , k x = bending moment, transverse force. 

distributed load intensity, and deri¬ 
vative of intensity with respect to 
(he abscissa (Kx-^f) determined 

M , M , 1 / or nt lhe wilb abscissa x 

* “ "*• U * ^x l — moinonls of sere. first, second, third 

and fourth orders of the diagram 
area to the left of point X with 
respect to this point 

tu P " qi ’ k ‘ = f <>' T ™ couple, point load, intensity 
of the uniformly distributed load. 
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and (He angular coefficient, of ihe 
triangular loaded area with ils apex 
pointing to the left (Fig. 22.3) 

M o, M a \ = moments of zero and first orders of 
the flexibility diagram to the left 
of point X with respect to the point 
of application of the force couple 
with abscissa a* 

M b u = moments of first and second order 
of the flexibility diagram to the left 
of point X with respect to the point 
of application of the point load with 
abscissa bi 

M c i, ;V/ r a = moments of second and third order 
of the flexibility diagram to the left 
of point X with respect to the left 
point of application of the uniformly 
distributed load with abscissa c t 

Mp, M = moments of third and fourth order 
of the flexibility diagram to the left 
of point X with respect to the point 
where the apex of triangular load 
is located, from which this load 
increases until it reaches Ihe right- 
hand end of the beam, with abscissadj. 

Problem 2. Examine a non-uniform beam under the influence 
of a compound load which consists 
o,tana-k of the following components (Fig. 

P, M oSssfffi 22A ) : (*) P° inl loads /'•’/*! P * 

I r-— V^ 1 -applied at sections with abscissas 

/K ->——' * ,T 1 x 'i/> &i. hj, i> 3 , respectively (the first and 

fr .J ! , the third forces are considered nega- 

I I | live, while the second is positive); 

b J (2) a negative uniformly distribu- 

-a ted load of intensity (—<7) which 

c .... ^ begins at the section with abscissa c; 

J (3) a positive uniformly increasing 

t —load with an angle coefficient k = 
p lg 22.3 = lan a which begins at the section 

with abscissa a. 

Let the flexibility be given by 

V= J_1 

7 El El c El El c 

where EI C is the rigidity of the beam at mid-span. 


( 22 . 20 ) 
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riio variable < is shown in Fig. 22.4; its diagram is outlined by 
a hexagonal with ordinates equal to unity in the central part of 
the beam and ordinates n at the end 
supports. The left-hand straight line 
A'E' is expressed by 




( 22 . 21 ) 


d 


TT 



hence, i = n when x = 0 and i = 1 
when x = u. 

The rotation angles at the supports 
arc determined by formulas (22.19) 
and (22.18); the first two methods 
given in Sec. 20 and 21 cannot be 
applied to this problem because the 
transverse flexibility varying along 
the span follows three different laws. 

According to formula (22.19) 

■1/ 3 ,1/ . _ 

-[-2 (-Pd-h-- 

M.t M . 

--(; p -) —j 2 -—2( 

-( ~(- p ,) <*-»,) 

X(a: — b a ) j(*-&,) X 

X «»; H-(—«) (t*>X 

->/.3 

X(x-d)- w - =° (22.22) 

’ J Fig. 22.4 

where Q„ = transverse force at the right support (<?„ = _fi) 
= —<7+ k(l — d) is the intensity of the distri¬ 
buted load at the right support; and k„ = +A 
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A/™, Mb* = moments of second, third and fourth orders of 
the total diagram area i with respect to the 
vertical axis passing through tho right support 
M b , = second moment of the left-hand part of diagram i 
’ with respect to point B, i.e., the area AA B B , 
A/j-, Mb 2 = second moments of the left-hand part of diag- 
*’ ’ ram i with respect to points B z and B 3 , etc. 

We must remember that the letter of the subscript indicates the 
moment axis while the exponent figure indicates the order of the 


""To calculate higher moments of the diagram with respect to the 
right-hand end of the beam, the diagram is considered to consist 
of four figures: (1) rectangle AA’B'B of length l and^hcight n; 
(2) triangle A'B"'B' of length l and slope s = tan P = — ; (3) ne¬ 
gative triangle E'B"'B" of length (l — u) and the same slope; (4) ne¬ 
gative trianglo F'BTB' of length u and the same (though negative) 

Sl °Tho above considerations lead to the following general formula 


M„ m _ tm« 

ml ” (ni-■-!)! 


(t —u)"* 
' ("*-r2)! 


+ 2 )! 
(22.23) 


This method may be applied not only to the right-hand part but 
also to tho left-hand part of any section; then we calculate higher 
moments for substitution into formula (22.22). 

Finding 6 A from (22.22) and substituting it into (22.18) we obtain 
the expression for angular displacement 0 fl on the right-hand diag¬ 
ram. Then 

r i 

EI c e 0 = EI c Qa -I- [ “ QdM d , + q B , —3}— I — 

M «,j-( + ?.)«,{ 

+ (-?)^-( + »-)^r-] (22.24) 

Problem 3. Consider a beam with a fixed left-hand end under the 
influence of a compound load (Fig. 22.5). 

The flexibility is expressed by 

1 1 A7 C i . 

El EI C ’ El ~ El c 1 

where EI C is (he lowest rigidity at the free end of the beam. 

Let the flexibility be expressed by a parabolic function, so that 

(22.25) 



Displacements in Flexibility Integrals 


103 


2(1 — n) . 


2 (1 — n) 


(22.26) 

(22.27) 

(22.28) 


Then in the Irinomial expression for the flexibility 

Y = Yo +Yi x +V2"5p 

Ihe coefficients are given by 

V«= £7^; Ti““ _ 

From (22.26) y' = Yi + Y 2 i ; Y =Y2 
Therefore 

y' — 2(1—n) 2(1—) 

Y IE1 C l 2 EI c y 

According to (22.26), the i diagram may be considered to consist 
of three parts, a rectangle with an 
ordinate n = EI C Yo> a triangle 
with a slope tan f) = EI c y, and a 
parabola. This means that higher 
moments of the flexibility diagram 
to the left of point X or integrals 
of the flexibility (which is essential¬ 
ly the same) may be given by the 
general formula 


r,„ = 7 


r + Yi 


r Y2 


(*>t2)I 


+ ... (22.29) 


Substituting m = 1, 2, 3, 4 into 
(22.29) we obtain r„ T 2 , r 3 , T t , res¬ 
pectively. 

The angular displacement at poin t 
B is determined by 

M nZ . M t At,. 

e„- Vo— 2—hv.(i—- 3i -)-r 


(22.30) 

i which Yo. Yi and Y2 arc given by 



(22.27) and from (22.30) the higher moments of the load are expressed by 

< 22 31 > 


1. <n! m! J (n»+l)| 

by substituting m = l, 2, 3, respectively. 





(22.32) 


The same angle may be determined by 

0 V , "a* , - "s* 
0o = Yb-2 Yb —+Vn-4p 


where the moments 
its derivatives arc 
to which 


arc given by (22.31) and the flexibility and 
calculated from (22.26) and (22.28) according 


yb=£tt; y'd=0; yb=- 


This particular problem is preferably solved in terms of derivatives 
of the flexibility than by the second calculation method. 

In determining the angle through the integrals of flexibility, 
formula (22.18) may be used 




where the signs of the loads are negative and the boundary condi¬ 
tions M b = 0 and Q„ =0 are taken into account; in addition, from 
Fig. 22.5 we soo that 

<Ib = —q -t k (l — d)\ k B = —k 
Higher moments of the flexibility diagram to be substituted into 
(22.34) arc given by (22.29). To calculate these, the value of x must 
be equal to the corresponding abscissa; thus, x =1 for >/«-; x = d 
for M„ o; x = b for M b t\ x = c for jV/ c >; and x = d for M d *. 

These calculations appear to be more cumbersome than in the 
second method, described in Sec. 21. That is why the deflection of 
the free end is determined only by the second method. In general, 
the second method is profcrablc for non-uniform beams when the 
flexibility is expressed by an analytical law (Sec. 21); however, if 
the flexibility diagram is outlined by a polygon (Fig. 22yi) or by 
several curves, the third method may be more convenient (Sec. 22). 


23. DETERMINATION OK DISPLACEMENTS WHEN RIGIDITY FOLLOWS 
POWER LAW 

Subsidiary formulas for integral bimomonls derived in Sec. 19 
cannot be applied directly if the abscissa x in the initial bimomcnl 
expression is raised to a negative power. 

Supplementary formulas will be derived herein for calculating 
non-uniform beams, the rigidity of which is expressed by a power 
law. 



Let the initial bimoment be given by 

ir_(m-l)U--2i {23.1) 

where the factorial (m — 1)1 is included to obtain a definite regula¬ 
rity in the sequence of terms of the integral formulas. Then the 
first integral is 

/,= j ydx=(m-i)\ j £& = («-1)1 j -f-d ^ = 

- -(—2)ir”-^+(—2)1 ... 

After multiple integration by parts we obtain 
/i = (m — 1)! j *-" dx = 

2) I "l 3) , Jti._ 

■ ■ ■ <23.2) 

Similarly, a double integration of the initial bimoment gives 

(m —1)! j j 

- (23.3) 

Now we shall apply the derived formulas to a beam whose rigi¬ 
dity is expressed by formula 

(23.4) 

From the differential equation of the flexural axis EI x ^£- = M, 
after substitution we obtain 

M ' or *43 - = (i» —1)1*-"A/, (23.5) 

g0. v = g©., j- | — A/ l u- m *' (m — 2)! — Mou~ m ** (m— 3)1 — 

— A/_ ,u' m * J (m — 4)! — il (m — 5)!)“"o (23.6) 

Formula (23.6) is truo if m ^ 5. 

If the beam is loaded by force couples, point loads and continuous 
loads the intensity of which changes according to a linear law, i.o., 
there arc no complex distributed loads (for example parabolic) then 

13* 
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in formula (23.6) we obtain a complete series which ends with tho 
term containing the moment .V/_ 2 . 

When substituting the lower limit every load must be taken into 
account with its initial value which it has at the point where it 
begins to act on the beam, similarly to the solutions in terms of integ¬ 
rals of the transverse flexibility. 

As a result we find 

g6 x = gO A — [M|X~ m * 1 (to — 2)1 + Mox'" 1 * 5 (m—3)! + 

+ M. |X’ m,J (m—4)! 4- (ro — 5)1] + 

+ IS (to—2)1 + S W"\(m-3)! + 

+ S fliCi 1 **’ (TO—4)! +2 Mi"** (rn - 5)! I (23.7) 

Further integration gives the following equal ion for deflections 
gv.x = gv A + (x—x a ) + [M (to—3)1 + 

+ 2MoZ~ m ’* (m — 4) I -I- 3 M.,x~ m '* (m — 5) ! + 4 A/-*x*"** (to—6 ) ! |— 

- IS Midi""' (to —3)! -• 2 2 W'(m-4)1 + 

+ 3 S Qici mu (to —5)1 + 4 S Mr m *‘ (to — 6)1) + 

+ ((to-2)1 2 Mrf"** (x -o,) + (m- 3)! S Fi6r m *’ (x - bi) + 

+ (in- 4)! 2 1 tc-i mn (x- c,) + (m-5)12MT** 4 (x-di )] (23.8) 

If any particular beam is under the influence of a compound load, 
for example, the one shown in Fig. 22.5, then the expressions for 
the angular and linear deflections at any point X of such a beam are 
given by (23.7) and (23.8) after substituting the force factors for 
this particular section. 


24. DETERMINATION OF DISPLACEMENT INTEGRALS DY COEFFICIENTS 
OF FLEXIBILITY POLYNOMIAL 

Formulas of Sec. 23 may be applied to determine the angle 0 O 
between the extrome tangents of the flexural curve and the interval 
( y T ) between these two tangents measured along any vertical line. 

Examino a part of a non-uniform beam AB (Fig. 24.1) in which 
the rejected parts are represented by forces and force couples. The 
angular deflection of any section X of such a beam may be determined 
by (20.3). 

Consider the left part A X of the beam 

e.t=e A +Yo4jj L +Vi ( x ~t 

+ *(-T"T~ Hr' + ■$■)+••■ < left forccs ) 
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where x = distance of the section from the origin of coordi- 

M 2 , M it Ms = moments of corresponding orders of the left loads 
acting on the part AX with respect to the ordinate 
X-X 

Examine the right part BX of the beam. The angle is expressed 
in terms of moments of the loads to the right of section X; thus 

—v.(t"4--»t + $-)-'"] <**“■"«» (24 ' 2) 

where x = distance of the section from the origin, as in the 
previous formula 

Mz, A/j, Ms = moments of corresponding orders of the right loads 
acting on the part BX, with respect to the ordi¬ 
nate X-X 

As the right-hand parts of (24.1) and (24.2) are equal, the angle 
between the extreme tangents is expressed by 

©o = Qs-©a=V*-^ l +Vi ( x j T~ll L ) + 

+ I 'lT + ir) + •••= co nst (24.3) 

where 


M t = M, (l.f.)-f M 4 (r.f.) 

arc moments of all the loads acting upon the part AB of the beam 
including the boundary force factors, 
i.e., force couples and forces applied 
to the ends of the section AB which 
replace the rejected parts of the 
beam. 

The angle 0 O thus determined is 
equal to the area of the curvature 
diagram (jj) evaluated over the 
part AB\ the right-hand side of the 
latter formula is invariant with res¬ 
pect to the section X, which may be 
even taken outside the considered Fig. 24.1 

interval AB. 

Similarly according to (24.3), the distance between the extreme 
tangents of the flexural curve A,B, along any vortical line X is 







y IT + V«(*ir-2 -J*-) +y 2 

-2*-lT + 3 4r)-i ••• (24.4) 
According to the graphical-analytical melhod, the angle ©„ is 
Dumerically equal to the total conjugate load 

e 0 = Q (At) = A/„ (k) (24.5) 

i.e., this angle is equal to the area of the flexibility diagram or 
the zero moment of this diagram. To sim- 
—' I . P'ify the calculations, the expressions 

M \ I ' a > the angles in the right-hand part of 

- -J (24.3) con be written by taking moments 

_ w <th respect to the vertical line passing 

M ^(o) through the origin of coordinates since 

_j J h >s expression is invariant with respect 

W - Ys + ■ • • = Q (t) = M 0 (k) (24.C) 
- ~~—Similarly, the interval y of the x ver- 
h (a) tical line between the ex Ire mo tnngonts 


77” +- S x (k) = M, (k) (24.7) 

|,,K ' 24-2 is equal to the sialic moment or the first 

moment of the curvature diagram. 

As a particular caso for the initial vertical line when x = 0 the 
interval y 0 is given by 

» = v *-lT- 2 V.Tr" %-| i —4y 3 ^t i- .. .=S„(k) (24.8) 



These formulas may be applied to calculate the displacement 
j -TT rft integral (or the problem illustrated by l’ig. 24.2a. 

If the bonding moment diagram (A/) of the redundant unknown 
is a rectangle .1/ = h (Fig. 24.26), then the displacement integral 
■s given by 

l — A j' -gf-dx — h j kdx = hO 0 
where 0„ is determined cither by (24.3) or by (24.6). 


(24.9) 
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If the moment diagram of the redundant unknown is an inclined 
line (Fig. 24.2c) then assuming M = pu, the displacement integral 
is calculated according to the formula 

l-j k-du-*~pS,m~ PI. (2-110) 

■where y B is determined by (24.7) (see Fig. 24.2e). 

Similarly, for the M diagram shown in Fig. 24.2d 
/ =PJ/t 

A trapezoidal diagram must be replaced by two diagrams, a rec¬ 
tangle and a triangle with the apex at the initial (left) vertical line. 
Then no additional calculations will be required and the quantities 

0 O and y„ determined by (24.6) and (24.8) arc sufficient. _ 

Similarly, displacement integrals may be written for parabolic M 
diagrams just like it was previously done for beams of constant 
rigidity. 

25. DETERMINATION OF DISPLACEMENT INTEGRALS BY DERIVATIVES 
OF FLEXIBILITY ANALYTICAL EXPRESSION 

Examine any part AB of a non-uniform beam (Fig. 25.1); in a par¬ 
ticular case .-1 and B can be the 
ends of the beam. 

The angle at section X may be 
determined by considering the left 
forces according to (21.2) 

I- v'~- — ... ] (left forces) (25.1) 

As in Sec. 24, these forces include 
force couples and forces applied at 
point A to replace the rejected part Fig. 25.1 

of the beam to the left of point A. 

The angle at the same section X may be determined by considering 
the right forces 

©x — 0a - [ — Y + Y' - Y'Tf- + • • • ] (right forces) (25.2) 

This formula contains the moments Ms, M s , A/ t of forces to the 
right of point X, i.c., within BX. 

From (25.1) and (25.2) 




(25.3) 
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where 9 0 = angle between the extreme tangents of the flexural 
curve, which is equal to the area of the curvature 
diagram or the conjugate load, according to the graphi¬ 
cal-analytical method 
M 2 = Mt (l.f.) + Mi (r.f.) and 

M 3 = A/j (l.f.) -r M 3 (r.f.) arc moments of corresponding 
orders of the right and left forces. 

According to Sec. 24 and (25.3), the expression 

(28.4) 

does not depend on the position of the moment point. 

In (25.4) moments of all the forces, left and right, may be taken 
about an arbitrary point X. Then for any balanced force system, 
after reducing similar terms, the va¬ 
riable x vanishes. 

Similarly, the distance XiX, bet¬ 
ween the extreme tangents of the fle¬ 
xural curve measured along the x ver¬ 
tical line is numerically equal to the 
-j static moment relative to the vertical 
of the conjugate load acting upon tho 
T part AB; it can be calculated from the 
formula 

x^=Sx(G*)=-= v4r- 
-2y'-5t4-3V > # 

Finally, the area of figure A t X t BiXi 
XiA, outlined by the flexural curve 
and the boundary tangents is numeri- 
T cally equal to the second moment of 
j the curvature diagram with respect 
to the x vertical 

iT-^f ( "'-r ■■■ 

These formulas may be applied to calculate displacement integrals 
of the following type 



Suppose tho flexibility y changes along the beam according to an 
algebraic polynomial or any other law (Fig. 25.2); let such a beam 
be loaded by an arbitrary load, and the bending moment diagram 
of the redundant unknown is represented by a rectangle M,, a triangle 
Mi or a trapezium M 2 . 



Fig. 25.2 




For a rectanglo the integral 


may be expressed according to (25.4) by 

r %7 T A/j / . a Ml 


The higher momenta in the brackets are determined from formu¬ 
la (I) of Sec. 6, where the moment point may be chosen arbitrarily. 
For the triangular diagram M 2 of the bending moment the integral 


7 *= ]^rr- du=k J“-5r iu < 25 - 8 > 

Since I 2 is a static moment of the conjugate load (i.e., loading 
of a boam with a curvature diagram), then according to formula (25.5) 
it may be expressed by 

/,-l[ T -gi-2Y'j“i- + 3v-#—..-j ,25.9) 

where the higher moments are calculated_according to formula (I) 
and a section with a zero ordinate in the M 2 diagram must be taken 
as the moment point. 

Finally, if the diagram of the redundant unknown is a trapezium 
M 3 , then it may be replaced by two diagrams—a rectangle and 
a triangle; in that way the problem is reduced to the two previous 
cases. Thus, it is sufficient to determine /, and / : according to for¬ 
mulas (25.7) and (25.9) in order to solve any linear diagrams of 
redundant unknowns. 

If the moment diagram of a redundant unknown is a parabola 
then expression (25.6) must be used to determine the integral. 




Chapter V 

Multispan Non-Uniform Beams 

26. EQUATION OF THREE MOMENTS IN FLEXIBILITY POLYNOMIAL 
COEFFICIENTS 

Let us take a continuous beam consisting of several spans of con¬ 
tinuously varying cross sections, their rigidity being expressed by 
algebraic polynomials. 

Any intermediate span may be considered as a separate beam on 
two supports under the influence of two positive force couples at its 


A 



b y*, 
1 ) 

i 


Fig. 26.1 


ends (Fig. 26.1). These force couples replace the rejected spans of 
the beam. 

The n-th moment of all the loads (divided by n!) with respect 
to the right support is given by 


,l (n— I)! 1 I 

—J.lAk(ii-i)+tf*l-j 


(26.1) 


Particular values for the n-th moment are derived from this for¬ 
mula by substituting n =2, 3, 4... 

According to the equation of angular displacements of non-uni¬ 
form beams (20.3), the following expressions are required in calcula- 
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I. 2 31 J,_i - l 

r ** 3/j m 3 . jw. | 

I. 2 • 2 *"3l 4T J„„ 


<m a +zm b \^ 


(2G.2) 


The regularity observed in these two equalities makes it possible 
to compose further expressions without calculations 


f _f3 Ml x* M 3 M k ;V/ S I ^ 

I 3! • 2 2 "”3T 1 x ~\ 5T_U,= 

r ** jW 3 ■ xt J/t I 

I. 4! ' 2 3! ■ 3! • "2 51 

~* 4 r~Trl,,,“f | - i? -'+ 5S *i lr- I 

Similarly, 

- 2 -L <2ji?„ i.«.) _ ± [2.i?„ + 2 j7„| £- 

I. 2 3! " 4! 5! J* = , - 

= X"r< 2;17 * + -r“ 2Z f < 3 # a- i 4 r h■ 

+ 3 4-(4-®A + M*)-g- = J- (2 M a + 3jW b ) -g-, etc. 


(20.3) 


( 20 ./,) 


Other binomials are similarly composed. 

According to the arrangement of supports, the boundary conditions 
of this particular span are expressed by 
v A = 0, © A =^0 


The angle 0 A is determined from the equation when v B = 0. 
From (20.3) we obtain 


©a= - J 7T L (Y.-g'-l-Yr2-g-iY*-3-g- + Y3-4-g-i-...)- 

2-^^- (yo3t +Yt-gr + 'Ya-fr + Va-gr-l- * - * ) ( 26 - 5 ) 


A definite regularity may be observed in the sequence and in the 
structure of terms in this polynomial. 



The angle 0 A determined for the left support is a result of loading 
the beam AB by force couples M A and XI B at its ends with no span 
loading. 

If V = Yo (V, = Y2 = Ya = ■ =0) then a well-known formula 

for uniform beams is derived from (26.5) by substituting 
Jl , M , 

® A= 6 Tl 3 eT 

According to (20.3), the angle 0 B at the right support of a non- 
uniform beam is 

& b = J TT- (Y#' 1-2 -gj" + Y«*2-3 -JJ-+ y*'3-4-j^-)- 
+ Ya-4-5-gr- •••)+-^ ! -(Yo4r + Vi- 2 -4r + 

+ Y*-3|-H-Y*- / *-sr+---) ’ (26-6) 

Comparison of expressions obtained for angles 0 A and 0 O leads 
to the following conclusions. Each expression consists of two terms, 
one of which presents the angle caused by moment M A and the other, 





Fig. 2C.2 


by M b \ at the same time the angle at support A caused by the couple 
M b is equal to the angle at support B caused by the couple M A . 
This follows from tho complete identity of the expressions 

tt ( Yo- 5r + Yr 2 4r +V *' 3 4r +Y, ' 4 4r" , ‘ • • •) 

An equation of three moments will now bo composed for a multis¬ 
pan beam of continuously varying rigidity by examining two adjacent 
spans with supports (n — 1), n and (n + 1) (Fig. 26.2). 

The angle at the middle support n may be determined in two ways: 
first, by considering loads to the left of support n and, second, consi¬ 
dering the loads to the right of support n. These two expressions 
must be equal, i.e. 

0„. n + 0X. „ = 0n. n+l + n+l 



where 0„. „ = angle_at support n caused by sup|>orl moments M„., 
and M k loading span n 

®n.n = snmc angle caused by loads on span n if this span 
is considered a separate simple beam 
0 n . n« — same angle caused by support moments i7„ and M nu 
loading s|>an (n + 1) 

9n,n+i = same angle caused by loads on span (n !-l) if this 
span is considered a separate simple beam. 

The angle 0^ „ is determined^ from the formula derived for © 0 
if we assumc_^/ A = M„-t and \_M B = M„; and for the angle 0„. n+I 
we assume M A for M„ and \I B for M „+i- Substituting these exp¬ 
ressions into the previous equations (26.3) and (26.0) and trans¬ 
ferring terms 0?,. n and 0&. n+ , into the right-hand side of the 
equation we obtain 



+ Y* • 4 "TT" + • • •) = e ". «+t - ©°n. n (26.7) 


To simplify the calculations of angles and &° n . n , caused 

by span loads when the spans are considered simple beams, the 
formulas for the most popular types of loading may be composed. 

For example, determine angles 0 A and 0 B for a uniform load of 
intensity q distributed along the entire beam length l (Fig. 26.3). 

Since v B = 0 when x = l, formula (20.4) becomes 

e * 1 ' -i- y« rr+Y> ( 1 -In— 2 TT) + 

+ Y*(t ^r - 21 W + 3 'w) + • • = 0 

Expressions in parentheses are composed as before 
_ ql_ l 3 ql* ql* 

31 ~ 2 ’ 6 24 - ~ST 







mi so on, by analogy 



Fig. 28.3 Fig- 26.4 


Substituting these expressions into the equation and solving the 
latter for 0 A we find that 

e,.- 4 >£ + ...) (26.8) 

Knowing & A and using formula (20.3) we find the angle 



Substitution of (26.8) into this formula gives 

•r■Y..4-5 ...) (26-9) 

For a point load P (Fig. 26.4) 

0 - —T[tW--rf)+^-rf) + 

+ -ST ('*-«•) + $(!*-«*) 

, Pb I a 2 , 

-T(V. T H-V,f +V , 11 .( 26 . 10 ) 

"*■-t(# «•-«=>+^L ((._,.) + 

+ .] Pi.ni 



By generalizing all the lorms of (2G.11) when a = 6 = 
obtain 

e -- 2 I 201 ' 


Formulas presented in the previous section are based on the first 
method of designing non-uniform beams, which deals with flexibi¬ 
lity polynomial coefficients. These formulas may be applied to 
derive a general solution for multispan beams, but such an approach 
requires quite cumbersome preliminary calculations. Besides, these 
formulas may bo applied only if the flexibility of a beam is expressed 
by an algebraic polynomial. 

An equation of three moments will now be derived by the second 
method of designing non-uniform beams (See. 21), in which the 
flexibility of a beam can be expressed by any analytical law. 

Consider the basic formulas (21.2) and (21.3), in which y', y', y"... 
arc the first, second, third, etc. derivatives of y with respect to x, 
and .1/2, M 3, M\, ... ore moments of the second, third, fourth, etc. 
order of all forces (both active and reactive) to the left of section X 
relative to the centre of gravity of this section. 

The following general formula will be applied to determine higher 
moments for the load shown in Fig. 22.2 

2 ft *=$*- 2 1 , 2 <’-w> 

Substituting n = 0, I. 2, 3,... into (27.1), we arrive at expres¬ 
sions for the moment of zero order (transverse force at section X 
with abscissa x), the first moment (bending moment), second, third, 
etc. moments, divided by the respective factorials corresponding 
to the orders of the moments. 

Angular and linear displacements for any section of the beam arc 
determined from (21.2) and (21.3), the initial values of 0 A and i> A 
being found from the boundary conditions. 

For example, let a simple beam of non-uniform section (see 
Fig. 2(>.l) be loaded by force couples A/ a and M „ at supports; since 
the deflection at the right support is zero, applying formula (21.3) 
we find 

v n = 0 A « + [?»|— 2yi> ] + 

+ a7 a 2vd-^-+ - - J =0 
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©A = -[yb^y»+ 3 Yi 4r " 4y5 If • • • ] “ 

-4 L [l- 2 Y»|— 2 -3Yi£ + 3-4Yi!—4.5 T S£+...] (27.2) 

Substituting this expression into (21.2) and assuming x = l 

d" ~^r~ [yb 37 2 Yb+ 3 Yb 37 ' ^Yb "37 ] (27.3) 

Equating the angles to the left and to the right of the middle 
support n and using formulas (27.2) and (27.3), an equation of three 
moments is obtained for a non-uniform multispan beam, as in the 
previous section: 


■]+ 


+2 tt [v"--!-t;.4+y;,.4-v;..-b- 1 ■ 

+ 2 in: [v—'--»i % - 3v-*t. n +1 %■+■ 

+ B >"’. ■¥-%“+..] + 

+ 3v;„,.„%-4v.-, w ,%! + ...],e;.-8S., (27.4) 

where 

e;.„ tl -ei.„=lhe difference of angles at the n-th sup¬ 
port for the (n+l)-th and n-th spans if 
_ _ _ they arc considered as simple beams 

^n-i. 3/„, M„ +1 = moments at supports (« —1), n and 
. _ (n+l). respectively 

Yn.n Yn. n. Yn. n = flexibility and its derivatives at the n-th 
support of span n, i.e., at the end of the 
n-th span 

Y«+i. n+ii Ym-i. n+it Yn+i. n+i = flexibility and its derivatives at the 
(n+l)-th support of span (n + 1), i.e.. 
i, . at . e " d nl the (n + D-lh span 

It is advisable to compose the formulas for angles at supports 
of a simple beam beforehand for the most popular types of loadings 
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iii order to simplify the solution of the three moment system of 
equations. 

For example, if a beam is loaded over the entire span with a uni- 

M 



Fig. 27.1 Fig. 27.2 


form load (Fig. 20.3), then from formulas (21.2) and (21.3) we obtain 
e *“-T[**T-3TiS+»riS-- 10y5il+...] (27.5) 
e « =• -f [t. 2 Vfl -gr + 3vi -gr— / >V b -=7 + • • • ] ( 27 - 6 > 

For a single point load (Fig. 20.4) 

e, 

+3vi !l^- 4v ;!!=if + ...] <2 7 .7, 

B *“-r {^|3'(l -!>) — (/»—6-)l — T?|il<e—(,’) — 

- 2 «| + 151 (P - f ) -3 (1*—!>•)] - 

-jrltiUP—W-Ul'-b'H -...} (27.W) 

I or a force couple (Fig. 27.1) 

«.~-f [v,(y-f)-2*.(4-£)-‘ 

►*-*)-*(-*<■*#-«+ 

(27.10) 



(27.11, 


For a uniform load 



over a part of the span (Fig. 27.2) 


T»ti(T-jr-ir)- 4 * ! (T-S-ir) + -] 
. ;A ^ + Ui^]-V-»[f r'^’] ■ 



Fig. 27.3 


Pi„„ll y to, « Irinngular lo.<l otUng upon « part ol tin 
(Fig. 27.3) 


«p--t[**('5"4 - w) -S, "( »! •« «) + 
. w(5 . 5 . w _«(54-« + ...] 

I I 27 ' 1 ® 

-v*(- 2 3r-^TT 1 r- , , !! j ...J 

f ihc l° #l * s 

More compound loads may be replaced by a sum oi 
examined above. 


28. EQUATION OF THREE MOMENTS IN FLEXIBILITY INTEGR' vt5 ^ j0 
The third method of evaluating non-uniform beams 0,11 ^pts f° r 
Sec. 22 may be applied to derive an equation of three ^''grate ^ 
a multispan non-uniform beam in terms of flexibility > nt ® 
the separate spans. 



In flexibility Integrals 


©*=©*+ (M x r,. X -Q x r t . x +q x r r . x - k x r 4 . x ) - 

— ( 28 .i) 

v * = \v A +e A x+ m x r 2 . x - 2<? x r,.,+3g,r 4 . x - 4**ivd - 
-12 M,r 2i a ~2X Pi r 3 . b ,+ 3 l' 9i r 4 .£ *,!■,. „,] _ 

-12 M<r,. #J ( X -a,)-Y Pi r 2> 6| (* _ b,) + 

•^2«ir 3 •,(*—<!)—2*ir«,d ( (*—rfi)] (28.2) 

These formulas are quite simple to apply, although they look 
dings COmPl,Caled ThCy * ° W f ° r any possib,e combination of loa- 

particular L l y pes of loads used i" engineering practice 
most of the terms vanish from formulas (28.1) and (28.2) as well 
•is from the equation of three moments. ’ 

It will be recalled that r„ r 2l r 3 , r 4 and T, are successive integrals 
of the flexibility, i.e., r„ = ydx"; figures in the double 

iho S | C «.'. P a ™ 0f r ,u deno V e . ! hc njultiplicity of the integral, while 
the litters give the right boundary point of the abscissa, i.e. the 
upper integration limit (the lower limit corresponds to the left-hand 
end of the beam, i.e., to the zero abscissa). For example, 


r, *»— r 2.K|= r,. C( = jjjydul, etc. 


(28.3) 


t (Fig. 22.2) 


In formulas (28.1) and (28.2) 

» tending mom.nl .1 Mellon X with absciss. , 
v.i = transverse force at the same section 
q x = intensity of uniform load 
k x - derivative ol intensity (slope „f i t i„ ngo i„ i 0 , doU . . 

its apex pointing to the left) w,lh 

= force couples (f = 0, 1, 2, 3 . . .) (Fig. 28 1) 

Pi = point loads (« = 0, 1, 2, 3 . . .) g ' 

qi = intensities of uniform loads (i =0, 12. ) 

k, = slopes of uniformly increasing (in absolute value) loads 

?Ti2 b ,( «“Y 1 t 1 “ ded r” " u " *«*“ 
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Formulas (22.17), (22.18) and (22.19) elucidate the meaning of 
flexibility integrals (r>; according to these formulas, flexibility 
integrals may be replaced by higher moments of the left parts of fle¬ 
xibility diagrams (Fig. 28.2). Quantities included in formulas (28.1)> 
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its In Flexibility Integrals 


(28.2), (22.18) and (22.19) may bo now interpreted graphically 
r ,, X =M X% -F X \ r,.,-A/ v i; Ty x - 


1 '..* 


(28.4) 


where F x = part of thoflexibility diagram between u = 0 
and u = x (Fig. 28.2 a) 

M x i, .V/ v 2, M x 3, M xt = first, second, third and fourth moments of 
aroa F x with respect to axis X-X. 

Similarly, 

Ti. r t,a, = M A \ (28.5) 

where /’ 0j = parl of the flexibility diagram between u = 0 and 
u=a/, i.c., lying to the loft of the point of applica¬ 
tion of the couple Mi 

M a i = first (static) moment of area f 0| with respect to 
vertical line Ai-Ai (Fig. 28.2b) 

Similarly, 


Hi 


1 t 28 - 6 ) 

= first and second moments of the loft part of 
the flexibility diagram with respect to axis 
B r B, (Fig. 28.2c) 


where M c t, 


Finally, 


A/,.s = second and third moments of the left part of 
the flexibility diagram with respect to axis 
C,-C, (Fig. 28.2d) 



where M D a, A/ d j= third and fourth moments of the left part of 
the flexibility diagram with respect to axis 
D,-Di (Fig. 28.2e) 

In order to derive the three-moment equation, the angles at 
supports A and B of a simple beam will be determined for the 
force couples M A and M B applied to the ends (Fig. 28.3). 
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For Ihis particular case when x=- f from formula (22.6) we obtain 
v„ =e„/+ M B l\. 2 r,. , =0 

hence, 

(28.9) 

From formula (22.3) 

0, = 0 A + A? fl r,+ Mb ~ m * r 2 ., 

8,.ff.([Itl-2-%l + 2Jil]+M.l[%2-2%2j (28.10) 



Fig. 28.3 


On the basis of formulas (28.9) and (28.10) we obtain the three 
moment equation for two adjacent spans of a mullispan beam 



.2 -lisfijii. + (&q£e>_t r,i ■ ll ) - 

= 0J (28.11) 

r,. n .„, r t . = first, second and third integrals of the 

flexibility at support n of span n 
(the first subscript is the order of the 
integral; the second, the number of the 
support, the third, the span number), 
i.o.. the finite values of integrals in span n 

IV r,. = second and"third integrals of the flexibi¬ 

lity evaluated for support (n + 1) of span, 
i.e.. the finite values of integrals in span 
(n-r-1) when x = l n +i 
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9°, —©X.„ = difference between angles determined ut 

support n for spans (n+ 1) and n caused 
by span loads applied to corresponding 
simple beams 

The three moment equation may be transformed into another 
form on the basis of formulas (28.4)-(28.8) by substituting higher 
moments for flexibility integrals 

B- lI .,£ r _i r) + «.,.(!i f - 2 S r+ ' r ) + 

: t> <... -el.. 

(28.12) 

where .l/„-i. M„, Af n *t = moments at supports of a mullispan l>oam 
F„.„, S n .„. /„,„=arca of the flexibility diagram evaluated 
over span n, static moment and moment 
of inertia of the flexibility diagram for 
span n with respect to the vertical line 
passing through support n 

5 n +i. b+i, I not. nti = static moment and moment of inertia of 
the flexibility diagram for span (n+1) 
with respect to the vertical line passing 
through support (n+1) 

To simplify the practical application of the three moment equa¬ 
tion, expressions (28.11) or (28.12) for the most often used loads may 
he derived for the angles at supports. 

Several particular types of loading will be now examined. 

1. If a force couple M is applied at distances a and (l — a) from 
the supports (Fig. 27.1), then from the condition that at the right 
support v = 0 and x = l formula (22.6) gives 

r 3 .i-Mr 2 .a-Mr,, a (i-a)=o 

lienee, 

+ + (28.13) 

To be exact, the section in which this formula determines the 
angle is located at an infinitesimal distance to the left of point B, 
so that 

II.- 0; 2b = 0; *,-0 

Since there arc no distributed loads on the beam, q t = 0, k, = 0. 
The left-hand reaction of the support is not included in (28.13) 
because it has a zero abscissa and all the corrcs|>onding integrals F 
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arc zero os the vertical axis passing through the left support does 
not intercept the flexibility diagram. 

Finally, to the left of point B, there is one force couple M (at 
point C with distances a and l — a from the supports), for which 
the factors arc T 2 . „ and IY „ (f — a); for point B the abscissa x 
is equal to l. 

Substitution of higher moments for the integrals T in (28.13) 
gives 



where A/= second moment of the total flexibility diagram with 
respect to vertical n.vis passing through point B 
F^-c = area of flexibility diagram between sections A and C 
M c i = static moment of the above mentioned area with 
respect to vertical axis passing through point C 



Fig. 28.4 Fig. 28.5 

The following expressions arc derived from general formulas (28.13) 
and (28.14) for a uniform beam (Fig. 28.4) 



M , jS 
Is..v = —4— = 5| £/„ 


For x — l and x = a, the necessary particular values arc given b 
M , .3 - 

B- _ I 3 . p _ Vf a- 

2 " 3! El 0 ’ - 2F.Ii, •• 




r 3 .,= 
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This formula may be used in determining the rotation angles of 
a beam at its left support if the beam is uniform and force couples 
are applied to its ends; this is performed by assuming a = 0 and 

The angle at the right support is determined by (22.3) when x = l 
by substituting (28.13) for 0 A 


0»=0a+[— y- r 2 .,]-|Mr,. a | = 



-r 2 V 1 a 1 

= M \-Ti—T—T M B'+-r —7^-cj (28‘0) 

2. If a point load P is applied to a beam (Fig. 28.5), then by taking 
X - B, i.o., x = l from formula (22.6) we obtain 

‘•■«=0Ai+[-2(pf)r , 1 ,]-i—2/>r s .ai-i-pr 2 . a (/-<.)!=» 0 
e A = — [2 y r,. ,-2r 3 . r 2 . „ 6 ] = 

= t[ 2 7— T~ (28.17) 

Then from formula (22.3) when x = l 

e fl =e A + [ —/>.! r 2 . / ]-(-/>r 2 . 0 ]= 
”' > t 2 'a"Tr-f J, «-T"Tr+T“c>] |2S - IS) 

If the beam is subjected to a system of point loads, the angular 
displacements 0 A and 0 B arc determined as a sum of the right-hand 
parts of (28.17) and (28.18) 

3. If a continuously distributed load is applied to the entire 
beam (Fig. 28.6) then from formulas (22.6) and (22.3) we 
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obtain 

t'e = ©a* + [ - 2 ( -i- 4) r »- • + 3 » r ‘-'] = 0 (28 - i9) 

a>“®»+f-(4’)r»i+«r»<]-ft— T r n+ a », — f r <->]“ 

-«[~{-J<.+2^~rTp] i 28 - 20 ) 

4. If a continuously distributed load is applied to the part CB = b 


itii rrrrm 


-if A ' 


■ -r ~ • ^ 1 b 

i 


of the beam (Fig. 28.7) then from formulas (22.6) and (22.3) we 

‘'o=e A i+[- 2 ( 9 b—^-)r,.,-h 3 gr ill ]- 

-l3?r,.«i-i?r,. a (i-a)i=o 

e A =—f[-2(&— r Sl , -j. 3r t ., - 3r*.. - bi\ „] (2s.2i> 
e 8 =e A +[-( 9 b—^-)r 2 .,-i- 9 r 3 .,]- 
-[9r s . .]=![-(6-!-) ir 2 ., -i- 

+ (2i —ii + i) r,./- 3 r».,-ar,.«+ 3 IVa] (28.22) 

5. If a uniformly increasing load is applied to the part CB = b 
of the beam (Fig. 28.8) then from formulas (22.6) and (22.3) we obtain 

e.* -= —j i 2 flr,.,+ 3 W>r 4 ., - 4 &r s .,+ 4 Ar». „+at*. . 6 ) ( 28 . 23 ) 
©a = ©X + *r t ., + Air,., - Ar*., 4 - AT,, „ ( 28 . 24 ) 

Angles at supports of a beam under the influence of compound 
loads (Fig. 28 . 9 ) may be determined either by summation of solutions 



Fig. 28.8 


Fig. 28.9. 


29. MOHR'S INTEGRALS FOR NON-UNIFORM BEAMS 

Formulas derived in Sec. 22 for determining displacements in 
non-uniform beams may be applied to calculate integrals of the 
following type , , , „ *• 


for non-uniform rods. 1 v - 8 

For example, consider a beam shown I 
in Fig. 22.4, whose i diagram is pre- " 

sentcd in Fig. 29.1a. Suppose that WafTTH"___ 

the diagram of bending moment M m 

(Fig. 29.16) must be multiplied by H - I _ 

several given diagrams. “■ _ ^ 

The M a diagram may be a result of ! ' 

loading a simple beam with a force _ L__j 

couple at the left support (Fig. 29.1c). ’) II11 i... - • I ( e ) 

Such generalized forces correspond to . 

the angle at the left support as a ge- '‘V/C-j • 5 

neralized displacement. Therefore to ^ j ' 

ascertain the correctness of the calcu- ^ 
latcd integral j iMMdz or any new I . W 

integral for including in pertinent 

table we assume that the load from n a rJU-1 < 

which the moment diagram M a was '/\ i if) 

obtained is restored; then the angle p ig j9.t 

0 A on the left-hand support is calcu¬ 
lated and multiplied by M a . 

Examine several particular loads. 

1. The bending moment diagram is a result of loading of the beam 
by two equal force couples at supports (Fig. 29.1d). 





Since the flexibility diagram is a polygon, calculations will be 
performed by the third method described in Sec. 23. 

From the condition that the deflection at the right-hand support 
is zero according to formula (22.19) we obtain 

EI c v b =EI c QaI-\-M 0 Mb i = 0 _ (29.1) 

in which M B = bending moment at support B (M B == M a ) 

M B i = first (static) moment of the total i diagram with 
respect to vertical axis passing through point B 
(Fig. 29.1a) 

Mohr's integral is determined by 

j MMidx = EIc J dx =-- - ( 29 - 2 > 

The area of the i diagram is calculated as a difference between 
the area of a rectangle AA "B’B (i.e., 1 -l) and of two equal triangles, 
A'A'E' and F'B'B' 

F = i-l- 2(l ~ ,l) u =--l [l-(l-ra)y] (29-3) 

The static moment of the i diagram is 

Mb. = /'-|-x[i-(1-»)j] < 29 ' 4) 

Substitution of (29.1) and (29.4) in (29.2) gives 
/ = - EI C B A A/. = 

= iW[i_ ( l (29.3) 

2. Here the bending moment diagram is a triangle of height Ma 
(Fig. 29.1 f) which is a result of loading the left support by force 
couple (Fig. 29. Ig). 

Since M„= 0 and Q„= —^ , it follows from (22.19), that 

Ef c o„ = EI C »J -i- 2 < 2s) - 6) 

Flexibility momonls in (29.0) arc determined from (22.23) 

Mg, n 13 ] H I —a (l-u)* (I —«> 

After collecting similar terms we obtain 

/ = - EI c e A M a = 2 M a = 

- Wi[2 + ( ,-„)«(_3 + 2 -_^.)] (20.71 
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3. A force couple applied lo the right support gives a triangular 
bending moment diagram with its apex pointing to the left 
(Fig. 29.2). 

In this ease, according lo (23.19) 

0 = E/ L e A l -j M a M 0i -2^ 
and it follows from (29.2) that 

l = - EISaMo =- ^^2- (29.8) 

where M m and —are determined from (22.23). 





F ^rn nut*. 




(a) 

W 

(0 


(Fi!- on q°\ ,U . load f applied at distance t from the left support 
„• -J.oa) gives a bending moment diagram in the form of a trian¬ 
gle (Fig. 29.36) with height at the point of application. 

According to (22.19) 

£/ ce A f+[-2(? D ^i]-[-2(-/>) -^p]- 

r —f — ( — P)(l—t)Miil = 0 (29.9) 

that'll ''-o'; 18 lh ', S for ""! la f : o f m (22 n 19) U is , Uke " i,,l ° account 
has a Lr b ‘ = l ’ 1 = 1 an<1 force P ' • ccordln g lo its direction 
ns a minus sign; besides, in (29.9) ei, °"’ 





The value of may bo calculated from formula (22.23). 

. 1 /,, 

Moments .1/n ami -g- are evaluated over the shaded part of the i 
diagram shown in Fig. 29.3c with respect to the point of application 
of the load. The shaded trapezium may be substituted by a rectangle 
n x i and a triangle with a slope k = tan a = . That is why the 

area of the trapezium and its moments are expressed by 



Substituting the calculated values into formula (29.9) we obtain 
the value of £ 7 c e,„ then formula (29.2) will give the unknown integ¬ 
ral. 

The integrals arc calculated similarly when the point load is 
applied within the other two sections of the i diagram. 

5. The bending moment diagram M a for a uniformly distributed 
load applied to the entire beam is a sym¬ 
metrical parabola with an ordinate M„ = 
= ^ at mid-span (Fig. 29.-'i). 

For this ease formula (22.19) has the 
form 

0 = £/ c e„f-i- 

+ [-29,^ ■ (29.10) 

where Q t = — </„ = —q, and higher moments are determined 

by (22.23). The integral is calculated by solving (29.10) for EI c 9a 
and substituting the result into (29.2). 

When the initial M diagram is outlined by any figure other than 
a triangle, the integral j iMMdx may be determined likewise. 
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30. GENERAL 

Initially nil theories on designing beams were based on Fuss- 
Vinklcr's (or Shvodlcr-Ziniinormnn) hypothesis which assumed I he 
depression of a foundation to be proportional to the clastic reaction 
of the foundation at any point of a beam. This means that deflections 
(depressions) lake place only within the length of the beam. The 
authors using these designing methods were concerned mainly with 
developing simple practical methods of calculations, in compi¬ 
ling reference tables and nomographs, in composing diagrams 
and in developing other methods to facilitate the calculation 
technique. 

Methods of designing beams on the basis of Vinklcr's hypothesis 
were developed in detail by a number of scientists, however, those 
methods had considerable disadvantages. 

A number of published scientific works amended the main precon¬ 
dition made by Vinklcr; in these works the depressions were allowed 
to spread beyond the limits of beams lying on continuous clastic 
foundations. 

For example. Vighart introduced a certain decreasing exponential 
function for this purpose. The choice was rather arbitrary, although 
it made it possible to solve a uniform beam having a uniform load 
distributed along the entire length. According to Vinklcr. such a beam 
should not bend. However, a certain arbitrariness of Vighart's theory 
and the considerable difficulties in solving engineering problems 
led to other ways of developing a general theory for the evaluation 
of beams on elastic foundations. 

Investigators began to realize that the theory of elasticity may 
be applied not only to the beam, but also to the elastic foundation. 
New methods based on the theory of elasticity (theory of elastic half- 
plane and elastic half-space) still had deficiencies, so the vinklerian 
beam design is still used in practice. This happens bccauso Vinklcr’s 
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hypothesis is used to some extent for calculating not only beams, 
hut also shells and tanks. 

Therefore, the following considerations for the maximum pos¬ 
sible simplification of the calculation technique arc based on clc- 
montary dependencies between depression and pressure on clastic 
foundation. The solutions arc obtained by the moment-operational 
method for uniform and uon-uniforin beams on foundations with 
constant and varying elasticity subjected to any static and kinematic 
load. These solutions allow for possible breaks and steps in the fle¬ 
xural curve, both point and distributed. 

Problems examined below were chosen to demonstrate the prac¬ 
tical applications of various methods rather than to solve any 
particular problem in beam designing. 

In order to show the advantages of applying the higher moment 
theory, problems solved before by nnn-moincnlnl methods will be 
examined herein. 

31. PRISMATIC BEAMS ON FOUNDATION OF CONSTANT RIGIDITY 

If the depression of n beam is assumed to be proportional to the 
pressure on tho foundation, a differential equation of the fourth 
order can be derived 

iV-jjS-l kv = q (31.1) 

Let k = EIa t and q= = M-\. then 

EI^ t&Elv - .'V/.| (31.2) 

This oquatioii can be solved by the moment-operational method 
after several iterations. 

In the first approximation, the clastic foundation is disregarded 
liv assuming arEIv = 0; therefore 

EI^j=M- t 

lienee, 


This solution is substituted into equation (31.2). which may be 
yritten as 

El -jjX = M-i—a'EIv 


(31.3) 




l * fourth integral gives the next approximation 

/ / 

ressivc npproximnlions give an infinite series of moments 

“‘"TT-“'Tr+“‘TTf—“•■&+ «»*-*» 

ivergeiicc of this series may be proved by expanding it for 
it load /' applied to a section at distance u from the point wliero 
:tion is to be determined; then 

'■ ,v = r [isr - “* it+ a ‘-nr -a ' ig- + • • • ] < 31 s > 

n ral expressions for the n-th and (n + l)-th terms arc given by 

| «„! = «-" - (4 „_ 1) | : «..♦! =a s " (4n+3)| 


4..-r 2) (/.a+3) 


(31.6) 


li,„iiLili = o 

Consequently, formula (31.5) is a converging monotonously decreas¬ 
ing alternating series. 

I'ormulas (31.4) and (31.5) give the exact solution when the num¬ 
ber of terms is infinite; the first terms of both formulas correspond 
to a beam without an clastic foundation (with rigid supports only). 
Therefore, by limiting these formulas to several terms, intermediate 
solutions arc obtained for (31.1), i.c., solutions which fall between 
the exact solution of a beam on a vinklcrian foundation and an exact 
solution of a beam without an clastic foundation. 

1 [owever, series (31.4) docs not always converge sufficiently to 
limit it to two terms, ns for the case of symmetrically loaded sym¬ 
metrical beams, when the reference point may be located at mid¬ 
span; in other eases three terms are required in the formula. K. Khaya- 
shi examined the first problem and compared the exact solution of 
a beam on clastic foundation under the influence of a point load at 
mid-span and the approximate solution of the problem given by two 
terms in a series; the bonding moments in these two solutions were 
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30. \bl } and 30.05/*, respectively, which menus that they do not 
differ significantly. 


Limiting the series to three terms, from (31.4) w 
lowing reference formulas 

v obtain the fol- 

,t/ 3 . 3/, . . ,l/„ 

(31.7) 

rm Mi ni M, 4 M ,o 

niQ- , a 6 , +a 10 , 

(31.8) 


(31.9) 

W . Ml . . ;t/. 

^r+“ t 

(31.10) 


These formulas may be applied to solve particular problems by 
taking into account initial parameters. 

As mentioned above, the vinklcrian beam is of considerable 
practical interest. However, since all the problems associated with 
this design are studied in detail, formulas (31.7)-(31.10) will not 
be applied to any particular problem. We shall only show a way 
of eliminating difficulties associated with solving beams subjected 
to discontinuous loads by means of higher moments. This may 
be useful in solving other problems connected with the approximate 
solutions of different equations for beams under compound loadings. 

K. Khayashi solves the following differential equation 


$+%-» 

(31.11) 

by a general expression 

j, = / (|) = A,X, + A 2 X s -i- A 3 X 3 -i-/l 4 .V 4 

(31.12) 

where 

y _ 1 _Ji. 4 _!_ _IL 4* _ -ill- 4 s . 

A( —1 4! ■ 8 ! 12! 1 

(31.13) 

V t ji /. ^ M __ _l!l. 43 _|_ 

x 2 -l 51 1 • 9! 13! 1 

(31.14) 

y _ 61 _ il / t 10 A- _ 111 . 43 - 1 - 

A 3- 2 0! ■ 10! 14! ^ • 

(31.15) 

y _ 4 -L- -lil- 4* _4 3 ... 

31 7! ■ 111 15! ' 

(31.16) 

and the constants of integration are given by 

A l = f(0) = Elv 3 , A 2 = f' (0) = £/0 0 

A 3 = r(0) = Mo; A^ — r ( 0 ) “ r /v 
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Equation (31.2) for a point load is 

S- + «WI (3M7) 

Comparing formulas (31.11) and (31.17) wc see that Ihc solution 
of (31.17) can be obtained from equation (31.11) by substituting a* 
for 4, therefore 



Since X t refers to the influence of the initial point load, and 
the orders of moments correspond to the powers of arms of point 
loads when moment symbolics arc applied, it follows from 
(31.18) that 

EIv = ^-~ + ( 31 . 1 !)) 

which is the previously obtained formula (31.4). Therefore, it muy 
be used for solving beams under various loadings, including 
discontinuous ones. 

We shall apply the above described method of approximative 
integration of differential equations in terms of infinite moment 
scries to uniform and non-uniform beams on clastic foundations 
for the purpose of obtaining new general solutions. 

32. PRISMATIC BEAMS ON FOUNDATION OF LINEAR RIGIDITY 
For a prismatic beam of rigidity El, let the elasticity coefficient 
of the foundation change according to a linear law, so that at any 
section X with abscissa x (Fig. 32.1) 


this coefficient is A 

0 


V 8 

k x = k 0 + k,x (32.1) 

The differential equation for the 


m 


flexural curve is given by 

El = q — k x v (32.2) hr 




IHEH 

Epul* 

k,-k,>k,x 




Denoting 


we obtain 


A- 0 = aEI; k, = $EI 


(32.4) 




Assuming for Ihc first approximation that a = p = 0 (i.c., a beam 
without an elastic foundation) the following is derived from (32.5) 


as for a simply supported beam. 

By allowing for the influence of the clastic foundation, more exact 
solutions arc found by the method of successive approximation from 
the equation 

El — «EIv - p xEIv (32.7) 

This equation is integrated four limes by means of formula (18.13) 

JSSJS-**- 


Formulas and methods outlined in See. 19 make it possible to 
arrive at an expression for EIv by successive approximations. 



In a particular ease, when only the initial values v 0 , 0 Ol ,1/ 
Q„ = P„ arc considered as well as continuous loads (both uniform 
and uniformly increasing) applied to the entire beam (Fig. 32.2), 
the fifth approximation for Elv is obtained by summing the right- 
hand parts of the formulas discussed earlier. The following expres¬ 
sion for the n-lli moment, divided by n!, must be substituted in the 
resulting formula and all the given loads must be taken into account 
including the kinematic factor (u 0 and 0 O ) 


In order to obtain a complete solution for any arbitrary loads 
point or distributed, supplementary terms must be introduced in 
the moment expression for every order. 
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This method may be applied to other problems of designiug beams 
on clastic foundations. 

The general procedure of solving differential equations by .suc¬ 
cessive approximations is similar to the method of solving general 
differential equations and involves the following: 

(1) All terms except the one containing the higher derivative are 
assumed equal to zero; the first approximation is derived by solving 
the resulting simple equation in terms of moment functions. 

(2) All terms except the one containing the higher derivative are 
transferred to the right-hand side of the equation and replaced by 
expressions derived in the previous step; this new equation is then 
integrated to give the next approximation for the function and its 
derivatives, etc. 

The recommended method of successive approximations gives an 
infinite moment series and is not the only way of solving differential 
equations. 

Another possible method consists in solving differential equations 
in terms of moment series with indeterminate coefficients. Tho 
values of the coefficients are obtained by solving a system of linear 
algebraic equations, which is formed by substituting the assumed 
function and its derivatives in the differential equation. 

For practical convenience of calculating the coefficients it is 
necessary to study formula 

i~ 3 2 i 32 '’ 0 ) 

for the purpose of setting many coefficients equal to zero. 

In some engineering problems, such as evaluating beams on clastic 
foundation according to the elasticity theory, the solution obtained 
for a point load (the influence line) must be expanded either to infi¬ 
nite power series (to derive formulas with a small number of terms) 
or to finite power series, which approximate the complex analytical 
expression. This will lead to quick and easy solutions in terms of 
higher moments for any load. 


33. BEAMS ON FOUNDATION OK HYPERBOLIC RIGIDITY 


Examine a beam on clastic foundation; suppose the rigidity of 
the beam follows a hyperbolic law (Fig. 33.1). 

Let 


EI x = -^± 


(33.1) 


where El 0 is the rigidity of a section at distance x — 1 from tho 
left end, which is taken ns an origin of coordinates. 
Denoting as before 


k = a t El 0 


(33.2) 
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wc write the differential equation of the flexural curve of a non- 
uniform beam 

&( £/ *&)+ to -8r (333) 

or, for the considered case 

< 33/ ‘> 

The first approximation is given by the following differential 
equation, which is derived from (33.4) by disregarding the second 
term in the left-hand part 


4P 3 


The second integral of this equation 
is given by 

«'• T-S-‘ W ' 


Further successive approximations performed by formulas of 
Sec. 10 result in 

£/oU = (i^- 2J Jr)-« s 

+«« («»#-«* * r 102* 4f - 1(58 W) 

This formula may be applied to point loads and force couples, 
because the beam is non-uniform; additional analysis is required 
to expand (33.5) completely, so that it lakes into account point 
breaks and steps of the flexural curve (for example, initial angle 
and deflection). 

Suppose the beam carries only a kinematic load and there arc no 
static loads on the beam, i.c., ^ = 0. Then formula (33.4) trans¬ 
forms into 




(33.6) 


where Mo ( u ) ='L V is 1 * IC moment of zero order of all deflections 
(point and distributed) to the left of the examined section, i.e., an 
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algebraic sum of applied deflections, which is equal to the actual 
deflection of the beam at this particular point. Integration of (33.6) 
gives 

1 £ o _ _ . ,1/3(1)) 

* ‘ dz* ~ “ 2! 

or 

<Po 2 Mi (a) 

~d* - ax ~W~ 

Again integrating twice 

Other terms of the scries are obtained by successive approxima¬ 
tions carried out by substitution of this expression into the right- 
hand part of equation (33.6), then 



Repealed integration gives 

Hence, 

-I- a 4 [**-— 8x ^ +14 iigp.] -{-... (33.7) 

Comparing this formula with (33.5), we see that the next term 
in the right-hand part of (33.7) is 

>/|l(l,) 1Q2 j A,, \ {v) — ifift 1 




- 18a: 2 — 


_ 168^p-] (33.7a) 
integral expression 

... (33J0 


The kinematic load (deviations) results ii 
with respect to (33.7), so that 

_ -1/5 (B) 


The complete deflection formula is obtained by summing the 
right-hand parts of (33.5), (33.7) and (33.8); this formula will allow 
for all types of loads. 



For example, an expression for the deflection of a beam of section 
X shown in Fig. 33.2 is given by 

-T?—•) 

+ t;i.e,(*-*>% *2%.-...) + 

L ,, I _jUxf , j 66x 13 \ j_ 


, „ /, * J ... 2'iz 10 .... 3l2f<i \ 

T?, l 3 5T -a 1UT a “Is! ) ’ 


If the flexibility of a beam is expressed by an algebraic polynomial 
with a few terms, some other designing method may be more cosily 
applied than the one outlined herein*, 
j, To illustrate this, consider the some 

A i<V/' , r kenm. From the general equation of the 

ft 11 i i i i i i i | flexural curve 


(33.10) 



M = M. j -jj-M (33.10a) 


For this particular cose 77 = 77-; denoting 77 =« s we gel 


The first approximation is obtained bv disregarding the second 
term in the left-hand part of this formula 

- i »/_, and M = M, (33.12) 
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mid successive approximations are determined by 


d/ rv = -a*xJf 

(33.13) 

For the second approximation 


df rv = -a’xA/, 

(33.Id) 

and the fourth integral gives 



(33.15) 

Similarly, for the third approximation 




A/=a‘(x 5 ^-12x^ + 30^!) 

(33.10) 


Thus, after three approximations 

.1/. Mt~«* -S') +* &)<*>.■» 

This hen ding moment expression may be applied to derive formu- 
las for angles and deflections of a beam under static loads only. 
The curvature of the beam is given by 
1 . 1 / Mi 

p El Elo 

hence, 

> U ; ( 2 T i,x 'w) + 

+“‘('4-i?- 2 ' , T : w+ 36 * ; nr) (*>■'*> 


and 

+»*)+«• K-*-**-** 

+ l02x-^£-lf)8-^M 


(33.20) 
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In order to take the kinematic loads into account, formula (33.10) 
is considered, and the initial approximation is obtained by disregard¬ 
ing M. j. 

Denoting -jj- = o 1 we obtain 

and the second integral of this equation gives* 

M"= —a 1 EI 0 v= -<x s £7 0 A/ 0 (t>) 

A/=-«*£/„ (33.21) 

Successive approximations are determined by 

M ty = + a*EI 0 x (33.22) 

the fourth integral of which is given by 

(33.23) 

Repealing the calculations, we obtain 

(33.24) 

,)/« -«•£/, (24-tt- l2 *Tir + 3li TT')#i <»*> 


The final solution is given by 


Al _ 1 <**■> ,1 M t (v) , / .)/, 

El„~x dr* — 2 I" "cT 


— a* (2i-.-^f-12x-i 


#)w- 
)w - 


(33.215) 


Kinematic angular loads arc taken into account by raising the 
orders of moments in formula (33.2G) by one unit 


.1/ _ 1 dS M,(6) M, . -w, 

fe '/ 0 ~~x'~dx “ — 3 i ~ + a \ ” 7 ! 

-» , ( 2 i'T¥- ,2 *T5r + 36; ^)( e l ■ ■■■ < 33!7 > 


* III (33.21) and in tho succeeding formulas 'ILaitl designates the n-tli momeiil 
(divided by n!) of a linear kinematic load; when only the initial dcflcctioii is 
considered, this moment is given by v„ -j . 






First derivatives of (33.17), (33.18) and (33.19) give expressions 
for transverse forces in a beam under static and kinematic loads 

J »'( 2 4- J sr- ,0l T+ 2 ''T5f) ■■ f 33 - 2 *) 

~«'( 2 T"#- ,0 *W + 2i2 S ! f)l‘>> < 33 ' 2 ») 

( 2 X-T - ,0x T + 24 TT) < e > + •' 

If the initial quantities (angle and deflection) are the only 
kinematic loads applied to beams, then final formulas for bending 
moments are composed by adding expressions given by (33.26) and 
(33.27) to (33.17) with the appropriate substitutions 

■ffi-(t>) = u„ (x ~ 9)n \ ^f(0) = 0(33.31) 
Formulas (33.31) arc composed for initial quantities (deflection v B 
and angle 0 O ) applied to section X 0 with abscissa x„. When x 0 coin¬ 
cides with the origin of coordinates, 

■^(i')=d 0 |-; -^r( e )=- e «-^r (33.32) 

Formulas (33.31) and (33.32) may be applied to calculate various 
moments for substitution into (33.26) and (33.27) by assuming va¬ 
rious values of n. 

Transverse forces arc determined similarly: the expressions obtai¬ 
ned from the substitution of (33.31) and (33.32) into (33.29) and 
(33.30) arc added to the right-hand part of (33.28). 

The final formula for deflections of a beam may be obtained by 
substituting the expressions from (33.31) and (33.32) into (33.7), 
(33.7n) and (33.8) and adding the resulting expressions to the right- 
hand part of (33.20). 

First derivatives of (33.7), (33.1a) and (33.8) arc the necessary 
expressions for the angle at the arbitrary section X with abscissa x 

-<”>■!- 6 X 1 Ml - ■■■ (33.33) 

+“*[*’T < 8 | - liI ir ie > 262 wf( e >]+'-. i 33 - 34 > 
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Substitution of the moment values from (33.31) and (33.32) into 
(33.33) and (33.34) gives expressions, which may bo added to the 
right-hand part of (33.19) lo obtain a complete expression for the 
angle at an arbitrary section. 

V,. BEAMS OX ELASTIC FOUNDATION WITH MOMENT REACTION 
In the previous sections it was assumed that the elastic foundation 
had vertical reactions only. In some eases, however, moment reac¬ 
tions of the foundation have to be taken into account as well. In 
this ease the differential equation of the flexural curve for a uniform 
beam is given by 

EIv" 1 = yEIv’-$Elv -r(34.1) 

where 



The first approximation is obtained by neglecting the first two 
terms in the right-hand part of (34.1), as always when solving dif¬ 
ferential equations of moment functions, i.c., we use only M.,. 
Then 

EIv" 1 = il/_, and EIv = 4{f- (34 3) 

lienee, EIv" = Mi, and from the formula 


after substitutions we obtain 

(MS) 

The second and fourth integrals of this equation arc given by 


EIv" = 
EIv— 


vir-P ir 

" 51 P 71 


(34.6) 


Then from formula (34.4) we obtain 

= Y 5 -3r- 2 PY -5T + P* it 

and after integration 

EW-v’4r-2 PytS l + P , tt 1 
'-P 1 T7T J 


(3S.7) 




Repeating this procedure to derive successive approximations, 
we obtain 

t7t> ,v =T 3 -|r- ——P 3J i7r j 

, Mt .Vu • oo? 1J M 13 o.i | ^ ^ 

Elv = Y* "qJ --’P / -fjf t 3p Y | 3 | P is; ) 

Further approximations arc obtained in the same way. Adding 
the solution to the ones derived previously, we arrive at the complete 
formula for deflections 

+<**#-<*# i-r-ifr) <***> 





Chapter VII 

Beams Under Combined Flexure and Compression 


35. GENERAL 

This chapter presents applications of the moment-operatio¬ 
nal method to strength, rigidity and stability evaluation of beams 
subjected to combined compression and flexure, and further de¬ 
velopment of the method is outlined for more complex prob¬ 
lems. 

The computation of beams subjected to longitudinal and transver¬ 
se loads is, in the present day, of great practical importance; that 
is why many Soviet and foreign publications are devoted to this 
subject. A problem may be considered studied in detail, and that 
is the problem of a prismatic beam under the influence of an arbitra¬ 
ry transverse load and axial point loads imposed at the ends. This 
problem is known to be solved through application of elementary 
trigonometric and hyperbolic functions for compression or ten¬ 
sion. 

The computations become much more complicated when the longi¬ 
tudinal forces are distributed along the length of the beam. In such 
cases accurate solutions appear possible only for an extremely small 
number of variants of very simple transverse loads and for a more 
or less simple law of longitudinal load distribution. Even then the 
solutions involve special functions, which undoubtedly arc difficult 
to use in engineering practice. For example, V. Makushin and 
N. Malinin applied Bessel functions to solve a prismatic 
beam under combined uniform longitudinal load and transverse load 
in the form of a single point load, a force couple, or a uniform 
load. 

Investigations outlined in the present section give approximate 
solutions, which deviate slightly from the exact solutions; these 
approximate solutions are derived by the moment-operational method 
and may be applied to arbitrary transverse loads without using any 
special functions. 
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36. PRISMATIC BEAMS UNDER ARBITRARY TRANSVERSE LOADS AND 
CONSTANT AXIAL FORCES 

Let a uniform beam (Fig. 30.1) of length l be loaded by a composite 
transverse load and by tensile forces S. Then the bending moment 
at any point X of the flexural curve in 
I he deformed stale consists of two com¬ 
ponents, c.g., the bending moment .1/, 
from the transverse load and the ben¬ 
ding moment Sv from the longitudinal 
forces. The differential equation of the 
flexural curve in this case is given by 

“•S—"■+* (*•<) 

Substitution of 

S = a?EI (.36.2) 

inlo (30.1) gives the following equation 
for the flexural curve 

£/|~ = .W, + a'EY» (38.3) 

Assuming for the first approximation that a = 0, i.e., by neglect¬ 
ing the longitudinal forces, we obtain 


s 

X 


— 

8 


t * 

- 

ft" 


JV 

5 




T* 





EIv- 


. A/j 


Then from formula (30.3) we obtain 

+*’TT 

I he first and second integrals of which are given by 
cr du A/, , , A/ 4 

t, SI=-r + a ~iT 


and 


EIv= 




(30.4) 

(30.3) 


(30.0) 






Further successive approximations give the infinite moment 


EI SI = -r T® TT + a -gr + a in-T'-' 


When the forces S are compressive (not tensile) formulas (36.8) 
and (36.9) remain true for comparatively small values of forces S, 
hut the signs of the series alternate 


tb-%—if #%■+... (3U.11) 

Formulas (36.8)-(36.11) may be expanded according to formula (111) 
of Sec. 8 for the usual composite transverse load, if initial angular 
and linear displacements are denoted by 0 ;l and u A . 

For a beam under tensile and transverse forces 

/;/-jj- = £7 0.v= EIva fct 5 a:-r cc*-gp + oi* + . . . J -i- 

-™-fi - I 

^■ £ T 3 sL +-]+s'*r- fi #-- 

. (r — bj)* . ..4 (-t-fr))* , | 

' /,! ' “ G! ' J " 

■I- 

+ 2*v[^+“=-^ + »* i 4r 1 -J (3B.12, 

E!v — EIu a f I-;-o*-y-+a 4 -^+ ...j-f 

+ /?/0.,[*:-F« 1 4 + « 1 -S-+”*J + 

+237;^,^,^,...), 

t2i« L 4! + ® -6! +Ct -Si- h • ' ’ J ' h 

+ 2*'[ i£: i^+ alj£: ^ + a4 -^^ (30.!3) 








For a beam under comprcssivo and lransvcr.se forces 

+ r...| i 

I-...], 

•] <*•«> 

EIv=F.l<U \ -] + 

+ t’/e A [x-u.-? T -'~a l ± i]— • • ■] -H 

+ S)J| [ J ^_ 0 , J ^W +0 ,I^ ! W- ] + 

- - 2 > 4 ^-“’^+«* ■ • ■] + 

+ < 36 . 15 , 


Formulas (36.12)-(36.15) may be written in a different way. To 
perform this, we will introduce the index “0” in terms, which allow 
for static loads (i.c., these terms will be written as M\, M\, etc.). 
Thus, only static loads will be taken into account by the moment 
symbols; kinematic quantities (initial values of angle and deflection) 
arc excluded. Noting that the expressions in the first two brackets 
arc infinite power series of expanded trigonometric and hyperbolic 
functions, we arrive at the following expressions for deflections, 
angles and (by further differentiation) bending moments and trans¬ 
verse forces at an arbitrary section of the flexural curve at a distan¬ 
ce x from the origin. 

For a beam under tensile and transverse forces 









(36.17) 


EIBx = <xEIv A si nh ax — EIQ A cosh ax + 

, I w , _* ja x .4 "* u \ 

■ V 2! ' a 41 ' “ OF “ ' ’ * / 

M x = a-EIv A cosh ax + aEIQ A sinh ax + 

Qx = a 3 EIv A sinh ax + arEIQ A cosh ax + 

■ +(B!+ ^ + «.-1 + ...) 

For a beam under compressive and Iransverse forces 
EIv.x = EIv a cos ax + EIQ A s,n ^ T 

, / J/l -« Jq , -4 ■»? \ 

T \ 3! a 5! +a 7! •••) 

£/0.v = —a EIu A sin ax EIB A cos ax -~ 


if x = — c t t EIo A cos ax — a£/0. A sin ax -j- 

+ ( 3622 > 

@.v = a 3 EIv A sin ax —a 3 EIQ A cos ax -j- 

-!- ( A/J—a- a 4 — ...) (36.23) 

Further detailed investigation is carried out for beam under com¬ 
bined compression and flexure. Taking various transverse loads into 
account (as shown in Fig. 36.1) but assuming forces S to be compressi¬ 
ve, formulas (36.20)-(36.23) may be presented as 

EIv x = Elv A cos ax -r EIQ A sin az -j- 
“■^2 —cosa(x— «i)l-r 

- 2 P ‘ 1“ ( x “ b ‘) - sin o (x - l>i) 1 : 

:■ Jr 2» co, «(*-.,) j-fe. 

: (36.24) 
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EIQ = — aEIo A sin ax + EIB A cos ax + 

+ ~ 2 M i sin a {x—ai)-\--gz 2 Pill — cos a (x— 

-!- p - 2 ?! I® (* ~ c ‘) ~ sin «(*—«))+••• (36.25) 

Mx = — a‘‘EIu A cos ax — uEIQ A sin ax 4- 

-r2 M,c°sa(x — a,) + -l- 2 Pisina(x-bi) x- 
+ -k S 1‘ I 1 “ 1eo »'«(* ■-'d)l + • • • (36.26) 

Qx = a 3 EIv a sin ax — a t EIQ A cos a*—a 2 A/i sin a (x — a,) + 

+ 2 p > cos «(*“*i) + 2 si " “ ( x “ c <) i • • • (36.27) 

Thus, infinite moment scries of the previous formulas may be 
represented by expanded expressions in terms of hyperbolic functions 
(for beams under combined tension and flexure) or trigonometric 
functions (for beams under combined compression and flexure) to 
obtain exact solutions. 

In order to simplify formulas (36.24)-(3G.27), as well as correspond¬ 
ing expressions for beams under combined tension and flexure, new 
generalized symbols will be introduced. 

The following expression is called the reduced moment of the n-th 


order of all forces to the left of point X with abscissa x 

M n a = Ya. n P,(x-b,) n (36.28) 

Further, the following expressions arc the reduced sine-moment 
ami reduced cosine-moment of forces to the left of point X: 

sin a M = TP, sin a(x — b,) (36.29) 

cosaA/ = yp, cos a (x — b/) (36.30) 

Similarly, hyperbolic sine-moment and hyperbolic cosine-moment aro 
sinli aM ='£_Pi sinh a (x — b,) (36.31) 

cosh aM = V p, cosh a (x — b/) (36.32) 


According to (36.28), the differentiation and integration rules may 
be formulated for the reduced moment of the n-lh order as 
M n a = naA/ n .,a 

j AI '‘ adx = a (Jr t) Mn * ,a 


(36.33) 

(36.34) 
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Differentiation and integration of trigonometric momenta is 
performed according to the following expressions derived from (36.29) 
and (36.30) 

sin aM = a cos aM (36.35) 

| sin aM dx = ^ | sin aMd (ax) = ^° S aAt (36.36) 


4- cos aM = — asinaM 

dz 

(36.37) 

j cos aM dx = sin °'- 

(36.38) 

Differentiation and integration rules for hyperbolic moments are 
similarly derived. 

Introduction of trigonometric moments into (3G.24)-(36.27) gives 
the following concise expressions 

EIv x = ^5-[Mia—sin aM) 

(36.39) 

EIQ X = -jj- [ M 0 a—cos aM [ 

(36.40) 

M = — sin aM 

(36.41) 

Q — eosaM 

(36.42) 


It should be noted that point loads indicate the order of any mo¬ 
ment, including trigonometric and hyperbolic ones, i.c., the order 
of the term referring to point loads is equal lo that of the moment 
determined by this scries. 

The general expression for the reduced moment of the ra-lh order 
of kinematic and static loads is given by 
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General expressions for reduced trigonometric moments of kine¬ 
matic and static loads are similarly composed 

sin a M = — a 3 EIv A cos ox—a*£/0,i sin ax + 

+ a 2 Afjcoso(x —a/)-)- 2 / , isina(x — 6|) + 

+ 4" 2 5' l 1 “ cos a ( x ~ c '» + 

+ 2 M«(*— di) — sina(x — d ( )] (36.44) 

cos uM = a 3 EIv A sin ax — a?EI& A cos ax — 

— a 2 M ( sina(x —a/)+ 2 Picosafx — 6() + 

+ 4" 2 9i sin a (x - a) -\- 2 k ‘ I 1 ~ cos a (*“ d ')l (36.45) 

Formulas (36.43)-(36.45) are the main subsidiary formulas, as well 
as (3G.33)-(36.38). They arc of the same significance in the theory of 
trigonometric and hyperbolic moments, as the main subsidiary 
formulas (I) and (III) in the theory of ordinary higher moments. 

One of the main practical problems to be solved when applying 
the formulas derived in the present section is to decide on the number 
of terms in the moment scries. Investigations undertaken by B. Lu¬ 
nin showed that sufficiently accurate solutions are obtained in 
a great number of problems, if only the initial angles and deflections 
as well as the first terms of moment scries arc taken into account. 
B. Lunin proved this by comparing his approximate solutions with 
the well-known solutions obtained by A. Van-dcr-Flit on the basis 
of theoretical preconditions in strength of materials. However, the 
accurate solutions of Van-dcr-Flit refer only to a limited range of 
loadings examined by the author; every new loading requires new 
calculations. 

It will be shown below, that by limiting the moment scries to two 
terms, quite accurate solutions may be obtained for various loads 
presented in Fig. 36.1. 

Thus, we shall now proceed from the following types of formulas 
EIv x = EIv A cos ax -1 EI6 A -j- -^L - a* (36.46) 

EI&x = - a EIv a sin ax -!- EI6 A cos ax i- -^i - a* (36.47) 
Mx= — v?EIv a cos ax — a£/0 x sin ax -1 ■ M° — a 1 (36.48) 
Q x =a?EIv A sin ax — o?E1Q a cosax-; M° — a 2 (36.411) 
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in which the values of M\, M\, M\, etc. must be determined from 
formula (I). 

Examine a simple beam under the influence of longitudinal forces 
and a uniform transverse load (Fig. 36.2). 


mmTrn 

r i > 

I* 

B I 




Fig. 36.2 


Since the deflection at the right support is zero 



hence, 

E,e - - —-sr 1 ] (36 ' 50) 

According to formula (I), higher moments of the given load aro 
expressed by 

'^n 3 ql <* gl* ql' 

3! " 2 ' 3! 41 ~ 24 

AI B* ql_ I* ql* ql c 

51 2 - 5! 6! 360 


Formula (30.46) gives the following expression for the deflection 
at mid-span (point C where x =1/21) 


where 



(36.51) 


To simplify the calculations, a new subsidiary coefficient u = 
= al/2 is introduced, which is then substituted into (36.51), thus 
resulting after collecting similar terms in the following expression 


/ = — ggf • -JJ- A, (36.52) 




where 




Agreement bolwcen the two coefficients is very small. For example, 
when u = 60°, this disagreement is about 5.5%. However, 



The value of w = C0° corresponds to an axial load which is equal 
to 44% of the critical load. Thus, formula (36.40), which contains 
two terms of the moment scries, gives a sufficiently accurate solu¬ 
tion for considerably large axial loads. 

•. The largest possible bending moment which is at mid-span (due 
to symmetry) is determined by (36.48) 

„ , / , 1 /®, M*\ 

max M = — a*-^-g-scctt ^- W~~ o*-gj —) (36.56) 

Substitutions and transformations similar to those performed 
previously give 


max .1/ = Aj 


(36.57) 
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while the exact solution for this coefficient is given by 


Exact Solution in Terms of Trigonometric Moments 

The "exact” solutions arc obtained by formulas (36.24)-(36.27), 
which are somewhat rearranged to simplify their application to the 
various loading schemes applied to a beam. 

If initial parameters are not introduced into the expressions repre¬ 
sented by trigonometric moments, formulas (36.24)-(36.27) are 
written as 

Q = a 3 EIv A sin ax — a i EIQ A cos ax cos aM (36.60) 

M = — a?EIv A cos ax + aEIB A sin axsin aM (36.6i) 
EIBx = —aEIv A sinax~EI& A cosax-r-£r(aMo — cosaM) (36.62) 
EIo x = EIv a cos ax -■- EIQ A sin ax -|- (aM , — sin aM) (36.63) 

where 6 A , v A = initial angular and linear displacements 

Mo, il/i= moments of zero and first orders of all loads to 
the loft of section X with abscissa x with respect 
to vertical axis passing through point X 
sin aM, cos aM = sine- and cosine-moment of ail loads (active and 
reactive) to the left of point X with respect to 
this point 

For a compound load (Fig. 36.3) 

Mo^PTq(*-c)- k(I t-' - 

sin aM = aM cos a (x - a) 4- P sin a (x - b) - 

.-JLg[l _ cos a (x — c)l-r-£i^'l a (x—</)—sin a (x —d)J 

cos aM = — aM sin a(x-a) + / > cosa(x-b)-r 

- 4- 9sin a (x-c) + U-«*<* (x—*1)1 

If the transverse load applied to a beam consists of force couples 
point loads, uniformly distributed and uniformly varying loads 
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of various slopes (triangular loading areas), then all theso loads are 
to be taken into account with appropriate subscripts within the sum 
sign. 

< 36 - 64 > 

2 g.+2 (*-»■>+ 2,1 T“'‘ + 

(36.65) 

sin clM =u 2 A/iCOsa(x —ai)+ 2 Pi sin a (x — bt) + 

-r-i- 2 ?i(l— cosa(x — ci)) + 

-i- 2 k ‘ I® (* — d i) — sin a (I — d()l (36.66) 

cos a M = - a 2 M, si n a (x - a,) + 2 Pi cos a (x - d,) + 

- -j- 2 sin a (x — ci) + -l? 2 (1 —cos a (x—d|)l (36.67) 

Practical use of formulas (36.60)-(36.63) requires calculations of 
trigonometric moments for various loading diagrams. Moments M„ 



Fig. 36.3 


and .1/, are shear force and bending moment at the given section, 
they are caused by transverse loads and are simple to determine. 
Sine-moments and cosine-moments arc calculated for several types 
of transverse loads. 

First, the relationship between trigonometric moments with 
respect to two parallel axes are established so that the required 
transition formulas are obtained for these two axes. 
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According to Fig. 36.4, the sine-moment of force P with respect 
to axis 1-1 is given by 


sin o M' = P sin axi (36.68) 

The sine-moment of the same force with respect to axis 2-2 is 
sin aM’ = P sin ax 2 (36.69) 
Since x 2 = + b, hence 

sin a M ’ = P sin a (x, + b) = P sin ar, 
cos ab + P cos ar! sin a b 


Fig. 36.4 


or 

sin aM" = sin aM' cos ab + 

+ cos a M' sin ab (36.70) 
This relationship may be written as 


sin aM’ = sin a {M' + b) (36.71) 
Similarly, the transition formula for the cosine-moment is 

cos aM' = cos aM' cos ab — sin aM' sin ab (36.72) 


cos aM" = cos o (M' -f b) (36.73) 

Arrangement of terms in (36.64) and (36.65) makes it possible 
to apply formulas (36.66) and (36.67) to any particular loading 
diagram. 



Fig. 36.5 


Fig. 36.6 


Consider trigonometric moments for the most popular loading 
diagrams. 

Loading diagram No. 1: a single point load (Fig. 36.5) 

sin aM' = P sin ab (36.74) 

cos aM' = P cos ab (36.75) 

Loading diagram No. 2: a system of m arbitrarily arranged point 
forces (Fig. 36.6) 

sin aM' = P, sin a b t -f- P 2 sin ab 2 

-f P m sin ab m = y PjSinab,- 


(36.76) 
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cos a M' -- P, cos aii, + P 2 cos <xb 2 + 

+ P m cos ab m = 21 Pi cos abi (36.77) 

Loading diagram No. 3: a system of m equal forces applied at 
equal distances from each other and from the moment point 
(Fig. 36.7) 

sinoAT = /> sinah, (36.78) 

cosaA/' = / > 2J cosa6/ (36.79) 

Using the summation formulas of the trigonometric functions, 
wo obtain 

sin aM' = P sin ab sin cosec (36.80) 

cos ciM' -= P cos "* £ * a b sin —^ coscc -^r (36.81) 



Fig. 3C.7 Fig. 30.8 


Loading diagram No. 4: a system of m equal point forces applied 
at equal distances from each other, while the distance from the last 
force to the moment point is equal to (Fig. 36.8) 

sin a M' =- P 2 sin ab (36.82) 

coso M' = P 2 cos 2 * ~ 1 af> 


(36.83) 



Loading diagram No. 5: uniformly distributed load (Fig. 36.9). 
The sine-moment is determined by a sum of elementary forces qdx 

sin a M' = j gsin ax dx — 

= X(i_cosac) (36.84) 
Similarly, the cosine-moment is 
Fig.36.9 cos a A/' = j gcosaxdx = -^-sinac 

(36.85) 

Sine-moments and cosine-moments with respect to axis 2-2 are 
determined according to transition formulas (3C.70) and (36.72) 

sin a M‘ = sin aAf ' cos ac 2 j- cos a M ' si n ac 2 = 

= (1 — cosac)cosacj -2- sin acsin ac 2 = 

= -£-(cosac,-cosac,) (36.86) 

This formula may be derived by determining the unknown moment 
as a difference between moments from loads qc, anil qc 2 , respectively. 
Cosine-moments arc similarly determined. Thus. 

sin aiV/* = X (cosac, — cosac,) (36.87) 

cos aM’ (sin ac, — siu ac,) (36.88) 

Loading diagram No.6: an increasing triangular load (Fig. 36.10). 
Taking an elementary loading area at distance x from axis 
f-7 and noting that y = -j(<f —x), we find 

sin a\I' = [ y sin axdx = ^ (a d — sin ad) (36.89) 



Similarly 


cosaA/' = -^j(l-cosad) 


(36.90) 




Moments with respect to axis 2-2 are determined by transition 
formulas 

sin a AT = (sin ad,—sin ad,) + cos ad, (30.91) 

cos oAT=(cosad,—cos ad,) — sin ad, (36.92) 

Loading diagram No. 7: a decreasing triangular load (Fig. 36.11). 
Previous formulas may bo applied, if the given loading area is 


Fig. 36.10 Fig. 36.11 


determined as the difference between the rectangle abed and the 
triangle bed 


sin a M' = £- (1 — cos ad) — (ad —sin ad) 

(36.93) 

sin aM' = (sin ad—ad cos ad) 

(36.94) 

and 

cos a AT = (cos ad—ad sin ad) 

(36.95) 

Passing to the parallel axis 2-2 

sin aM" = (sin ad,) -j- — sin ad, 

(36.96) 

cos aM’ = -^j- (cos ad, -r cos ad,) + — sin ad, 

(36.97) 


Loading diagram No. 8: a symmetrical triangular load (Fig. 36.12). 
Expressions for the sine-moments and cosine-moments with res¬ 
pect to axes 1-1 and 2-2 are determined by formulas derived for 
loading diagrams No. 6 and No. 7 

sin aM' = • (sin ad — sin 2ad) -f-jj-cosad-t- 

+-^ 5 -(si n ad — ad cos ad) = sin ad (1 — cos ad) 










254 


Beams Under Combined Flexure and Compression 


hence, 

sin oA/' = (2 sin ad — sin 2ad) (36.98) 

cos aM' = (2 cos ad—cos 2ad) (36.99) 

For axis 2-2 

sin aM' = [sin a (d + <4) — sin ad,] + -£- cos a (d + d 2 ) + 

+-^5j[sina(d + d 2 ) + sin ad 2 l — -£• cos a (d + <4) = 

= [2 sin a (d -|- dj) — sin ad, + sin ad 2 | (36.100) 

cos aM’ = (2 cos a (d + d 2 ) — cos ad, cos ad 2 ] (36.101) 

Loading diagram No. 9: an asymmetrical triangular loading area 
(Fig. 36.13). 



According to formulas derived for loading diagrams No. 6 and 
No. 7 we find 

sin aM'=[sin ad'— sina(d ;- d')| ■{■ sin ad' (36.102) 
cos aM' = [ cos ad' — cos a (d i- d') | cos ad' (36.103) 

With respect to axis 2-2 

sin aM' = [sin a (d' -f- d 2 ) — sin ad,[ -J- 

+ -gp- [sin a (d' -[- d 2 ) ; sin ad 2 l (36.104) 
cosaM'= [cos a (d'+ <4) — cos ad,|+ 

+ -jsjr [COS a (d' + di) f cos ad 2 | 


(36.105) 
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Loading diagram No. 10: a trapezoidal load (Fig. 36.14) 

sin aM' = Sl^L—^cosad —Joined (36.106) 

cosad/'=-£-sinod—^-cosad (36.107) 

sin ad/* =» Pt + Pt cos ad t — cos ad, + 

+-£L-(sinad t —sin ad,) (36.108) 

cos ad/* = sin ad, -f- (cos ad 2 — cos ad,) (36.109) 



Fig. 30.14 Fig. 36.15 


_Lottding diagram No. 11: a force couple (Fig. 36.15). Denoting 
d/ = ./>5 

sin ail/' =/* sin a (a-f 6) — Psinaa = 

= P sin ad (cos a8 — 1) + P cos an sin a6 
Assuming 6-*-0 and P-*- oo, so that P6 = Al 

sin ad/' = />cosa aa6 = ad/cos aa (36.110) 

cosad/'= — ad/sinaa (36.111) 

Formulas derived for the loading diagrams examined above make 
it possible to use the general solutions given by (36.60)-(36.63) 
without expanding the trigonometric moments according to (36.64)- 
(36.65); these general formulas may be applied to determine initial 
parameters, unknown stresses and displacements caused by various 
transverse loads. 

37. ROTATING ROD OF CONSTANT RIGIDITY UNDER COMPRESSION 
AND FLEXURE 

The author of this book noted that mechanical properties of mate¬ 
rials improve more rapidly than their physical properties. As a 
result, components of heightened flexibility become more widely 




applied. Evaluation of such components for simultaneous action 
of bending moment and axial compression appears to be not accurate 
enough and practically inadequate when performed on the basis of 
the initial geometry, in this connection, calculations of the steady 
strength become increasingly important, i.e., computation of the 
deformed stale of the system 
with the influence of disp¬ 
lacements upon the stress 
taken into account. In additi- 
on, increasing speeds of mo¬ 
ving members increases the 
influence of inertia forces, 
which cause an additional lo¬ 
ading and must be also taken 
into consideration. 

Fig. 37.1 Such problems may be sol¬ 

ved by using moments of 
higher order and the moment-operational method. 

In the present section a compression-curved rod of constant rigidi¬ 
ty under arbitrary transverse load and constant longitudinal force 
is taken as an example of application of the moment-operational 
method lo determine approximate displacements taking into account 
inertia forces arising as the rod rotates about its axis. 

Differential equation of the flexural curve is given by 

& S = -a 'El -g- + p *EIv (37.1) 

where 




m = distributed mass 

M-t = q + k (x — d) = moment of minus first order of the loading 
T . or the intensity of distributed load 

, compound transverse load shown in Fig. 37.1 by several 
oa ing factors of various types may just as well be composed of 
_ ,. r I 1lrar y “timber of loads. Application of the moment-operational 
not An "j cs ' l possible to derive a general solution, which docs 
intn .J )Cnd 0n °, n >’ Particular transverse loading. The latter is taken 
cul»r w C °! mt on| y *f ,er the final formulas are obtained when parli- 
Tho lg " er momei, ts are to be expanded. 
determi l J! 0 j , £ nt °* l ** e "' l *' order °* static and kinematic loads is 
‘ermmed by the following expression 








In this formula t designates differently arranged loads of the same 
type, and v 0 and d 0 arc the initial kinematic parameters. 

Equation (37.1) is solved by the method of successive approxima¬ 
tions. Assuming, as usual, that initially o = 0 and f) = 0, we obtain 
the condition of pure flexure: 



Noting that 



the third and fourth integrals give in the zero approximation the 
angle and deflection, respectively 

EI —=—!• EIv—^Z- 

Substitution of this approximation into the right-hand part of 
(37.1) for the expressions containing r results in a new differential 
equation, integration of which gives the next approximation. 

For simplicity of presentation, only the deviations of two successi¬ 
ve approximations will be determined in order to establish the regu¬ 
larity in the structure of the approximations and to derive the general 
expression for the n-lh approximation. Thus, we have avoided the 
cumbersome calculations associated with the derivation of expanded 
approximations which would make this analysis difficult. 

Now let us examine the following equation 

+ < 37 - 3 ) 

the right-hand part of which contains only those terms which were 
neglected in the first approximation. When solving this equation 
we determine the correction v t corresponding to the n-th approxi¬ 
mation. 

Equation (37.3) on the basis of the previous expression may be 
presented as 

£/J &-Ftp < 37 - 4 > 

From this we obtain the correction t>, for the first approximation 

£ '-&—( 37 -=> 

+ (37.6) 
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Taking into account the obtained correction to the zero approxi¬ 
mation we obtain tho first approximation, then equation (37.3) 
gives a more accurate formula 

hence, 

wn-^-w-#-+r% 

Further substitution of these expressions into equation (37.3) 
gives a still more accurate formula 

El S' = “ a ‘ -?f-13a 4 P 5 - 3a-p 4 ^ -^f (37-10) 

the integration of which gives n 3 , i.e.. the correction fer the third 
approximation 

< 37 " 1 

«•>“-*•£ + 3>r 4rf - W TT J P* T^f l- 17 - 12 ) 


Similarly, 

obtained 



o 4 , the correction for the fourth approximation, is 


r- P'-rar 


■If „ 

IS! 

(37.13) 

(37.14) 


These four corrections, (37.5)-(37.14). are sufficient to establish 
their regularity and to derive a formula for the correction of the n-lh 
approximation. 

The correction, which should he added to the (n — l)-lh approxi¬ 
mation to obtain the n-lh approximation of the angle, has the form 


£/£-«e.-2 (-»■•■( £ 


The correction, which should he added to the (« — l)-lh approxi¬ 
mation to obtain the n-lh approximation of the deflection, has the 
form 




(37.10) 
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TIiii.s, an expression for the angular displacement in an arbitrary 
.section 

«/»,-* 4 jf + tV(H, e, : e, i ...j (37.17) 

may lie now written as 

or more briefly as 

£ ' e .-2 2i-1)"-‘(')»»'" "P'sSsrTr, or'»> 

Similarly, the following expression for the deflection in an 
arbitrary section of the rod 

E, °x = lir + EI G** ■ (-'57.10) 


may lx; on the basis of (37.11!) transformed to 

*«■- Z 2 l-T' | (37.211) 

Tims, as a result of successive iterations, Hie general solution is 
expressed in the form of a power series. 

Symbols of moments included in these formulas may be expanded 
to correspond to the particular loading according to formulas and 
diagrams of See. 7. 

In order to estimate the accuracy of any given approximation, 
the last remaining term of the infinite moment series should be eva¬ 
luated in each particular case, because the classical solution of a 
differential equation and its approximate solution by the moment- 
operational method arc closely connected: the approximate solution 
in terms of moment symbols, obtained by iteration, as well as I’ikar's 
solution of ordinary differential equations, is Toylor-Maclourin's 
scries. 

Formulas (37.18) and (37.20) are generalized expressions for displa¬ 
cements in rods under combined loading. When (5 0. they trans- 

17* 



form into the usual moment series 


which are used for approximate rigidity calculations. 


Let a beam of constant rigidity El be loaded by a distributed axial 
comprcssivo load of intensity p applied along the total length of the 
beam, and by an arbitrary transverse compound load consisting of 
point force couples, point forces, uniformly distributed loads and 
uniformly varying (decreasing or increasing) distributed loads (only 
one load of each type is shown in Fig. 38.1). 

The differential equation of the flexural curve for this particular 
case is given by 

X _!* - .». . j* « £/-^-+/w-^ = A/ 0 (38.1) 

b __ where px ^ = axial force at any 

I T arbitrary section X 

| p with abscissa x 

* M 0 - zero order moment 

n a ' l l1£rTT\ of Ihe left forces 

| p~ 9 l iTTVli 1 L ■ or transverse force 

l/> ; |; - of the transverse 

-ja I load 

P~* | v deflection of the 

r c ~ ^ i axis of the beam 

| , '_J measured upwards 

El •--? rigidity of I lie beam 
Fig. 38.1 Denoting 

p = P El (38.2) 


v/-g- = Mo-px£7^. 


Assuming for the first approximation that P = 0, i.e., by neglect¬ 
ing the axial forces, we have 
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which after integration gives 



Elv- 


M t 

21 

M 3 

3! 


(38.4) 


(38.5) 


Further approximations will he derived from (38.3). in this case 
Mo will be disregarded, because its influence is allowed for in expres¬ 
sions (38.4) and (38.5) derived for ^ and v. In other words, the more 
accurate successive approximations will be determined by including 
in expressions for ^ and v only those supplementary terms by which 
any considered approximation is distinguished from the previous 
one. Thus, for the given case 

»-£■-i 38 - 6 ) 

The second and third integrals ore expressed by formulas of Sec. 20 
for particular values of the index. 

Having the subsidiary formulas, we return to (38.0) and substitute 
into it (for the first approximation) the value Elj- Z from formulas 
(38.4). Then we obtain 

-M-t 1 (38.7) 


For the second and third integrations of the obtained expression 
we use the subsidiary formulas, and when n = 2 we find 






(38.8) 


(38.8) 

Similarly, the next approximation is given by 



For the second integral of the right-hand part of this expression 
we apply formulas of Sec. 20 


-(*t- 2 4MH 8 '(4-^-3*£+ 3 4r-) <»•«) 
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«~*r( 4 -*-«.*+**)- 

-(,A- 3 |L|^2 |) =(^.i.- 4l ^. + t ,i) (38.12) 

Similarly, 

»&--2r[ 3 -5-TS l -»T"f- “TrJ (38 ' 13 > 

Integration of this equation is performed by applying the same 
subsidiary formulas, and assuming n — (>, 7 and 8. After integration 
and collecting similar terms 

# ■ 26»*f^40ilj(38.14) 
(38 ' IS > 

Combining the obtained formulas into one general expression, 

- UlA)- 
i ' 52 *TW L " ai, TTf) ' (»'•> 

«’ *-»('*-»*) 

_p^ i: j"»_15 iE *"a.-|.82 a; ^f-IC2^-)- r ... (38.17) 

The moment series obtained from the integration arc rapidly con¬ 
verging, alternating, monotonously decreasing series. They converge 
so rapidly, that two terms of a scries arc usually sufficient for all 
practical engineering applications. Because of this, for the further 
calculations of angles and deflections we shall only use the following 
formulas 

= (38.18) 

These formulas will be used in the rigidity design of a beam; for 
strength designing, however, formulas for bending moments and 
transverse forces are required. These formulas are obtained by taking 





the first and second derivatives of (38.18) 

< :8U!0> 

,!/-»/,(38.21) 

The formulas make it possible to solve a beam carrying an arbitra¬ 
ry compound transversal load, whereas without the symbolics of 
higher order moments up to the present time solutions have been 
possible only for a limited number of simple eases, and this by assum¬ 
ing that axial load is distributed uniformly along the axis of the 
beam. 



Fig. 38.2 


We shall show that the approximate solution deviates only a little 
from the exact solution, as can be seen from the comparison of the 
exact solution and the approximate solution given by two terms 
of the infinite moment series. Let a beam be loaded by uniformly 
distributed axial forces and by a point load applied to the free end 
(Fig. 38.2). Expanding the symbolic moments in formula (38.19) 
and taking into account the initial angle (0*) and the initial def¬ 
lection (e A ), on the basis of formula (III) we obtain 

|p(*£-3£)] + 

.p(~--3pi) + £/e, 1 (x_p-g-)+ £/..» 

As the deflection is zero at the right support (04 = 0. when 
x~ l), then 

Elv„ = P (■£-3p-ji) + EIQ a ( l- P -£) + EIv a = 0 (38.22) 

Similarly, since the angle is zero at the fixed end, according to 
(38.18), when x = l we have 

El», - P ( -J- - 3(1 ij-) + Eie, (1 - P) - 0 (38.23) 
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It follows from (38.22) and (38.23), that 



EIQ A =-Ig-k, 

(38.24) 

where 

60—3pJ* 

1 60 — 10p/3 

(38.25) 

and 

(38.26) 


where 

(38.27) 

960—40pl 3 — (Pi 3 ) 2 

2 960 — 160p/* 

Designating pt 3 = -|- 

to simplify the com pa 

rison with the exact 

solutions we obtain 

5120 —480i) 2 -i-27i)* 

* 5120— t920«i 2 

(38.28) 


t _ 80-9r, 2 
** 80 - 30ii 3 

(38.29) 

Coefficients fc, and k. 

• are presented in Table 38 

1.1 for various valu- 


Table 38.1 


Comparison o( Coefficients fc„ A 2 and fcj 



os of i| for angles and deflections calculated by the moment-opera¬ 
tional method and the exact values obtained by V. Makushin and 
N. Malinin by means of Bessel's functions. 

According to this table, the difference in the approximate and exact 
solutions is observed to increase together with tj, i.c., with the in- 
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crease of axial forces; however, even when q = 1 (which corresponds 
to 30% of the critical load) the divergence does not exceed 4%. Thus, 
two terms in tho derived formulas are sufficient for most of the pra¬ 
ctical cases, although there are no essential difficulties involved in 
determining more exact approximations according to formulas (38.16) 
and (38.17). Similarly, calculations of all static and kinematic 
quantities, as applied to any transverse load, are reduced to algebraic 
computations only. 

To calculate the bending moment in the second approximation 
we use formula (38.21) substituting into it the value of x = / and 
for the moments of higher order, the following values 

^-p%-+Eie A c+Eiv, 

M,~Px 

which results in 

max M = PI (l—§£-)_£/e A J“L 
But 

Eie A =-lg-k,; pi s = -2-q* 

we arrive at 

ffl’ + W'’ 4 .) ( 3S ' 3 °) 

max M = Plk } (38.31) 

where 

kt = i -l2 r ? + T6 ’)’** (38.32) 

V arious values of k 3 are presented in Table 38.1 for comparison 
with corresponding values of k', calculated by V. Makushin and 
.X. Malinin by means of Bessel's functions. 

Owing to the sign-varying character of the moment series and 
because of the rapid decrease of terms, the obtained values of static 
and kinematic quantities will oscillate about the exact values, if 
the moment scries arc limited to the first, second, third, etc. terms. 
Solutions obtained by taking the first terms only (which means as¬ 
suming p = 0) will be obviously smaller than the exact ones. This 
follows from the fact that P = 0 corresponds to a beam without any 
axial loads, while the infinite series give exact solutions. Therefore, 
the first terms give underestimated values, while values obtained 
by formulas (38.18)-(38.21) arc overestimated. The next approxi- 
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motions, if required, will be underestimated with respect to the exact 
solutions, although they will bo much closer to the exact solution 
than the first approximation (underestimated) and the second appro¬ 
ximation (overestimated). 

Let us analyse the speed of convergence of one of the moment 
scries, for example, the series represented by (38.10). It is obvious 
that the greater divergence from the exact solution is expected when 
a point load is applied to the free end. Then 


EI-%- = EieA\- 




18x« 03 


•+] + 


Assuming, as before, that p / 3 — x *' 2 1U "* l * , c ro f° rc P * 3 — 
= -5- q 1 (-j-) 3 we arrive at 

El -g- - me A [ I - ^ rf (i )■’-V'>■ ( T )" - 

Let us lake the slowest case of convergence (r I) when deter- 
mining ihc initial Vila. of MU. who,, Iho -i- 
eml is equal to soro. Then the expression ... Iho liralb 
formula (38.33) will form a series, the members of which arc 
9 , »'l l 

u,=i; "2 = 24 >r; “ 3=128 

Assuming q = 1 for simplicity of calculations (Table 38.1), the 
following ratios are obtained for the coefficients 


These relations transform the examined scries into the following 
alternating, monotonically and rapidly decreasing senes 
M , (1 - 0.375 + 0.0703 - 0.00!) -r • • -1 
c iin iiar analysis carried out for the scries in the second brackets 
of formula (38.33), when * = l and q = 1. gives 

.£*1(1 — 0.1120 — 0.00445—0.00009-i • ••) 

2 ' 
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-£*- = 0.020 

From the above we conclude that when evaluating the strength 
and rigidity of a beam, we may expect quite satisfactory results 
using only two members of the infinite moment series, i.o., from 
formulas (38.18)-(38.21). 

If the moment symbols in (38.18)-(38.21) arc replaced by their 
expressions according to formulas (I)-(IV) for any particular loading, 
for example, the loading shown in Fig. 38.1 (or a more complicated 
one), then the so-called “universal" formulas will be obtained. 



l'ig. 3S.3 


For a beam loaded as shown in Fig. 38.2 the following expressions 
are given by (38.20) and (38.21) for the transverse force and the bend¬ 
ing moment at an arbitrary section X at a distance x from the free 
end of the beam 

where 

... f 9 9 . X 3 

P^-P'V-T'V 

To calculate the stability of a beam subjected to axial loads 
(Fig. 38.3), wo reject all transverse loads and lake into account only 
the possiblo "kinematic" load, i.c., the initial deviation 0 A , when 
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x = l formula (38.16) gives 

£/e, - */»„ [ i - f ( 1 4 - * -S-)+ 

+ 52i Tr- 80 4r)]“ £re ^['-T + 4'<l !, '>’ _ 
-|f(Wfv]-« <«<> 


The right-hand part of this formula is zero only in two cases: 
(1) when EIB a = 0 or (2) when the expression in brackets is zero. 
The first case corresponds to small axial forces, when the load does 
not exceed the critical point and the axis of the beam does not chan¬ 
ge its initial rectilinear shape. Otherwise gfe 0 and the condition 
9 0 = 0 is satisfied if the expression in brackets is zero. 
Remembering that 

o'-i t-tt— 


where S = pi is the resultant of the axial forces, from formula 
(38.34) we obtain the series 


" 2.3-S-6-8-9 _r 2-3-5-6-S-9-11•I 


If this scries is limited to two, four, or any other even number 
of terms, it gives the underestimated value of the critical load. Howe¬ 
ver, if the series is limited to an uneven number of terms, we obtain 
an overestimated value of the critical load. For example, the second 
approximation gives 


1-^ = 0; m, = G; S t = ^-<S 


the third approximation gives 

l-fi + TSST' 0 ’ «S-S-6»,!-2.3.5.6-0 
mj =-8.29; S, = ^^->5 


the fourth approximation gives 

1 — TJ^2-3-5G — 2-3.5.6-8-9 = 0 

m 4 = 7.83; S t = 7.83 -^- <S 





■SiCSjCS, ... < 5j n+ i < S 2n *3 < ... <s<s tn + t < 

<S 2n < ...<S t <S t (38.37) 


The value of the critical force obtained from the cubic equation 
(S,) is about 0.5% smaller than the exact value of the critical force; 
this is of great practical importance. In general, when solving diffe¬ 
rential equations by the method of successive approximations wo 
obtain a sequence, which contains alternating values (underestimat¬ 
ing and overestimating the exact solutions), while all the solutions 
given by the energy method overestimate the exact solution. For 
example, this happens in solving a cantilever by the Rilz-Timoshon- 
ko method, if the flexural curve is assumed to be formed by loading 
the free end of a beam with a point load or by any other load. In 
addition, the calculations involved in the energy method arc very 
large. 

For convenience of use, formulas (38.13)-(38.21) arc expanded for 
the general type of loadings shown in Fig. 38.1 

Q -| ft fa. feT'W ]- 

-g, V ! ' |J - ft ] (38.3S) 

•v- -q-*e.+[v,+ft(»-M+i, -y 1 ' + 

« i _ e/e^ [l - p 41 + [ K (,-«,) +P, + 

+ ! ,!£^ + 4 ,!iriE] (38.40) 
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EIv x = EIv A + Eie A [x-^J + 

- [ ^ + k, - 

—M «- +"■ ^+». ^+*. ^ ]+ 

+*( V ,(Ejpe + /', ^ +»,^ + »,(i9SEJ 

These (ormulas determine the hen ding inoincnl, ruin Lion angles, 
deflection and transverse force at any arbitrary section X with 
abscissa x. All these quantities will be larger by a few per cent Ilian 
the exact values obtained by means of Bessel's functions. Initial 
angles and doflcclions may be determined, as usual, from the boun¬ 
dary conditions for the fixed end (zero angle and zero deflection). 

39. PRISMATIC BEAM UNDER ARBITRARY TRANSVERSE LOAD AND 
LINEAR AXIAL FORCES 

The differential equation for the flexural curve of I lie particular 
axial load (Pig. 39.1) is 



Substitution of Ely for k results in 

£/g = A/ 0 -^£/.g (39.1a) 


J 


Axial loading diao-arr. 


The first approximation is derived by assuming y ■■-= 0 

El g- Mo. i7g = M, (39.16> 

and 

£/g = ^; Elv .-..^2 (39.2) 

Substitution of the value of El -g obtained at the firsl appro¬ 
ximation into (39.1a) results in 

pm 





Integration of this equation gives 

(4-t-^+t) (»«> 

E, 'dl = —y (”2”*"4r ^ X ‘~ET 3 75r) (30-5) 

,(4.^-^+,^) ( , 9 . G> 

The next approximation is formulated by substituting A/ — 
from (39.5) into (39.1a) and rewriting all the terms in such a way 
that they arc of the same type a m . '■ ~T • —r . we obtain 

“S-f(«~S-T)-«|rT5 , +»T-39 # J '7> 

Tho following integrals ore derived from this equation 

EI——&1&* ;W s AO x ’ i 

, & M, .. M. , ,. M.\ 

09.8) 

tf* 7 \ 4! 0! 18 3! TT' r 

— 48x W + 03 'w) (39.9) 

+ 57 T" ■ IF ~ 105x Tfi? -r 1 «8 jff ) (39.10) 

approx!inactions' ,M ° ,,,ai,,ed * ~-ing the successive 

E/ % " <? . : J /«—T-y- * ^ + 

v s f(i — x3 , •. i* .l/.\ 

1 7 v 4! TT 6 '3r‘5r +d T , Gf)--” (39.11) 

*'*• ; 2 3! x 5tr+-srJ- r - 

V ( 4! 5! 12 "3!" or*' r) T"7f~ 

_ 15,^9 ■ 4 R W|»\ 


(39.12) 




(39.13) 


2^+ 3 tt) + 

+v 3 (<++'- 18 -f-++ 3 3+'4 s - 

-«‘Tf+« 8 ^) —• 

+I .( 6 4.^-24il.a + s7i.t- 

_ 105 *^+ 168 ^')-... ( 39 . 14 ) 

For praclical purposes these formulas give an excessive accuracy, 
two terms in each formula are sufficient, as explained in the previous 
sections. Let us examine a ease when the transverse load consists 
of one force applied to the free end of the beam; then we may expect 
the largest possible deviations from the exact solution. Taking into 
account tho following value of the critical load for this particular 
type of load 


S„ = ^= 16.10 


where -i- is the ratio of the applied longitudinal load and the 
critical load, i. e., m=^. 

When x — l from formula (39.1-1) we find 

+ £ ,H^l[l-3i=.J r+ (iS r 2)=” 5 -] + £/•'„ 

For an axial load which is half tho critical load, i.e., when 


^-(1-0.0191+0.0064- ...) + 

+ EIBJ (1 - 0.1338 + 0.0151 —...) + EIv a =* 0 
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Thu Alternating sorics in parentheses converge rapidly, so that in 
all the previous eases sufficiently accurate solutions will be given 
by two terms of each formula (39.11)-(39.14) for tho static and kine¬ 
matic values of the beam strength and rigidity. 

Stability of the examined beam may be also analysed, let us assu¬ 
me that there is no transverse load and only kinematic load need 
be considered (i.e., the initial value of the angle); then in accordance 
with (39.13) we obtain 

£/6,, _ £/6., (1 — v (4 • 4 - 21 ■¥ + 3 if) + 

-4814 + 63 - 4 )-]-° 


Therefore, since EIQ A i 


f) 3-47.8 = 


(39.16) 


Noting that S = — = Y - ~ fc - and therefore — equation 
(39.Hi) if limited only to three terms may be rearranged in the 
following way 


SP, 1 . « 

F. 1 3-4-78 


>0 


S = 17.41 -jy- (39,17) 

while the exact solution is 

5= lG.IO^j- 


To obtain a more accurate value of the critical force, smaller than 
the exact solution and therefore preferable for practical purposes, 
the following cubic equations should be solved 


El 3 4 ‘ 
The solution is 


S = 16.03 -j5- 

4% lower than the exact solution. 


(39.13) 
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Stability problems are studied in detail in Sec. 41. Let us now 
design a uniform beam subjected to compression and flexure, which 
may be represented by a charging screw of a macaroni extruder. 

Longitudinal and Transverse Deflection of a Screw 
Screw convoyors are widely used in various branches of industry, 
such as: macaroni industry (extruding macaroni products), rubber 
industry (forming rubber tubes), pencil industry (making pencil 
leads), and in the peat, ceramic, soap-making industries, etc. 



Fig. 39.2 


Screw conveyors set up the working pressure by rotation of the 
screw in a chamber, which terminates in a die pressing head. At 
pressures higher than 100 kgf/cm* (as in extruding macaroni products) 
any further increase in the productivity of the extruder is limited 
by the strength of the charging screw. 

When designing the screw, all the loads applied must be analysed 
and their influence upon the strength of the screw evaluated. 

There arc no general formulas for all the possible pressing materials 
and designs of tho charging screw, although the methods of calcu¬ 
lation havo much in common. 

As an example, let us study the design of a charging screw of a 
a macaroni press. 

Examine a screw of a uniform screw pitch with bearings at the 
ends to determine the loads acting upon the screw. Such a screw is 
shown schematically in Fig. 39.2. The productivity of the press and 
the maximum pressure are assumed to be known. Pressure is assumed 
to vary uniformly along the screw from zero to the working pressure, 
which is confirmed by experimental data. 

The origin of coordinates is placed at tho centre of gravity of the 
left-hand butt-end of the screw and the axis is directed along its 
axle, thus forming a right-hand coordinate system. The coordinate 
axes are assumed to rotate together with the screw. 



The normal pressure p N at any seclion is determined by the follo¬ 
wing formula 


where p m „ = maximum pressure and 
l = length of the screw 

The intensity of the continuous axial load is determined from the 
following. 



Fig. 30.3 


The normal ^pressure p. v may bo expanded into components 
(Fig. 39.3) as for a screw 

Px = Px cos P; p r = p.y sin p 

where p = mean pitch angle 
p x = axial pressure 
p r = tangent pressure 

Take an elementary area dF on the surface of the screw convolution 


1'ho axial force 


dF - rtair ^i 

within angle da is given by 
dN x = J p x dF = j p x rdadr 


the pressure may be assumed constant along the radius, 
dN x = p N — da 


where = internal radius of the screw 
R, = external radius of the screw 




Angle a has the following relationship with the abscissa * 


whore t = screw pitch. 

Thus, the intensity of the continuous axial load is given by 
m. d.V, Hi-HI 2 n 

s _ 9x = - S f- = Ps 2 • — 

jt 1 . T ( 39 . 20 ) 

, i 1 ...iii.i.i". ^ The axial pressure p x in addi- 

i : | j ‘" j ’ ( I ■" ■ 1 i 1 \ j f ' tion to the axial compressive 

1 | * I ' I | V] stress creates bending moments 

—'■t1. about y and z axes; these distri- 

; j ' ■ j I li^ i buled moments arc determined 

_ : 1 I | y< V s j l i in a similar manner and are cor- 

* —’Ovi/ . rcspondingly equal to 


(39.22) 

The tangent pressure p r creates a distributed torque of intensity 
m, orq iic and transverse loads q v and q t in planes of ij and z axes. 

m,„ r, 110 = dli, 'o'iur „ px Un p ??- fl * . (39.23) 

„ „ ... 2ji 2n ,on o/. 


Besides I hose loads, the screw is subjected to a point load S, which 
is the axial reaction of the left collar thrust bearing and a torque at 
the left support, which is transmitted to the screw by a gear. 

As a result, the screw is under the influence of compression, torque 
and longitudinal and transverse flexure, as shown in Fig. 39.4. 


Elastic Equilibrium of a Screw Under Axial and Transverse Flexure 
To simplify the investigation, the transverse loads are assumed 
to follow constant amplitude sine and cosine law having equal 
average values q„, q ; , m. y , m t . 
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Then the expressions for tho transverse loads in compliance with 
formulas (39.21), (39.22), (39.24), (39.25) arc 
j.-ifitanpIt-SacoSM 


- Ian P 


Bl-llj „ 


(39.28) 

(39.27) 

(39.28) 

(39.29) 


Since the transverse load acts in two mutually perpendicular 
planes, combined compression and flexure must be studied for these 
two planes separately and then summarized. 



Fig. 30.5 


The axial load consists of a point load (reaction of the left support) 
and of a uniformly increasing distributed axial load. The transverse 
flexure about axis z is caused by a distributed transverse load of 
intensity q„ and of a distributed bending moment of intensity m t . 
Let us examine the combined compression and flexure in this plane. 

First of all, a moment series of the n-th order for the load q y will 
be composed for the general case, where the load begins at distance c 
from the origin, as shown in Fig. 39.5. The general formula for the 
it-lh moment in this case is given by 

A/„= j q y du(x—u) n = ^ A (x —u) n cos ax du 


- tan p — 


vhcrc 


(39.30) 




xcosa(M-c) | + „<(„!_ 4) j | (x-a) n - cos a (u — c)du (39.31) 

The general expression for M„ from the distributed tending 
moment m t is given by 

M„ = j m z (x— u) n ~ l du= j D (sin a (u — c) (x — u)" _l d«] (39.32) 


If this expression is integrated as the previous formula, then the 
distributed bending moment results in a formula for the (n+ l)-th 
moment. That is why the power of the term containing x in (39.32) 
must bo reduced by a unity to obtain an expression for the n-th 
moment 

xcosa(u-c) | T + 
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Substitution of the expression for Q from (39.43) in (39.42) gives 



<»■«> 

This differential equation may be solved by successive approxi¬ 
mations anb an appropriate number of approximations must be 
made to obtain the required accuracy. 



Fig. 39.0 


In the first approximation the axial loads are disregarded; then 
equation (39.44) becomes 

»£-<?. (30-*5) 

Three successive integrations of (39.43) give the following expres¬ 
sions for the first approximation 

(a) for the bending moment 

Elg-M, (39.46) 

(b) for the rotation angle 

(39.17) 

(c) for the deflection 

(39.48) 

The second approximation is determined by disregarding the trans¬ 
verse loads; this transforms equation (39.44) into 



(39.49) 






For simplicity of calculations, the following designations are 
introduced 

S = v *EI (39.50) 

k = >pEI (39.51) 

and substitutions into (39.49) give 

«S- -wi+wi-i ( 39 - 52 > 

Substitution of the first approximation of El ^ from (39.47) 
into (39.52) gives the following equation 

*'S—t’f+Vwt »-®> 

This equation is integrated according to the rules of bimoment 
integration. In this particular case is the bimoment to integra¬ 
te; for the triple integration we use the following formulas 

J <»•»> 

5J4-^ , '*’-i'iSSr- 2 *(fe5r+ 3 (n7% <»•*> 

i j j £■ ~nf d ‘‘ - w"w ±% ~ 3 ’ 5W+“ jrffjr < :i9 ' 5 “> 

As a result of integration of expression (39.53) in the second appro¬ 
ximation we obtain 

(a) for the bending moment 

“V s -TT + ^-fr" 1 ^— >!>**-^j*--4-1|> 3 (39.57) 

(1>) for the rotation angle 

“W* ■ + <!»■*> 

(c) for the deflection 

*/■>--r J S‘+*‘if' 2 sr-'t f 3«4 L + 6 «’-Tf <w»> 

Suppose two approximations are sufficient. More accurate solu¬ 
tions may be obtained by taking the third and fourth approxima¬ 
tions, i.e., by substituting the expression for the angle from the 
second approximation (39.58) into the initial equation (39.52) and 
by integrating the obtained expression threo limes, as in the second 
approximation. Any required accuracy may be obtained by this 
method. 
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and Compt 


Final expressions for the second approximations aro obtained by 
summarizing the right-hand parts of the corresponding equations 
from the first and second approximations: 

(a) for the bending moment 


( 30 - 00 ) 


(b) for the rotation angle 

(o) Tor the deflection 

rw M, ., it/, , .„ *2 M. M. , ,, il/ 7 


(39.61) 

(39.62) 


These formulas give approximate solutions for uniform beams 
by the moment-operational method for a composite load, which 
consists of an arbitrary transverse load, compressing point load S 
and a uniformly distributed varying axial load. 

The general expression for ^ in these formulas may be expanded 
for any particular load applied to the worm, including all static 
factors and initial kinematic factors (initial angle and deflection), 
according to the following formula 


iSsr+S 37 ^;;- - 

■ (33-33) 


where v 0 , 9„ = deflection and angle at the origin 
M, P, q, k = static factors of the transverse load 
For the case under examination, i.e., the given worm loading 
and the location of supports, quantities v„, M, P, q and k are zero, 
but there is a transverse distributed load following a cosine law and 
a distributed bending moment following a sine law. 

Equation (39.60) may be used for evaluating the strength of the 
worm, with the expressions from (39.36), (39.37), and (39.38) substi¬ 
tuted for corresponding moment symbols at c = 0 as the load 
is assumed acting upon the entire worm 


x [if + cos flX “ ^ + »**] + ■ • ( 39 - 64 ) 
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Afler collecting terms we obtain 
Ef '7]T= \ ~ + -jf] I* — cosax| — y-EIQ^x 

+ir E,e ° ~ v* [4+4 JI yc - 4 cos ax —4 J r <r 1 f4+ 

+ 4 J [ 3 IT '*"4' 4 cos ax 4 sin ax + 4 ( J - cos <**) J (38-63) 

Finally, new designations are introduced by 
/, (x) = l—cosax 

/*(*>-4 + 4 ,eo, “ _ 4 

/a (*) = 3 4 + -y- • - jj- cos (ix — sin ax + i(l— cos ax) 

wliich are substituted into (39.05) to give the following expression 

+ ** [4 + 4] /.(*)-T**«8b+ 4 £/e » ( 39 -®6) 

Tables may be compiled for /1 (x), / 2 (x) and / 3 (x) for ibe given 
dimensions of the charging worm, and quantities A, B, y* and qr 
may be determined if the pressure Pmai is known. 

40. PRISMATIC REAM UNDER ARBITRARY TRANSVERSE LOAD AND 
AXIAL FORCES DISTRIBUTED ALONG TIIE BEAM ACCORDING TO POLY¬ 
NOMIAL LAW 

The differential equation of the flexural curve of u beam under 
the influence of a load shown in Fig. 40.1 is represented by 

«$+ (0.+ Pi* + fc4 + fc Tr +---) EI -E— -v. (-4°... 1 ) 

where N x = (Po + Pi* + Pi 3 + Pj 35 + • • •) El is the axial 
load at section X with distance x from the free end of the beam. 
According to the conditions set in this problem, there arc distributed 
axial loads acting upon the beam in addition to the point load at its 
end. The axial load distribution may be expressed or approximated 
by a polynomial of a certain order. 

Assuming for the first approximation that the axial load is absent, 
we obtain the solution from formula (40.1), then substituting 
for El and integrating once, twice and three times, we obtain 
the values of the second approximation for , jj and v. The 
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sum of solutions obtained in the first and second approximations 
gives formulas (40.2)-(40.5) which may be applied when the beam 



Axial loading diagram 
Fig. 40.1 


if forces disln- 


is loaded by a compound transverse load and by axial 
buted along the beam according to a polynomial law. 

« - E ' li - (fc ■+ fct + fcT + P. i-+ ■■■) I s («-2) 

...j ('10.3) 

• a MMt)- 

irr) + ■ ■ j 0°4) 

(40.5) 

These formulas should be expanded for the given load according 
to the primary formulas (l)-(III). 8 

Solutions obtained from formulas (40.2)-(40.5) arc slightly larger 

Formulas (40.2)-(40.5) arc used in , t V - ls ? ery am ? U - 
of bars. Formula (40.4) should be used fo? 8 , ‘ n8M,Ity d . CS ‘ gn 
it results in a quadratic equation for the erkir .11 ? c °™P«‘ a ‘* on * 

if the boundary condition is to be salisf.J.i ^ , - ( overestlmatc<1 )- 

the angle is zero when * = l (point X 1 al ,ho n 8 hl support, i.c., 
the ratio of coefficients p 0 , Pi. P, ls cllosen at point/?). However, 

so that they may be expressed in terms mus *' * ,c k®P l constant 

finally give the value of the critical load i ° P arametcr . which will 
ly undercsliinalcd value of the critical 1 | or< * er f° °htain a slight- 

tion of (40.4) must be used for writing ° a< ’ fourth approxima- 
done in the case of formula (39.18). 8 8 cu k* c equation, os it was 



Chapter VIII 

Application of Moment-Operational Method 
to Certain Complex Problems 


41. STABILITY OK BARS UNDER AXIAL COMPRESSION 

For stability design of bars special subsidiary formulas must 
be derived which arc more suitable for this purpose than the for¬ 
mulas applied in the previous chapter for strength and rigidity 
design of beams under combined action of compression and ben¬ 
ding. 

Let us consider a function of the following type 


y= 


M- 

(n + 1)! ~T 


OM) 


and suppose that successive integrals of this function are required. 
Repeated integration by parts results in 



No transverse load is assumed to be applied to the bar, as shown 
in Fig. 41.1; there is only a kinematic load at the free end .4 of the 
bar (initial slope and deflection), and an axial load following a cer¬ 
tain law is applied to the bar. Under these particular conditions all 
the moments, except M : , will vanish and the second moment will 
have a constant value equal to the initial slope 


= £70, 


(41.3) 
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Hence 

f I"* 1 A/j , _ ,W. 

J (n-j-1)! 2 ax ~ 2 • (a + 2)! 

The successive integrals can be accordingly expressed 


(«•<> 


and 


«m 

!Hw-**-4~TSSr ««•> 


Formulas (41.2)-(41.6) cannot be applied to transverse static loads, 
because [unctions M x , M„, .... will be discontinuous as in 

the case of concentrated static loads, such as: a force couple, a point 


A- 



load, a distributed load. These functions will have two values at 
their application points; thus, formulas (41.2)-(41.G) may be used 
only when the distributed loads arc applied to the entire length of 
the bar and initial kinematic parameters arc allowed for. In these 
cases formulas (41.2)-(41.6) will be even more effective than those 
presented in Sec. i9. 

Formulas (41.2)-(41.6) will be applied to determine critical loads 
for a uniform rod fixed at ono end (Fig. 41.1) and subjected to a para¬ 
bolic axial load. Suppose the axial force at section X at a distance 
x from the free end is given by 

N X = S (41.7) 


where S is the resultant of all axial loads applied to the bar within 
the span. 

By denoting 

S = aEI (41.8) 


we arrive at a differential equation for the flexural curve, as in 
examining beams under combined action of compression and bending 

(«•» 


But M 0 = 0 in 


the absence of transverse static load; therefore 

<«•*« 



SlaOilil 
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Taking for the first approximation, El— , 1 

ve obtain 

1* 

11 

[ 

t- 

(41.11) 

and the two successive integrals will be given by 


r . <Pv M j 

(41.12) 


and 


(41.13) 


Substitution of this expression in the righl-hand'side of (41.10) 
will result in 


11 l*"(n + l)(n + 2) ' 2 


and the second integral of this expression will give for the second 
approximation 

E '~SI = ,i ’ (n-r 1) (n + 2) (2n + 3) (2n + 4) l 2 " '~T ' e,C ' (411 °> 
As a result, the following infinite scries is obtained 

/?/6=-y-[l- — • ( n-p ,,(n-j-2) + 

+ (n.:.|)(«-:.2)(2n + 3)(2« + e) “ 

(.. : I) ; 2)(2.1 + 3)(2 n + 4) (3n -j. 5)(3n4-6) + * ''] 


Since the slope is zero at the fixed end, the right-hand side of 
(41.16) is zero when x = l, which means that cither 0 B = 0 or the 
expression in the brackets is zero. In our case only the second version 
is possible, and so 

. ttl* , _<alf£_ 

(i>-r 1)2) (n^l)(„- 2)(2n-3)(2... : /,) 

— l)(n-2)(2«-3)(2n T 4)(3n + 5)(3/i-r6) + - =° ( 41 - 17 ) 


By taking only three terms of (41.17) we obtain a quadratic 
equation for the critical load 

A _^_ 1 i OV 

t"-i l)(«-‘ 2) ^ (n -r 1) (“ + 2) (2n + 3) (2n -r 4) t'1.10, 

By assuming n =r. 0, 1, 2, 3, etc., wc derive from (41.18) a set 
of quadratic equations corresponding to various types of distributed 
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axial load. According to (41.8) 

S = aEI=al i %-=k-%- (41.19) 

where k = aP. 

Therefore, 

(1) fcj—3*4 A' o 4 -1"2>3*4 = 0 when n = 0 (41.20) 

(2) Jt; —5-6A, + 2-3-5-6=-0 when»=l (41.21) 

(3) A2—7-8fct-f 3.4-7-8=0 when n = 2 (41.22) 

(4) AJ — 9-10Aj + 4-5-9-10 = 0 when n = 3 (41.23) 

Solving these quadratic equations and taking the lowest values 

of the critical loads, we obtain the following cases. 

(1) When n =0, k 0 =2.54 and 

S = 2.54-^- (41.24) 

However, the case when a = 0 means that the bar is subjected to 

a constant point force and the critical load is known to be equal to 

WI.25) 

This should he compared with the approximate solution given by 
the RiU-Timoshcnko method. If the flexural curve is assumed to 
follow the shape of a cantilever loaded by a transverse force at the 
free end, then the critical force is 

5 = 2.50-^- (41.26) 

Thus, the moment-operational method gives a solution which 
deviates from the exact solution by 3% and from the Hit/.-Timoshen¬ 
ko solution, bv 1.5%, as follows from comparison of formulas (41.24)* 
(41.26). 

(2) When n = 1, k, = 8.29 and 

5 = 8.29-^- (41.27) 

These conditions refer to a uniformly distributed axial load, and 
the approximate solutions given by S. Timoshenko and J. Lesscls 
arc the following 

A—HS—»-3°# (41.28) 

*>--nsr-/-"-jr- (11-20) 

* The first approximate solution (41.28) practically docs not differ 
from the solution given by (41.27), while the second solution (41.29) 



deviates from it by 4.7%; as for the amount of calculations involved, 
tho moment-operational method appears to be preferable. 

(3) When n = 2, k 3 « 17.41 and 


S ■» 17.41 (41.30) 

This case corresponds to a triangular diagram of the axial load. 
(4) When n = 3, k t = 30.0 and 

S=30-jf- (41.31) 

This formula determines the critical load in the case of axial 
forces distributed along the beam according to the square parabola 


The scries given by (41.17) is obviously converging, because it 
is un alternating, monotonously decreasing scries and the ratio 
of two successive items approaches zero (when i oo) 


*-0; uj—►O (41.32) 


If four terms are taken in formula (41.17) instead of three, then 
a more exact solution is obtained whose value is slightly below the 
exact solution, while that of the previous solution was slightly larger. 

For example, the second loading diagram examined previously 
(the uniform loading) leads to the following cubic equation for the 
more exact value of the critical load 


k 3 — 8 -9Ac* + 5 -6 -8 *9Ar — 2 *3 -5 -6 -8 -9 =0 

* = 7.83 and 5 = 7.83-^- (41.34) 

while the solution given by S. Timoshenko in the second approxi¬ 
mation is 

5=7.90-^- 

thal is only 1 % larger. 

By taking two, three and four terms in (41.33) we obtain the 
following values of the coefficients: 6.00, 8.29, 7.83, respectively, 
thus approaching the exact value 7.87. 

The successive solutions systematically approach the exact solu¬ 
tion from the left (S,, S ,) and from the right (S-, S t ). as shown in 
Fig. 41.2. 






260 Moment-Operational Method in Complex Problems 

From these considerations we conclude that the third approxima¬ 
tion, which is the second underestimated value of the critical load 
obtained by solving the cubic equation (41.33), provides a safety 
margin for the stability. 


s s. s, 


A similar method of solving stability problems may be used for 
any other distribution of the axial loading if the rigidity of the bar 
also follows a certain law. 


42. BEAMS ON ELASTIC FOUNDATION UNDER COMBINED COMPRESSION 
AND BENDING 


Let beam El of uniform rigidity be located on an clastic founda¬ 
tion of a linearly varying rigidity; suppose this beam is subjected 



Fig. 42.1 
S = a}EI\ k 0 

Then 


to axial forces and to an arbit¬ 
rary transverse load, as shown 
in Fig. 42.1. The rigidity of the 
foundation at section X with abs¬ 
cissa x is given by 

k x = ko + k,x (42.1) 
and the differential equation of 
the flexural curve is written ac¬ 
cording to the considerations 
outlined in Chap. VI and VII 

£/ -37T- 5 -£r+ 

-’ V ;-*,*»= M. t (42.2) 
The following designations 
are introduced 

= p*£/; k, = y *EI (42.3) 


El -!j-L + a s £/ -g -+FEIv + -fxEIu =M., (42.4) 


This is a differential equation of the fourth order with a right- 
hand side and constant coefficients; it will bo solved by the method 
of successive approximations. 








E/ -7T “ ~2r~ • E,v — -3T- 


nml ovory subsequent approximation is obtainod by integrating 
E/-££-——a*ES - FBtv — y'EIxv (42.5) 


after substituting the values of El and EIv obtained from the 
corresponding expressions determined in the previous approxima¬ 
tion, as shown in Sec. 29. 

By adding the results of successive approximations, wo obtain 
in tho fourth approximation tho general expressions for <?, Af. EfS 
and EIv. 

For the transverse force 

{“•4r+F J £-+r[*^—^-]} + 
*f“‘-£ t + a *?’-5r+ 2 “V[*-g*-- 2 #.] + 

+wW- s -r]+»'f+ 

-£f-] + 3«*0‘-^ + 

-Wf^-^-Sr-^t.+n *p-j + 6T .x 

x fT"r8 t -Tf"nl t +«*-nl L -«-5p-]} <«-6) 
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For tho bending moments 

M = M , — { a= + v’ [ * -$■ ~ 2 | } + 

+ {«•-£ +W-^+2«V[*-^-3-ii]-l 
•l-2|)V[*4i t -' 1 -W*-J+P‘T- + 
r 2 v‘[#'fi ! '- 4 'fif + 7 -firj}- 
-{“•-fi L + 3 ‘>‘0 , fi 1 + 3 ‘‘V[*^- 42 S L J- 

- kW [« 3 •&•] + 3.-f -£f- I 

+ 2a*v‘[3|f- -n} ! --15x-^r-i 34-^f-J !• 

+3fV[*4r- (i ^rJ + l |, 4r i 

+ opv[#'4F-3«4r' ,7 4rj 

< i2 - 7 > 


For llio rotation angles of sections 

™-Tr~{^TT+f 4r+v*[* 4r— 3 fir I) + 

+ {«*-^ + 2a.|..^ + 2tt Y[«^-4^|H- 

+ 2fV[^-5^-pf‘-^ + 2v<r#-T- 

-3*-m L +' 2 4r]}-{“ , T-+ 3 «‘P’'T+ 

+s«v [* 4f - 5 -fir]+[* 4r - 6 4r]+ 

+ + 2«v [3 f--5f- 18x^1 + 

+ 52 iif ] + 3 PV 0-fif - 7 T^-] + + 

- 7 #- J fir+«^- 52 fifi L l} <«-»> 
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For the deflections 

l W[«-5f~«-^] + P‘-n| l -+2ir ‘[#■-£/-- 

-«*4r H 8 4r]}-{“ , T-+ 3 « , » , -nf '■ 

■' 3.v[«-^-6 4rJ+ r »W[^-v^-J + 

I-3«T ^Y [3 ^ ■ 4r ~ 211 W-+ 13 "h 1 ]+ 

‘-3>v[*-S l -» 2 S L ] + P' 2 &-+«|iv[i-4f- 

- 8 't+ 32 wJ+ 6 v[|-^-«#- 2 S ! -+ 

+ 32i-ai-84-ga-]} (42.9) 

Formulas (42.6), (42.8) and (42.9) are of a general type, because 
they may be applied to beams on clastic foundation, both with or 
without rigid supports and to beams subjected to any transverse 
load and a constant load S. The following particular cases are deriv¬ 
ed from these formulas: 

(a) a = 0 —a beam on clastic foundation of rigidity k x = fc 0 + 


(b) a = 0, p = 0 — a beam on clastic foundation of rigidity 
k x =*, i; 

(c) a =?t 0, p = 0, y =0 —an ordinary beam under combinod 
compression and flexure; 

(d) a =0, P = 0, y = 0 — a beam under an arbitrary transverse 

Formulas (42.6) to (42.9) give the solution of the fourth approxi¬ 
mation. The first, second and third approximations are obtained 
from these formulas by taking one, two, and three terms, respective¬ 
ly, in each formula. 

V. Kopylenko solved several practical problems to the fourth 
approximation: their comparison with exact solutions showed negli¬ 
gible deviations. 

N. Soldatov showed that the infinite series obtained by the 
moment-operational method represented MacLaurin's series of 
Puiyrevsky’s function for the classical solution of a beam resting 
on an clastic foundation. N. Soldatov examined the results and came 



to the conclusion that the solution obtained by V. Kopylenko in 
the third approximation is equal to the exact solution given by the 
classic theory (up to the seventh figure). However, for a more rigid 
and a longer foundation the fourth approximation may be necessary. 
In general, every particular loading diagram requires a special eva¬ 
luation on the basis of the Tailor-MacLaurin’s power series, because 
the sum of the rejected terms docs not exceed the last remaining 
terra of the series. Thus, the exactness of the obtained results may 
be found by determining the value of the last term of the series. 

«. NON-UNIFORM BEAM UNDER AXIAL FORCE 
Consider a function y = F (x) which is a product of two functions 
a = <P (x) / (X) (43.1) 

the first of which is a limited and continuous function, while the 
second one is a sum of a finite number of functions, which arc equal 
to zero on the left-hand side of a certain point and continuous on 
the right-hand side, being either continuous or discontinuous at the 
point itself. Lot 9', <p', 9', . . . designate the first, second, third,... 
derivatives of 9 with respect to x and /,, / 2 , /,, . . . designate the 
first, second, third,... integrals of / (x). 

Let „ /2. ,, 13. „ ... designate the first, second, third,... 
integrals of y = 9 (x) / (x) and 

... (43.2) 



represent the product of / and 9 integrated n times. 

Similarly, l n , z will represent a double product of / and 9 integrat¬ 
ed n times 

/«. z = | ... j 9 /n. 1 dx" = j ... j 9 dx n j ... j 9 /1 lx" (43.3) 



In other words, /„. 2 is determined by multiplying / (x) by 9 (x), 
integrating the result n limes, then multiplying the integral by 9 (x) 
the second time and integrating the result n times more. 

Similarly, the following integral 

1= j ... j 9<fx" j ... j 9<fx" j ... j 9/dx" (43.4) 



represents the result of applying the described procedure three times: 
first, function / (x) is multiplied by 9 (x) and the result is integrated 
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n times, then this integral is again multiplied by 9 (x) and the result 
integrated n times more, and, finally, the result is multiplied by 
<fi ( x) for the third time and then integrated n times. 

Thus, the function y = 9 (x) / (x) is calculated by partial inte¬ 
gration 

' A. 1 =<p/i — <p'lt ! <p7a — 97» + 9 ,v /s _ • - • (43.5) 

It ., = 9/2 - 29'/j + 39'A - / «P7» + 59*7.- ( / '3-6) 

/a. 1 = 9 / 3 — 39 'A -h 69 'A - IO 9 */, + 159 iv /, - ... (43.7) 


These integrals may lac expressed by a general formula (assu¬ 
ming that 9 ,0, = 9) 

'-- t 2 <43 - 8 ’ 

Coefficients for various values of n (number of integrations) and h 
(ordinal number of term in the series) are given in Table 43.1. 


Table 43.1 

Coefficients for Various Values oi ?i and fr 



According to Pascal's triangle, every coefficient of this table 
is a sum of two coefficients preceding it in column and in line. This 
relation may be given in a general form by examining formula (43.8): 
from this formula it follows thatj 

(2fr n — 2)1 . .. (2* + n-2)! 

Il n,I* — (2k— 1)! (n — i)l ’ 2ftl(n-2)t 

and the sura of these coefficients which precede the coefficient 
u„. zk-t-i > n column and in line is 

«n.2» + «n-,.2A + , = «„.**♦, (43.9) 


Let us calculate the following integral 

A. z = jj 9<&* j j 9 fdx 1 = j j iflt.tdx* 


(43.10) 
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If wo substitute 12. i in (43.0) for / successive partial inte¬ 
gration gives the following formula 

/j.s=<P‘a(A. t) — l<t'i 3 (I 2 , 0 fVM/t i) — 

— 4q>%(/.. i) -|-q) ,v f e (/ 2 . i) — ... 

where i 2 (/ 2 . ,), i 3 (/ 2 . ,), ... aro the second, third,... integrals of 
fa.«. However, according to the integration procedure 

it(l j. i) = /«. t! *’j(^ 2. i) = i ••• 

fa. s = fU. i — 2<p'/ s> | + 3(p"/ 0i ( — 4<p*f T ,, -f- oipiv/g. i — ... (43.11) 
Similarly, the expression for f 2 , a is given by 
It i= \ \ a. a dx* = <pf 2 (/a. 2 ) — 2q>'i 3 (f 2 .a) i 

+ 3q>'i*(/ 2 .a) — 4<p"f» (/*.*) +5(pt% (/., 2 )— ... (43.12) 

The quantities contained in formula (43.12) are equal to 
*2 (fa. a) — f j h.idx- = j j j J (p/ 2 . t dx* 

= <P*4 (^2. i) — 4«p'i» (/ 2 .,) + 10<p”i 0 (/ 2 .,) — 

- 20q.-i, (/ 2 .,) + 35cp ,v i, = ,f /„., - 


- 4<p7 7 .. + lOqi'/g., - 20<p, -1- 35<p IV / 10 ., - ... (43.13) 

«a (/*.*)= jjj h.idx 3 = i t (<flz. i) = 

= <pi — 5<p'/g., + 15(p'/*. i — 35cp'/| 0 . i -|- 70<p ,v /||. i —- ... (43.14) 

‘*(^2.2)= j J j j f2.2d**=f 9 (*Pf2.l) = 

— *P*«(^2. i)—6q>'j 7 (/ 2 , i) + 21(p"ig(/ 2 . i) — ;»6(p”ig(/ 2> i) + 

+ 12fi(p Iv i, 0 (/ 2 .,)— ... = (p/g., — (irp'f*. i + 

-r 21cp'/ 10 ., - 56cp*/„., + 126<p' v / 12 ., - ... (43.13) 

In the same way we obtain tho fifth and sixth integrals of the 
function / 2 . 2 

i»(fa. 2) = *j(<pfa. t)= <pf». 1 — 7<p'/|o. 1 + 

+ 28q>7„., - 84<p'/ 12 ., + 210<p'v/ ia -- (43.16) 

*’«(7a. 2) = ««(‘p/a. i) = q>/io. 1 —8q>7„.H- 

-I-3firp'/,a., - 120<p"/,a., + 330<p>v/ w ., _ . .. (43.17) 




Similarly, I 2 . 4 cnn be presen led ns 

f*.4= j j «P4 j tlx* = <pij(/ 2 . j)-2<p'i 3 (I t .,) + 

•h •Vi t (/ 2 . a )-4q)%(/ 2 . J )-hV v <# (/».»)-••• (13.18) 

<2 (A. 3) = U (*p/2.2) = <P *4 ( ft . 2) — (/*. 2) + 

+ 10^'io (/,. 2 ) - 20<p"i', (I t . 2 ) + 3591V,-, (/ , ,)- 

By substituting into (43.11) the expressions for integral quantities 
/,. 1. U. 1 • • • given by (43.8) and considering Table 43.1 we obtain 

1 it. 2= <p 7« - c«pq*7»+(%'+W J ) l» - 

- (2499" -!- 489V) /»+•■■ (43.19) 

In order to apply (ho formulas derived above to beams of variable 
section subjected to compression and bending let us soivo the follow¬ 
ing differential equation of the flexural curve 

El£~- r Sv = M, (43.20) 

by successive approximations. 

In (43.20) tho quantity S represents the longitudinal compressive 
force and M, is tho bending moment caused by the transversal load. 
Assuming for the first approximation that S = 0, wo obtain 

Designating 

HT = ' i 

we arrive at 

-£T = Y w i 

Hence, 

u=jJ Y M,dr s (43.21) 

The second approximation is derived from (43.20) by considering 
the following equation 



which may bo transformed by substitution of (43.21) into 

v*.<<»■ 
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And, finally, 

v=-S \ j ydx- j j yM t dx 1 (43.22) 

Substituting v = < P ®nd Mt = /. we have 

v = I t . t -SI i . i + S*I i . 3 - ... (43.23) 

in which the integral quantities / 2 . i, I 3 . 2 , /2. 3 • • • are determined 
from the above mentioned formulas. 

For practical purposes two terms are sufficient in evaluating 
strength and rigidity of non-uniform beams under combined compres¬ 
sion and bending 

v = /j. , - SI 2 , 2 (43.24) 

and the magnitude obtained is a little larger than the exact value, 
which is of considerable practical importance. 

Assuming <p = y and / = M , in formulas (43.6) and (43.19) we 
obtain an expression for substitution into formula (43.24) 

- 5 ['»’ TT ~ °VY" + (13 ty' + W 1 - 

- (24,. v- + 48vY) + ... ] (43.25) 

Higher moments entering this formula should be determined from 
the basic formula (I) of this monograph; as to the derivatives of 
the expressions for the flexibility of the beam (v\ y"), they are espe¬ 
cially easy to calculate when the flexibility, which is inverse to 
rigidity, is expressed (either exactly or approximately) by an algebra¬ 
ic polinomial 

Y=Yo-S-Yi* + Yix + Y3ir+ ••• (43.26) 

In this particular case 

Y' = Yi + Ys* + Y 3-^-+ ••• 


Y“=Ya + V**+ •• • otc- 

Problem 1. Let a beam, fixed at one end, be subjected to a point 
load P and an axial force S (Fig. 43.1) and the flexibility Y = £7 
of the beam varies according to a linear law. 
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L ° l To " FT, re P'«“« the flexibility of the beam at Ihe fixed 
d!ri™d“ "" " bllr "' y P" 1 ' 0 " U» following expressions may be 


V'-—To—;—: T'-O; v --0, otc.J • 

(43.27) 

Tbe llexibHity and lt> I 

at the fixed end (when , _ J) equ ,, u 

,_y. and v'=--v,=fl (43 . 28) 

Substituting end / _«, ioto " 

t following 1 expressions ^ < 43 - 6 > “ d (43 - ,9 > 

(43.29) 

/*.* = Y/i., — 2y7 itl (43.30) 

And from formula (43.8) we have 

(43.31) 

'••'■TTT-Sv'Tr- (43.32) 

which may be substituted into (43.30) and give 

f 2 . z = Y* 4 1 - 6 yy' 4£- + W* 4£- (43.33) 


This expression could be also derived from formula (43.19), 
Similarly, according to formula (43.12), we obtain 


j J T/,.,d»’-Vi,(f,.,)-2v'I,(J,.,)- 

= T (Yf o. i— 4 T 7 ’.') “ 2 T' ( t/ ’. 5 T'/,.,) = 

.V ! 7.,,- |i TV''r.i + 10 T"'-.' 



mpltx Proble 


However, it follows from Table 43.1 end formula (43.8) that 

, A/. , , A/, 

/7. i = Y-gi-?Y -gr¬ 

and 

Y^-av’^f- 

"L _ 12yY *t + 52 yy- - W («-34) 

Substitution of / 2 . ,, /j. 2 and 12. s from formulas (43.29), (43.33) 
and (43.34), respectively, into formula (43.23) gives 

»-(Y^-2V^-)-s(V^-6n-^ + 

f 10»'= i) +5" ( Y- ^ - 12Y-V' + 

+»»v3t-«y-Sp)-... 

In this formula the higher moments, the flexibility and its deriva¬ 
tive are functions of the abscissa; by differentiating this expression 
with respect to 1 and considering the relation ~ and 

formula (43.27) we find the expression for the angle of rotation 
e -(Y'^-Y’^)-*(V^-iYY'# + 

*v #)+*> (v^-w^+ 

+ 28n"^-2«»-^!-)-... (43.36) 

Further differentiation will give the expression for the curva- 


Y«-yM,- s (f 2?v''■?*■) + 

+*■(,• !*--6yY^+10yy-.£.)-. 
°r. after dividing both sides of this formula by y 

+ Sl ( v s"L_6yv'-^ + 10Y'*-^-)-... 





Further differentiation will give the expressions for the transversal 
force and its derivative 

e~£-«.-«(r£-v4M+ 

+*(*%—*&&+**•%■)-... <43.39) 

and 

-gUv-.-s,)/,2w'4r)- i«.«i 

Formulas (43.35), (43.36) and (43.38)-(43.40) allow the correspond¬ 
ing quantities of any compound load consisting of point and distri¬ 
buted forces and force couples to be determined on the basis of gene¬ 
ral formula (I). As for the kinematic parameters (in particular, the 
initial values of rotation angles and linear displacements), they re¬ 
quire special consideration. Assuming that no static load (force or 
moment) is applied to the beam, from formula (43.20) wo obtain 

EI**-=-S» -I 

or L (43.41) 

<P V 1 c <Pu c I 

-S3—— W s °- -S3—-VS" ) 

Assuming for the first approximation that 

J £r= ~ySM 0 (v) (43.42) 

we derive by integration, according to formulas (43.5) and (43.6) 

-5 j vW 0 (t')dr=-5[vM l -Y'^] (p) (43.43) 

u= -5 j j v M 0 (v)d*= —2 V < "!](„) (43 . Vl) 

l)y substituting (43.44) into (43.41) we arrive at 

"S’" +S ’[''’-5T— 2 W't-]» (««) 

The second integral of this equation gives the expression for v; 
the same result may be obtained directly from formula 

p = yMo dx* (43.46) 

from which, according to formula (43.23), we find 

- s ’(VTr-«W^+iov"$.)M 


(43.47) 




Term by lerm differentiation of (43.47) gives us 

4v'*-a t )(»> («■«) 

Combining formulas (43.42), (43.44) and (43.47) we get the third 
approximation for the deflection caused by the linear kinematic load 

S[V^—2 V '^] + 

4-S> ('v’-St 4 -— 3 YY' -5T + 10 v'’ T- ] - • • } <»> I 43 -®) 

while combining formulas (43.43) and (43.48) we get the third appro¬ 
ximation for the angle of rotation caused by the same kinematic load 

+ S.[ T .^„4„--g!- + 4Y'--Si]_ }M (43.50) 

Formulas for deflections and rotation angles due to angular kine¬ 
matic loads are integral expressions with respect to the corresponding 
formulas referring to the linear kinematic loads; hence, from (43.49) 
and (43.50) the following is derived 

o-{».- S [Y#- 3 Y'-^l + 

+ s ’[Y’Tr- 8 ™'Tr + ,0 Y' ! 4rJ- " } (fl) 

e_ {«.-*[,+ 

+*■ [Y'^r-'-YY'-sr+V 1 -® 1 ]-. ■ } («) (43.52) 


When no kinematic loads are applied, the formulas derived above 
can be used to obtain the initial angle 0 A and the initial deflection 
v at section A. For an arbitrary section X with abscissa x the follo¬ 
wing is derived from formulas (43.49)-(43.52) 

-¥T t “Y , v)-'.) H MYl-V})4 

+ S--(y’-J- g yy'-U-+10y"4)- •] (43.53) 






+ < *"w)--]+ e ’[ , - s (r£--r'w) + 

+ s ‘(y'ir-in'^+4y"4r)--] < 43 - 54 > 

Combination of formulas (43.35) and (43.53) gives on exact formu¬ 
la for the deflections, while the combination of formulas (43.36) 
and (43.54) gives an exact formula for angles of rotation. The two 
unknown values, O 0 and v 0 , can be determined by considering 
(43.28), under tho condition that at the right support (x = /) the 
linear and angular deflections arc equal to zero 

+ S ‘ [>•' ( -TT) - ‘ 2 V.’ ( -!■" ) ( - Tr) + 

+ S2v.(v.-=fi) s (— ^-)-ao(-y.^r-)‘« 

X (-■?)) -...} +n {,-S[y.±- 
-2(-v. 3:4 = 4 iJ-yJ + s ! [v.'-g—eY:(-v. il r l )4r + 

+ e.{;_if r ,if-s(-*==iS)-£.] + 

+ ' i (~ j - 1 -) ( 3r)J + 

Sr)-»v:(- T .iF £ )(-Tr) + 




+ fo { — S [yo* — ( — Vo j ) ~J "• 

t- 5 ’ [vJ-J-4v. ( -v» s -r~) "3r + 


+ e# {l-5[v.4-(-V.^-)i-]^ 

-i-5 1 [vj — /tVo (“Vo-^j—) -5T + 

H-4 ( — Vo~t~) ! "grJ • • •} = 0 

Hy eliminating llic terms containing 5= in the last two formulas 
we obtain the second approximations of the values i> 0 and © 0 . which 
arc slightly larger than the exact 
11 Y solution, and so are all the other 

1 _ .• quantities related to strength and 

S _ l j 1 1 ■ 1 rigidity of the given non-uniform 

V / I * ' i - s' beam subjected to combined com- 
m a l- 4 2 ‘ pression and bending under forces/' 

and S- In the ease when any other 
l ; I I i I I I I I j_ transversal loads are applied to 
: r ' a ’ the beam, the only changes in the 

calculations will consist in intro- 
' c, ‘ ducing to (43.35) and (43.36) the 

Kig. U.. expressions for higher moments 

corresponding to the particular ty¬ 
pe of loading. 

Problem 2. Let a beam fixed at both ends be subjected to axial 
forces 5 and a uniform continuous load of intensity q (Fig. 43.2). 
The flexibility of the beam changes according to the second order 
parabola law 


where Vo=-£j^= flexibility of the beam at mid-span 

It, and /) = moments of inertia of tho beam cross section at 
mid-span and supports, respectively 
T = flexibility of the beam at an arbitrary section 
with abscissa x 




Then the derivatives of the flexibility are expressed by 

V'=—Y*-T-(l —2f); Y'=Vo-tt; V' = 0 (43.58) 

I'or the mid-span section 

Y — Yol Y'=0; Y* = Yo -jg -1 Y" = 0 (43.59) 

In order to apply formula (43.23), wo must first determine the 
integral quantities , and /j, ,. Assuming in (43.0) that 

<P = Y and / = M, we find B 1 

+ (43.60) 

Similarly, from formula (43.19) wo get 

**■ * = yZ tSM 6 YY' + (13VV* + 10y' 5 ) 

-(24vy" + 48vV)-^5-- ... (43.61) 

to *“1* C48.1SH«-*5) 

J J J.L 3yi, (/,.,)- 

_ 1. .7 T •+*!"».+,)~ V <tA. . -Sf'... + 

„ v ’■ 0 .^ V ’W«- • - 6 y'/,. , + 21 Y'/ If .,)-= 

. r V , ‘ 1 + (13 yy' + 10y' 5 ) I». 1 — 48y'y'A>. 1 + 

'“Y ... (43.02) 

l ? Table 43.1 and formula (43.12), integrals 
moments ' *’ *•' an n /|o., may be expressed in terms of higher 

The . , 

"""“"i ®, ; it», d Z,i„d i»» »■ b “ nJ '' y “■ dm “ 
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that at the right support the deflection is zero. The n-th moment 
at the right support is 


When v =0 and x = l from (43.23) considering expressions (43.60)- 
(43.614) we obtain 

+ i3 v:-TT (v.^- + 36v. %-TTT) + 

+ 63^(tt) ! (v.^ + 55v.t-w)J-"-° («UB> 


Taking the second approximation which gives an overestimated 
value of the support moment, we arrive at the equation 




from which, after substituting the values of the higher moments 
calculated according to formula (43.64) and rearranging the terms, 
the unknown quantity is determined 


XI A = 


(, + 4«)-W(f s +2a) 


(43.67) 


44. IIIGIIKIt MOMENTS OF VECTOR QUANTITIES IN SPACE 

1. Definition of Higher Moments in Space 

In examining higher moments in space, arbitrary vector quantities 
arc considered and rules are established to determine moments 
of any order of these quantities given in space. 

Tho moment of the n-th order of a vector P is represented by the 
product Ph", where h is tho arm of the vector P with respect to tho 
given centre of the moments. 

2. Higher Moments of Vector, Arbitrarily Defined in'Planc 
Examining the two-dimensional problem successively in three 

mutually perpendicular planes of a left-handed coordinate system 
and compiling expressions for the first moments of the three compo¬ 
nents X , Y, Z of any vector quantity, for example, of a force, which 



is located arbitrarily in spaco and represented by vector P, in all 
three cases, we place the observer in identical conditions for observ¬ 
ing the apparent rotation caused by the moment with respect to the 
coordinate axes, while the origin is located at the centre of momenta. 
According to vector calculus, the sign of a linear moment is assumed 
positive when the rotation caused by the moment takes place in the 
direction of the shortest way of the axis x rotating about the axis * 
to coincide with the axis y. 

If the point of application of an ar¬ 
bitrary vector is given by coordinates x, 
y, z, then the components of the linear 
moment of the vector P with respect to 
the moment centre 0 along the axes x, 
y, z (Fig. 44.1) arc expressed by formu- 

M, x = yZ-zY 1 
.!/,„ = zX-xZ } (44.1) 

M l: =xY-yX J 

They represent the moments of the vec¬ 
tor P with respect to axes x, y and z, respectively. 

Let us examine how these moments arc formed, as well as the 
moments of higher order, with respect to axis x. 

Let h x be the arm of the vector P, Jl with respect to point 0; thee 

M n = p v^x = Py: (y cos a — z sin a) 

However, 

cos a = and sina = -j£- 

Dcsignnting M , (Z) = yZ and M,(Y) =zY, we obtain 
Mix = M\ (Z) - M, (Y) 

In all theso cases subscript 1 means that tho arm of the force is 
taken in the first power. Similarly, for tho second moments designa¬ 
tion M t will be used, etc. 

Ihc second moment of the same component Py, of the vector P 
with respect to Ihc moment centre 0 is given by 

Mi, « Py,h* = Py. (y cos a - * sin o) J = P r .y" cos’ a - 

- 2 P v ,yt cos a sin a + p yt ? sin s a = *L _ 2P v ,yt -L- x 

x itr+ 7%— 4: i*,(z) z - 2 *. m «> vo+my) n 

20* 
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(44.2) become free from Iho binomial coefficients 

pn : , = M n (Z ± Z „-1 _ z -r-* M|( y)yo + 

+ "2^>Z"->i^ly-...(-l) n .^y"- 1 (44.3) 

The application of formulas (44.2) and (44.3) is not limited by 
the case of one vector quantity. If, for example, the components S 
and T of the vector P (Fig. 44.2) 
arc not parallel to the coordinate 
axes z and y, then the problem of 
determining tho moments of this 
vector may be reduced to the previ¬ 
ous problem by employing compo¬ 
nents Y„ Z„ Y z and Z z of the gi¬ 
ven components S and T. In this 
ease formulas (44.2) and (44.3) re¬ 
main the same 

Z = Z, + Z z and Y = Y t + Y z 

In the ease of more than two intersecting vectors, i.e., a pencil 
of m vectors with a common origin, the components Z t and Y t of 
each vector P t may be determined likewise, and in formulas (44.2) 
and (44.3) 

Z=£Z, and Y= ff T, 

3. Sign Convention for Higher Moments of Arbitrary Vector In Plan® 

Suppose a vector P is given in tho plane yz (Fig. 44.1) by its com¬ 
ponents Z and Y, the coordinates of its origin being 2 and y. 

According to Fig. 44.1, the signs of Z, Y, z and y are positive, 
and tho signs “plus” and “minus” in front of tho terms yZ and zY 
in formula (44.1) account for different directions of rotation causod 
by components Z and Y with respect to tho moment centre 0. Cor¬ 
responding sign conventions for moments ol any order may be esta¬ 
blished on the basis of this particular sign convention for linear 
moments of a vector with respect to on arbitrary point in its plane. 
These rules make it possible to determine the sign of a moment M „ 
for any n directly from the position of the vector in tho plane. 

If all the coordinates of the vector from which the moments are 
to be determined arc included in (44.2) and (44.3) with their signs, 
than the quantities M Z P, M etc. have signs which corres¬ 
pond to the direction of rotation in the chosen left-handed coordi¬ 
nate system. 
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In the formation of a moment of a vector with respect to a point, 
the sign “plus” or “minus" refers both to the vector and to the arm 
of its action. The vector of the arm in the plane yz is given by 


h = y cos a — z 


(44.4) 
i eluded 



where thc'coordinates of the origin of the vector (z, y) .... .... 
with their signs. Angle a is the angle between the coordinate . 
and the vector. Thus, the vector P (Fig. 44.1) is determined by its 
direction (angle a between the vector and axis z) and by its sign 
(position with respect to the axis y); the vector is considered positive 
if its projection on the y axis is positive. If the vector is parallel 
to the z axis, then its projection on the y axis is zero and the sign 
of this vector corresponds to the direction of the z axis. 

A similar sign convention applies to the arm h if it is always 
considered towards the moment centre: the arm is positive if its 
projection on the z axis is 
positive. 

Let us check this rule. 
For example, the abscissa 
, z of point 1 (Fig. 44.3) is 
zero; therefore according to 
>|©V formula (44.4), it follows 
that h = y cos a. where y 
and cos a arc positive; hen- 
Fi S- ce, the arm h is positive. 

Similarly, the arm k of the 
lowest point 2 is negative. 
For the extreme left point 3 the ordinate y = 0, hence h = — z sin a, 
where z is negative and sin « is positive; therefore, h is positive, 
etc. Fig. 44.3 presents the signs of the vectors and their arms for 
different positions of the vector; the sign of the arm, when determined 
according to formula (44.4), is the same as the sign determined accord¬ 
ing to the above described rule of projections. If the arm h coincides 
with the y axis, then its projection on the z axis is zero and the y 
axis should be used instead of the z axis to determine the sign of the 
arm: the arm is considered positive if it points towards the positive 
direction of the y axis, and negative if it points towards the negative 
direction of the y axis. 

These sign conventions apply to planes zx and xy as well as after 
cyclic permutations of the subscripts of the coordinate axes. 

Formulas (44.2) and (44.3) are alternating polynomials in which 
all the coordinate data are included with their signs. If the signs 
of moments which are included in separate terms of these polynomials 
and relate to the components of the P vector are determined accord¬ 
ing to the presented projection rule, then all the polynomials should 
bejassumed non-alternating. 
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If the projection rule is followed for both the vector and its arm, 
then linear moments arc positive when rotating clockwise, regardless 
of the position of the vector. 

According to the vector calculus, the moment of the vector P 
{Fig. 44.4) with respect to the moment centre 0 is determined by 
the vector product I P, r| which is equal to the 
area of the parallelogram with vectors P and r 
as its sides. 

Thus, Mi (P) = I/*, r) = Ph. The moment be¬ 
ing a vector product is represented by a vector 
which is perpendicular to both vector factors. 

The direction of the vector of the moment must 
be chosen so that the shortest way for the vector Fig. 44.4 
product IP, r| to rotate from P to r coincides with 
that for the x axis to the y axis. Thus, according to Fig. 44.4, the 
vector product IP, r) is positive, while |r, P) is negative, because 
the commutative property does not apply to the vector product. 

A product of the form PA" cannot be considered a vector product, 
since the arm A is not a radius-vector of the origin of the vector P. 
However, products of this form may be conventionally assumed 
to be vector products, if the vector coordinates of the applied vector 
arc altered and the arm A of the moment formed by this vector is 
taken as a vector factor of the vector product. 

Let us examine the conditions under which the vector calculus 
may be used in the theory of higher moments. 

The vector product IP, A) for a linear moment docs not contradict 
the definitions of the vector calculus, because at least in one particu¬ 
lar case — when the radius-vector is perpendicular to its vector 
which forms the moment (point C is the point of application of the 
vector)—we obtain 

IP, r) = IP, A] 

Let us check all the other conditions to be satisfied by the arm A 
when it is considered a vector factor. 

1. The arm A must be represented by a polar vector, as well as 
the radius-vector r. This condition is satisfied for higher moments 
since the arm is determined by expression A = y cos a — z sin a, 
which means that it has a definite sign and may be represented by 
a vector. 

2. The arm A, as well as the radius-vector r, must have a common 
origin with the given vector forming the momont. This follows from 
the definition of the vector product, which is equal to the area of 
a parallelogram constructed by the vector factors; the sign of this 
area depends on the order of the factors. According to Fig. 44.4, 
the arm A AB\ therefore, vector AB = A may be considered as 
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being applied at the point of application of the given vector P, i.o. 
at point A. 

3. The vector h must be located with respect to vector P in such 
a way, that the sign convention of tho vector calculus can bo applied 
to tho vector product IP, A). It holds for tho linear moment of the 
vector P about the moment centre 0, because the rotation of P to A 
takes place in tho same direction os the rotation of P to the radius- 
vector r, in the plane of the coordinate axes, regardless of the positi¬ 
on of the vector or of its origin A. 



Fig. 44.5 Fig. 44.o 


4. Tho conditional moment vector products of tho form [P, A n | 
must be represented by a vector which is perpendicular to tho vector 
factors, thus allowing graphical interpretation. In Fig. 44.4 both 
the moment-forming vector and tho arm vector oro positive; therefore, 
tho n-th moment will bo positive for any value of n. 

Lot us represent higher moments by vectors (Fig. 44.5), considering 
the non-commutative property of vector products. 

The vectors representing moments and vector factors in Fig. 44.5 
differ from each other; tho first moment is represented by a single 
arrow, tho second moment—by a double arrow, etc. 

The voctors of odd moments arc normal to tho plane yz of their 
action; they arc directed along the positive half of the x axis. The 
vectors of even moments arc located in the yz plane and, when they 
arc positive, directed along tho fundamental vector P. 

If vector P is negative and A is positive, then all tho moments are 
negative, as shown in Fig. 44.6. According to the rules stated above, 
the odd moments (in this particular case) arc directed along the nega- 
tive half of tho x axis, while the even moments coincide with vector 
, , which is negative. The rectangles corresponding to the vector pro¬ 
ducts arc drawn in thin lines in Figs. 44.5-44.7. 

If both tho P vector and its arm A are negative, then the moment 
vectors arc arranged as shown in Fig. 44.7. In this case the odd 
moments arc positive and the even moments arc negative. 
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Thus, higher moments may be also represented by vectors alter¬ 
nating the order of vector factors in even and odd moments. The 
vectors of moments arc always perpendicular to the vector factors; 
vectors of odd moments arc perpendicular to the plane of the mo¬ 
ments' action and directed along the positive half of the coordinate 
axis, which is perpendicular to 
the plane of the moments' acti¬ 
on if the moment is positive; 
the direction of a negative odd 
moment is opposite. Vectors of 
even moments lie in the plane 
of their action and always coin¬ 
cide in direction with the vec¬ 
tor, which forms tbeso moments; 
the sign of an even moment cor¬ 
responds to the sign of the vector. 

The above presentation leads 
to the following conclusions. 

Vector products IP, r) and 
IP, hi in the formulas for higher 
moments represent equivalent 
linear moments M, = IP, rj = IP, Al. 

In order to determine the second moment M 2 - PA* = (PA) A 
= AM|, wo must find the vector product of the arm A and the first 
moment 



M 2 = [A, M,] = IA, IP, All 

Therefore, the second moment may be interpreted as a double 
vector product. 

Similarly, the third moment 

M, = lA/j, A| ={!A, IP, All, A) 

is a conventional triple vector product, etc. 

Any moment of higher order may be conventionally considered 
a multiplo vector product of the primary vector factors P and A 
which arc mutually perpendicular. Odd order moments arc vector 
products of the initial vector and its arm, while the even order 
moments arc vector products of the arm and the vector. This alter¬ 
nation of vector factors with the increase in the order of the moment 
accounts for the non-commutativencss of the vector product, which 
corresponds to the general sign convention. Vectors of odd moments 
coincide with a perpendicular to the plane of the moment and pass 
through the origin of the moment-forming vector; vectors of even 
moments coincide with the moment-forming vector. 
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The property of vector double products 

[a, 16, ell — b [a, c) — c (a, b) 
applies to moments of higher order. 

For oxamplo, in the case of the second moment 
[Afjl = IA, Af, 1 = [A, IP, All 

we obtain 

Af t = P (A, A) - A (A, P) = PA* 
because tho scalar products arc 

(A, A) = A* and (A, P) = 0 

Free vectors of the first order may be added and subtracted accord¬ 
ing to vector algebra regardless of their position in space. As for 
the higher moments, both odd and even, the rules governing their 
addition arc specific, as it follows from formula (44.2), although tho 
odd moments coincide with the vector of the first moment, while 
tho oven moments coincide with the initial vector itself. Formula 
(44.2) can bo rewritten for the second moment according to its defi¬ 
nition 

Mt (P„,) = P v ,h\ = P yt (y cos a — z sin a)* = 

= P„,y* cos* a - 2P„, cos a sin a + P yt z 2 sin* a = 

= P„y -pr- — 2 P t .yz cos a sin a + P yt i 2 = 

= W) T^-( p v.V l ) S‘ n 2a t (Yz*) = 

= Mt (Z ) cos a — M vt sin 2a — Mi (Y) sin a 

whoro My t = P yz yz represents a biaxial momont of tho vector P„,. 

Tho first and third terms of this expression arc tho components 
of socond momonts of tho Z and Y components of the vector P„, - , 
they pass through the origin of this vector. Consequently, the socond 
terra of this expression M yl sin 2a represents a vector which also 
passes through tho origin of P,„. because all tho terms of the expres¬ 
sion must ho homogeneous. If this second term is to ho interpreted 
os n corresponding projection of a biaxial moment, thon the voctor 
of such a biaxial moment M„. may bo constructed according to the 
following rulo: it must form an angle (90° — 2a) with the vector P„,. 

The algorithm of the third moments also ngreos with this concep¬ 
tion. The first ond third terms of the expression for the third moment 
M 3 (P,, z ), ns shown by formula (44.2). may be interpreted as o rosull 
of two successive projections (direct and roverso) of vectors M s (Z) 
and Mi (Y). These vectors arc perpendicular to tho yz plane and so 
are their socond projections, bocausc tho projection only reduces 



the length of the vectors. Thoroforo, the olhor terms of the polyno¬ 
mial for the third moment, according to (44.2), also have the same 
origin with the vector M 3 (/’„,) due to homogeneity of terms. 


4. Relationship Between Higher Moments of Vector Defined in Plane 
with Respect to Two Points of the Same Plane 

If any applied vector P (Fig. 44.8) is given in tho plane of coordi¬ 
nate axes t and y, and it is translated to another point C, in the some 
plane, which is equivalent to a vector couple with an arm h and 
a vector P applied at point C t ; therefore, 
the moment of tho vector P about any y 
other moment centre C t in tho some 
plano is equal to tho sum of the moment 
( Ph ) and the moment (Pc) of tho vector 
P about tho point C 2 . „V-' 1 

Let us examine a similar relationship_ 

between higher moments about two mo- 0 1 

ment centres C, and C 2 arbitrarily loca- Fi /l4 8 

ted in a plane. 

Let Mi, A/ 2 , M j, ... represent tho moments of tho vector P 
about the point C, and M tl , JH 22 , M 33 . . . represent the moments 
of the same vector about the point C t . Then 
Mu =P(h + c) = Ph + Pc =M, + Pc 
M n =P(h + c)* = Ph* + 2 Phe + Pc* = M 3 + 2 M,c + Pc* 
M„ = P (ft -r c)> = Ph* + 3 Ph*c + 3 Phe* + Pc 5 = 

= M j -r AMjf + 3A/|C* -+- Pc*, etc. 

Relationships between higher moments may be based on the 
structure of these algorithms revealed in tho previous expressions 

M„ n = .V/„c° | nAf„_i C + '^^±M n _«c* + 

+ i + 'VV" (44.3) 


Coefficients of the terms in formulas (44.3) arc binomial coeffi¬ 
cients, corresponding to Pascal's triangle. 

If the second moment centre C 3 is nearer to the vector P than 
point C i, then c in (44.3) is replaced by (—c) and all the polynomials 
becoino alternating. 

A polynomial obtained for a moment of any order is a series of 
moment products of the vector P about one of the points C, or C» 
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and the intercentre distance c, with binomial coefficients. These 
products are constructed so that the order of the moments docroases 
from n in the first term to zero in the last term, while tho power of 
the intcrcentrc distance increases from zero to re. The sum of the 
order of the moment and tho power of c is constant and equal to n 
for all the terms of the polynomial. The number of terms in the poly¬ 
nomial is (re + 1). All the terms of a polynomial have the same sign 
when it expresses the moment about the farther moment centre C z 
in terms of the moment about the nearer moment centre C\\ the 
inverse relationship is expressed by an alternating polynomial. 

The relationship between linear moments about two moment 
centres C, and C 2 , which is known in theoretical mechanics, may be 
derived from the general formula for M nn as a particular case when 

Factorial denominators may be introduced in formulas (44.5), 
thus eliminating the binomial coefficients of all the terms. Then 

M n-t . A/p-i 

(<1 — 2)1 2 ' '' ' 






("—2)1 


rM,- 


(44.6) 


moments of moment vectors are nominated as bimo- 
“ e “^ hen formulas (44.5) may be considered as a bimoment series 
° “ arm e< > ual t0 lhe intcrcentrc distance. 

beSne d 8 hede9,gnal, ° n 931 for bi moments, formulas (44.5) 


= »ln. + n3Jl„_ 1 , l 
. n(n-t)(n- 2 ) . 


i "(—■) « 


~TT~ -* + «®l|. n-i + ffllo.,, (44.7) 

The first part of every double subscript indicates the order of the 

Introduction of factorial denominators in (44.7) results in 
^i«_ 9»in , Wqi . /i/ 3 . to,, to i 

II 1! 01 01 1! • -2T-W 


1 "I 01 " (n —l)l' II ' r T^f2r + 

I „- t , TO,. TOn 

"■’■"21 <n —2)1 +T| (n-ljf + ljrin 


II ^ 0! 21 
} SWn-a. 3 
(<*—3)1 3! " 


(44.8) 
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about the farthest of the two moment centres, and it is negative 
when determined about the nearest moment centre; even bimoments 
are always positive. 

5. Higher Moments of Arbitrary Force (General Case) 

Let us examine the higher moments of a vector P located arbitra¬ 
rily in space. Let X, Y, Z represent the components of P parallel 
to the axes x, y, z, respectively, and x 0 , y 0 , z 0 —the coordinates 
of the origin of vector P. Let the moment centre coincide with the 
origin 0- 

The following vector expression for the moment of the force about 
any point in space can serve as a basis for the initial algorithms 

M i = V’M'c + M lj - (44.9) 

In this expression, according to (44.9), 

M, X = M, (Z) Z° — M,(Y) Y° 

M lv = M, (X) X°-M, (Z) Z° 

M, l = M l (Y)Y ,, -M l (X) X° 

Since 

M] x = P\ih\ = P U! h'xPyz = MixMox 
M\ v = PUh-l = P xx hlP u = M 2v M 0ii 
M*. = Piyh] = P xv h\P xu = M 2 ,M 0l 

we obtain 

M] = MzxMqx + MtyMoy -■ M 2 ,M 0 . (44.10) 

which is the main expression for the moment algorithm in space; 
any higher moment of a given vector 

P-VPlz + Ph + Ph 

can be expressed in terms of this algorithm, as will bo shown below. 

Denoting the main expression for the moment algorithm through 
M t we find according to (44.2) 

M, = M 2x M 0x + M iu M 0ll + MaMoi = M 2 (Z) Z - 

— 2M t (Z) Z°M l (Y)Y° M t (Y)Y M Z (X)X — 

- (X) X 0 .!/, (Z)]Z“ 4- M 2 (Z) Z + 

+ A/ 2 (Y)Y-2M, (F) Y°M I (X) X® + M 2 (X)X (44.11) 
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Thus, the main moment algorithm is determined by an algebraic 
sum of the second moments in three mutually perpendicular coordi¬ 
nate planes; each second moment is multiplied by a component 
of the moment-forming vector acting in the same plane. 

To determine the higher moments of vector P in space, the follow¬ 
ing expressions are used 


M\ = P*h* = Ph*P = MjjP 
= P 3 h 3 = Ph 3 P'- = M m P 3 


Mi=P n h n = Ph n P n - 1 


" P ) 
ImP 2 l 

= M n P n J 


(44.12) 


According to formulas (44.10) and (44.11), A/f = M s , therefore, 
according to (44.12), 

MuP = M, (44.13) 

and 

MiuP*=Ml (44.14) 

Similarly, 

M IV P 3 = M\M\ = M] and M„P*= M\VW, 

hence, 

M\P* = M\. etc. 


Comparing the derived formulas we obtain the following expres¬ 
sions for even and odd moments 

M\P° = M, M U P=M, ■) 

MhiP*=M 3 , M IV P 3 = M; | 

MX’P" = A/J M vt P 3 =Mi | (A) 

A/i„- l /> 4<n - 1) = A/jf n ~ l M tn P 3n - 1 = M“ ) 

Thus, formulas (A) reduce the problem of determining higher 
moments of an arbitrary vector P to calculations of various powers 
of the.main moment algorithm M$. Squared odd moments are multi¬ 
plied in these formulas by the vector quantity P which is raised 
to a power equaling the sum of two orders: of the moment determined 
and of the preceding odd moment. For example, the exponent of 
the factor P for A/vh equals the sum of 5 and 7, i.e., 12, etc. The 
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exponent of the factor P in even moments is a unit less than the order 
of the moment determined. Finally, there is a general rule which 
is true for both even and odd moments: the exponent of the main 
algorithm M, required for calculation of higher moments, is half 
the sum of the exponents of M and P. For example, to determine 
M \hi it is necessary to calculate M. in the fourth power, because 
the sum of exponents of A/vm and I’ 7 is8, etc. For odd moments the 
exponent of M, equals the order of the moment determined; it is 
half this order for even moments. 

All these relationships are taken into account in the general for¬ 
mulas for moments of orders 2 n and 2 n — 1, where n is a positive 
integer. 

Substitution of the expression for A/., from (44.11) into (A) results 
in the final of moment algorithms after the trinomial Mi X M 0x 4 
+ 4 M 2 .M oz was considered as the sum of the binomial 

M ix M ox 4- M,„M 0U and monomial A/ 2 .Af 0 i- 

For odd moments 

M\P° = M 2x M 0x + M iu M 0 y 4 M 2: Af 9: 1 

M\ n P* = Ml x M 3 0x + ZMl'Mo.MtyMoy - 
4 3Af 2 i A/ 0 x A/ lyMoy 4 MlyMly 4- 
4 3 \M\ x Ml x \ 2M 2x M 0x M Vj M 0u - MlyMly] M 2l M 0l 4. 

4 3 [M 2x M 0x 4 M iyM o„l 4 J/LA/o« 


Ml.-, P '"- 11 - 1 Ml ? 1 -h(2n — 1) x 

x -1- x 

X .Ug-’.Wir’Mi.Mi, +... -}- (2n-1)f Mf>- *Mg-* + 

- ■ ( 2 « - 2 ) -« 5 r : ’» s - : - h ’ 2 * -2 , 1 . 12 *- 31 x 

> j/g-'Ki:-‘ m!,< x.... | */„,)/„ T tt=^s=s x 

X [ Mz,- 3 M Sr 3 x(2« — 3).Mg-'.WirSl/.,,!/.,- r 

+ «r ‘«;r ‘.14,14 2.... | x 

xMl.Mi.-i- ... + US-'Mg-’ 


(« I'-) 
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For even moments 

M U P' = M 2 z M 0x + MtyMo,, + M n M 0 z ) 


- Mi.M}, + nU\; 'Mt 'M„M„ - * ( *~ 11 x 
x +... +»f mi ; '.wt \ i x 

x x 

X MS.-’MK’Ml.Mi, + ... ] x 

x +(»- 2) + 

+ l “~ ; i l . < ;~ 3> ...J r 

+ I 

Thus, the moment algorithms of the form given in formulas (44.2), 
(44.3) and (44.15), (44.16) may be used in all cases of applied theore¬ 
tical investigations and in research work, when vector quantities 
in space arc multiplied by another vector quantity raised lo a power 
higher than unity. Thcso formulas give solutions in terms of higher 
moments, the moment algorithms derived previously reduce calcu¬ 
lations for high powers of conventional vector products to simple 
operations with the initial vectors which are given by their coordi¬ 
nates. 


45. RIGIDITY OF BEAMS: GENERAL CASE OF NON-LINEAR STRESS- 
STRAIN RELATIONSHIP 

The problems involved in determining rigidity of beams on the 
basis of a non-linear stress-strain relationship was elucidated by 
a great number of scientists in many countries. Various calculation 
procedures were proposed, both analytical and grapho-analyticnl. 
All the scientists accepted Bernoulli’s hypothesis of plane sections 
and assumed that the stress-strain relationships obtained for uniaxial 
tension and compression can be applied to other phenomena, such 
as bending. 

Some authors examined the o-e diagram directly, without 
analytical approximations. N. Bezookhov, as mentioned previously, 
suggested to represent the a = / (e) curve by a broken line. Other 
scientists approximated the a-e curve by various analytical 
relationships. 


(44.16) 






Iligldily <■/ Hear 
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In the present analysis we shall assume the following relationship 
a = Kt m (45.1) 

which is usually attributed to Bach and Shullc, bill was indeed 
first suggested by Bulfingcr and published in the Transactions of 
the Itiissian Academy of Sciences in 1729, as pointed out by N. Mi- 
t insky. 

This formula was also used by other scientists; for example, 
1,. Kachanov, N. Malinin and 1. Morin applied it to the slcady- 
slate creep ease, when the coefficient K was assumed to vary with 

Yu. Rabolnov suggested the following relationship 
o = <(• (e) .|» (/. T) 

where l and T are lime and temperature, respectively. 

This relation meant that Yu. Habotnov assumed the creep curves 
to be similar for different stress levels. The same conclusion follows 
from formula (45.1), so the design me¬ 
thod presented below may be applied 
to analyse bent beams in slcady- 
slate creep. 

All calculations will be carried out 
on llie basis of formula (45.1) assu¬ 
ming that the material behaves iden¬ 
tically under tension and compression. 

In deflection of a beam, the cross 
section of which has one axis of sym¬ 
metry (the plane of forces passes thro¬ 
ugh this axis), the displacement of the 
neutral axis from the centre of gravi¬ 
ty takes place. In some eases, when the cross section has two axes 
of symmetry, this displacement is so small that it can be neglected. 
However, without a preliminary estimate of the possible error, 
displacement should not be disregarded. 

The position of the neutral axis (Fig. 45.1) is determined from 
equation 

= 0 (45.2) 



In flexure the strain is determined by 



where y x = distance from the neutral axis to the fibre under con¬ 
sideration 
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p = radius of curvnlure of llic flexural curve in the conside¬ 
red section 

The following is derived from formulas (45.1) and (45.2) 

/$ V -Jft v = 0 (45.3) 

where 

A|+Y hl-V 

l% y = j and I% y = J \y'\ m ,lF 

are the moments of the m-lli order of the parts of the cross section 
above and below the neutral axis, respectively, taken about the 
neutral axis. 

For simple figures application of formula (45.3) does not meet 
with great difficulties, hut for complicated figures, various appro¬ 
ximate methods of integrating must be applied, because the position 
of the neutral axis is not determined. In this latter ease another refe¬ 
rence axis should bo chosen parallel to the neutral axis. This axis 
will further be called the reference axis. Let us derive the transition 
formulas for these two axes. 

Let m be a positive integer. Then 

'u+v lil-v 'll hi 

S (y x ) m dF— j (y*) m dF= j (y - -y) m dF - j (y - y) m (IF == 

+ V (^1-. + 1%- 0 + 

» :i£ 5r il * ('ll-- 1 %-‘) + ■ ■ ■+»" i/!v - < -1 r ;Si 

, -V '-'i 1(7 - li)" 1 - 1 - :v ■ - n-i l j 

In this formula 

V ** 

1%= j y m dF and 1% = j y’"dF 
o o 

are moments of the m-lh order of the parts of the figuro above and 
below tho reference axis, respectively, taken about this axis (in 
most eases it is preferable to take tho central axis for tho referenco 
axis). 

Tho terms included in formula (45.4) under the sum sign should 
be calculated by dividing the part of the cross section between tho 
neutral axis and the reference axis into rectangles of width C, with 
distances L t and , from the reference axis. 



lUgUUt ol Hr 


11 cnn be noticed that y reaches its maximum valuo when m — 0; 
in this particular ease formula (45.4) may be written as 

(lil - lit) + 2 (£„, - 1,) - if <45.5) 

From this formula it follows that the maximum value of y is 
determined from the condition that the difference of the areas of 
the figure above and below the reference axis plus the double area 
between the neutral and reference axes arc equal to zero. 

For fractional values of m formula (45.4) obtains the following 
form 

+ .(»-l> ... „0 (45.6) 

Here is an example of determining /*m and /*£, (Fig. 45.1) 

iji—+^( A r +, -fc" +, )+ft.i(Aj H ' , -A" + ')l 

Equation (45.3) shows that the displacement y of the neutral axis 
docs not depend on p, therefore, it does not depend on the bending 
moment M x , but it does depend on the mechanical properties of 
the material, which are described by m, and on the geometrical 
characteristics of the cross section (i.c., the moments of various orders 
of the cross-sectional area). If the material has different characte¬ 
ristics under tension and compression, y depends on the radius p 
ns well. 

The series in formula (45.6) converges rapidly, if the reference axis 
is properly chosen. A certain number of terms may be enough to give 
a value of y sufficiently precise for practical use. The number of 
terms necessary for this purpose is established by evaluating the 
first of the rejected terms. 

Let us examine the moment equality condition for external and 
internal forces 

ij oy* dF = M x 

M * = -jjs - /jtmtll (45.7) 

Introducing the designation suggested by L. Kachanov 

7)" = K(/%*,-!-/?f 1 n t i) 


(45.8) 





and Inking into account that — « -jy~ for small deflections we 


Since the position of the neutral axis is determined by llio 
previous formulas, there is no need to calculate /*/.,,and /''fm.i 
with respect to the reference axis. 

Equation (45.U) obtains the following forms when wo assumo 
m = 1, 1/2 and 1/3, respectively, 


In most cases, M x has the form of an algebraic polynomial (except 
the case when the loading varies along the beam according to trigo¬ 
nometric, or any other law). Integration of equation (45.1)) becomes 
difficult when the order of this moment is higher than unity, because, 
M generally, 1/m is not an integer 

(for example, when continuous 

g ___ loads arc applied to the beam). 

r 1 <7. 1 M M A. Filin suggested to solve 

"• ~i a, * such problems for integer values 

• -A— —J of 1/m, and to use approximali- 

« c, -*1 ons for fractional values of l.m. 

• _ x _► However, his method does not 

eliminate the difficulties in cal- 
Fig. 45.2 dilating the arbitrary constants 

of integration. 

These difficulties may be overcome by means of the theory of 
higher moments. Let us examine the main principles of this theory. 

Consider nn arbitrarily loaded system shown in Fig. 45.2 (the 
loading may bo more complicated than the one in the figure). Tho 
inomoul Af n of the n-lli order is determined by the expression 

_ V Mik-ai)"- 1 j vi Qi (*—M" ; Vi h (* — ti)"* 1 //.f, i a 

'll ^ (n —1)1 — 'll ' ^ (« : I)! ' 

which is the fundamental formula (I) in this book. 

If n >0, the application of formula (45.11) is simple. However, 
if n < 0, the expressions for higher moments cannot be composed 
by direct application of (45.11), bccanso the number of term* 
decreases with the order of the moment. 

Lot us write the expressions for moments A/,, M„ and M -1 

2CM*-b,)-l- 2 ~ V f,> " 

M 0 Qx’-'ZQi \ 2.<h(*—ci) (4.I-12) 
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Differentiation and integration of tho highor moments results in 



Now tho expressions for tho intogrnls of the right-hand sides 
of c<|Uiition (45.10) may bo derived 


j M,dx~ (45.14a) 

j ^ j M, c/xj(/x = (45.14b) 

-[2' 1 ''^-2V'TT L + 2«Tf L ] 

) f [ M : ,di\dx=M x ^—Xi*^r+3<l*^r- 
-[2"'TT- 2 2c>^+3 2*Tr]- 
- r S »• TT <*-»■)■- 2 O' & <«-.,)■ 

(45.156) 

r 2 + «) T 1 - %.<?.< ^ + 6 * ~W~ ~ 


-[S(«i+ »9*i tP— 2 2«?:w. 1.#'*)^-+ 

; 22(,;,w,1-2 2(« . oiK'/Tfi- 
-»2(»W-l«li)Tr+« SM i «»'Tr| (45.Ida) 

j f j .v;j,\,h .Mi Hg— ,, 

M., 

-j (i (q x M x —j] 

-21 i filiw 1 

-i 2«Wi ajw ( ww-tP-i- 
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+ 6 2 «?; '-«>(>. TT- 24 2 + Q'rn) Tf + 

+ 30 2 (,; 1 ■,;) 8, ii ] - [ 2 (Mi +«;) M(* - „) - 

-2 : MIC, 

+2 2 (*;«,+(*-.,)+ 

+ 2 2«?i :■<«-«,)_ 

— 6 2 + 9121) -^f- < f 


-I 1 ' y (?i +?0l< 4 ' L (*-*,) J (2,5.106) 

In those formulas the quantitiesetc. are, corres¬ 
pondingly, the second, third, fourth, etc. moments in section A' 



with abscissa x (Fig. 45.3), in 
which the linear and angular 
displacements arc to be deter¬ 
mined; XI x , Q x , <i x arc the 
bending moment, the trans¬ 
verse force and the intensity 
of the uniform continuous load 
in the same section; M„ Q,. 
<h arc the increments of these 
quantities at the initial point 
of section t (the beam is divi¬ 
ded into sections according to 
the points of load application, 
and only those to the left of 
the cross section X arc consi¬ 
dered). ^ , '^f , '-^r t>,c - arc 
moments of the second, third, 
fourth, etc. order at the ini¬ 
tial point of section i. Mi, Qi, 
qi are the bending moment, 
the transverse force and the 
intensity of the uniform con¬ 
tinuous load to the left of the 
initial point of section i, that 


, is, at the end of section i — 1. 

< 7 i arc the bending moment, the transverse force and 
the intensity of the uniform continuous load to the right of the initial 




point of section i; z, is the distance from the origin of the coordina¬ 
tes to the initial point of section i. 

Formulas (45.15) may be applied to the entire integrated section 
if the bending moment does not change its sign within this section; 
otherwise the integration must be carried out along separate sections 
within which the sign of the moment docs not change. 

In conclusion, we shall point out that although the formulas seem 
very complicated, since they 
take into account various com¬ 
binations of loadings, in par¬ 
ticular cases they arc much 
simpler. 

Problem 1. Determine the 
deflection and the rotation 
angle in the section A of a 
cantilever (Fig. 45.4) if the 
stress-strain relationship is 



The position of the neutral axis will be determined from formu¬ 
la (45.3). For a rectangle (Fig. 45.5). 

If the central axis is taken for the reference axis in the given secti¬ 
on, then equation (45.3) is written as 

a (2.75a-; -y) m , 5a (1.25a-y) 3 ' 2 4a (0.25a- y) 3/Z 


hence, y = 0.2295a. 

The value of y will be now determined by using the first three 
terms of the series (45.6). 
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l h m- n and l h t m-n have Ihc following values 

/^.j=3.0402 2i ; = 4.3251 2 5 

/*lo.s=3.3166 ,s ; /Jio.s = 7.1803* 4 
/j!. ,.s= — 1.2061 0 ' 4 ; /Ji l .s = 7.0558°' 4 


Substitution of these values into equation (45.6) results in 
V* + 5.082lay - 1.2442a 1 = 0 
hence, y = 0.2341a. 

Thus, three terms of the series give an error in determining y 
which amounts to about 2%. 

After appropriate calculations we find that D = 07.789AV, 
when the displacement of the neutral axis is taken into account, 
and D = 71.577AV otherwise. 

This means that in this particular ease the correction in rigidity y 
for the displacement of the neutral axis alters the result by 6%; 
therefore, this effect need not be considered. However, this is not 
the ease for all values of m; for example, for the same cross section 
when m = 1/4 this correction in D is equal to about 16.5%. 

Lot us determine the displacements at the end of the cantilever 


D = Oe. r = D0 O j Mi <lx 

DV X DV 0 I- DGox + j [J M\ djrj dx 

where 0 O , V 0 — rotation angle and deflection in the initial section 
of the beam, (Fig. 45.4) 

0.Y. F.t = rotation angle and deflection in the section at 
a distance x from the origin 
When x = 3/, 0 n = O and V n - 0, 

[ M\dx 


DV 0 = -DH 0 .3f- j [J Mi dx ] dx 
J ^ M\dx -■ - f (-3/><) (i- />/*) -(-/>) pp) - 
- (2/*) (-5- /’i 1 ) - (- 2/») (^i- />/>) J 41 P‘P 
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DG 0 = — j- P 3 l 3 

-2(-P)[±PP)-2(2P)(^-Pl*)~ 

-2(-2/>) (-g-y>/‘)]-[-(-/>) (-!■/»/>) 2/- 

_(2 P)(Lpp) /j = J* p*i* 

DV„=^-P*l* 

Problem 2. Prove that the beam (Fig. 45.6) is statically indeter¬ 
minate and find its deflection in section B if the stress-strain rela¬ 
tionship is 

o = Kt 1 ' 3 

The differential equation of 
tho deflection curve of the 

D^- = M .t 

For tho problem under consideration V A =» 0 when x = 21. there¬ 
fore 

j [ j MUt\dx- 

-[-2 

#2 S«?H-OT<?,t!!-(2 I-«,)]-0 
Substitution of appropriate values in this equation results in 
128a s - 147a 1 + 62a -<t 0 

hence 

a = -£=0.325 -1 = 325/* 

The solution of this problom for a beam following Hooke's law 
(i.e., m = 1) gives .1 = 0.313/*; thus, solutions for in — 1 and m — 







- 1/3 do no( differ significantly. The bending moment diagrams 
practically also coincide. 

The deflection at point B is determined from 

DV„ = Mi AQ„M„ ~ + 6 Qi ^ = -0.00458/"/* 

For many statically indeterminate beams the non-linearity of 
the stress-strain relationship docs not lead to any substantial redi¬ 
stribution of support reactions. That is why if particularly high 
precision is not required the unknown values in statically indetermi¬ 
nate systems may be found by assuming m = 1, while deflections 
should be calculated by formulas (45.14)-(45.1G). 

If the deflection is to be found at a certain point of the span, 
then Mohr's integral may be used 

Z)A = j M i dx 

where M i = moment induced by a unit factor applied at the point 
under consideration 
A = unknown deflection 

Displacements may be determined by means of Casligliano's 
generalized theorem, but if the problem is to establish the equation 
of the flexural curve or to determine deflections at several points, 
then the described method based on the application of higher moments 
may be recommended. 





Chapter IX 

Application of Moment-Operational Method 
to Structural Mechanics of Ships 


'.6. FLEXURE OF IRREGULAR DECKS 

There are several particularly difficult problems in designing 
decks which involve such phenomena as deformation due to shear, 
pliancy of the bearing contour, variable bending and shear stiffness, 
elasto-plaslic behaviour. Meanwhile the precise calculation of such 
structures, which are widely used in engineering, is of vital necessity, 
because it makes the strength design more reliable and allows to use 
still concealed bearing capacity. 

Deck design problems dealing with structural and loading irregu¬ 
larities can be effectively solved by the moment-operational method, 
ns shown by solving of many engineering problems in the previous 
sections. 

Let us examine an irregular deck with an arbitrary number of 
transverse beams and longitudinal braces with arbitrary boundary 
conditions (Fig. 46.1). 

Iji< hi< ®*ii P/t = length, moment of inertia, cross-sectional 
area and load on brace j between transverse 
beams (i — 1) and i 

Pi- 1 1 (y)< wf (</), Qi = same for transverse beam 

Z) t = ordinate of arbitrary section of brace ; 

between tranverse beams (i — 1) and i 
R/i = interaction at the point of iulersection of 
brace j and beam i 

It will be shown further that the method outlined here may be 
applied to arbitrarily distributed rigidity. 

However, to simplify the calculations we assume that the rigidity 
of the bracing is constant within each separate span between the 
transverse beams. 
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According to the moment-operational method, deflections between 
beams (i — 1) and i are given by 

ei i.rV (!„)-.!/„(!„) | 

a„y) («„)-. («.I) 

£/„*,(,„)-44 I 



Moments of the «-th order arc determined by the fundamental 
formula (III) of this book 

El jiV i Vi. + E/ i‘ e i (h. i-.),732)T + 

+ + <*•» 





Figure of Irregular Decks 


where ( ^ 1 ’~ J|1 represents the moment of the n-lh order of the 
load P )j in the span between beams (i — 1) and i. By using the fun¬ 
damental formula (I) and formulas (46.1) and (46.2), the following 
expression is derived for the moment of the n-th order 

■?-, MrZ]r' _ 

«! r! ’ r! ’ (n-r)l ■ - "‘It.d) 

The conversion coefficient should be assumed equal to 
p, r 1. when r = 0, 1 

ri \ l w * icn r= 2- 3 


(46.4) 


The shear stiffness of the bracing is assumed infinite in the deriva¬ 
tion of formulas (4G.l)-(46.3). 

If the shear stiffness of the bracing is finite, the last term of 
formula (46.1) becomes 

ut Eh, 

(46/m) 

while the other terms remain the same. 

Assuming 


Y>i = 


El II 
Guji 


from formulas (46.3) and (46.4a) we obtain 

M nll : li) _ fT }( t *r r 6Jr' 

"■ ^ r! rl ‘ (iT^rjT'(n^r)T 

. -'fnjtPjItJl) 




(46.6) 


Symbols -jp and -jg- in this formula designate the following 
conditions governing the calculation of terms ~ and . 

hi 4 « 3 o,i 

TT —W (46.7) 

- , |( / ' W| ) _„..^( f> W,) "vtPiPH) »in _ 

3! ll---3!-JT (46.8) 



according to (46.8) 


and -^- = -jj=l when /(# 3, i.o., 

6j.. ( 1, when /i#3 

according to (46.7) I 
H ) 0 who. k-3 I 

A?.., f 1, when k=£3 I 

TT“{ 0 when k .3 " c ”' d "' B “ (, °' 8) J 

Kxpression (46.9) makes it possible to design a structure with 
shear deformations by using the same relationships (46.3) derived 
without the shear taken into account. 

To evaluate the redundancy of the deck wo assume that the right 
end of tho span (i — 1), i has a coordinate z„ = l„ — 0 (Fig. 46.1); 
then tho reaction II, t will not be included in tho loading of this span. 
Therefore, according to formulas (46.2) and (46.6), the moment of 
the n-lli order for the y-lh brace is expressed by 

M nJ (tu) M n ,(i„) , R/ i j%i (46.10) 

Tho unknown ronclion II ,i may bo eliminated by moans of rela¬ 
tions derived from examining tho bohaviour of the transverse beams. 
Tho i-th beam is shown in Fig. 46.1c. Tho well-known solutions 
for such a beam may be used to compose tho expression for the reac¬ 
tion in tho point of intersection of beam i and brace j 

II,., - S). o. i'll I Vi S,. </. V;i) (#»•«> 

where S,, 0 ,i -- influence factor of load Q, upon reaction at point / 
for beam l 

S,, q ,i influence factor of doflcction of beam t at point q 
upon reaction at point j. 

After substitution from formulas (46.11) and (46.10) with 
regard to (46.1) we obtain 

Mr,(I,.i-i) Py, »"f r . 

-- 2 j 7 \ rl " (n — r)l (n-r)l 


This formula expresses momonls of order n in section i in terms 
of the n-lli moments in any arbitrary section. Let us express these 
moments in section i through moments ilr l®) in section Z = 0. 
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First, tho expression for tho n-lh momont will bo composed for 
various vnlucs of 

**!*»••• 

For example, if z,=z„ according to (46.6) 

*/,/.»■ Pji »r r 6 o/i 2 . A/ nl (P„. t„ ) «?,, 

“ # fl r ' (n-r)l ' (n-r)l 1 S| 

*Liv> .Ok.Jf' 

31 rl d (3—r)l ■ iij ^jT ('!■»• lo) 

Let us determine the n-tli momonts for tho second span, when 
According to (40.12). and considering (40.13), 

j f n/(«jr) _ ^1 ^ A 'L,(-Jr) . 

.I y ■'/.jiPji. h,) *!ii («;<■> 

“ 0 »l «l nl + 

I 2 (<*q|. I.)|) ft| Tl Cjj, li /r ) 




lki£> =Sl J1 W c 

"I lq *l (3—»)1 1- 

•! t, q y J!^.. ~> r , 6 o')~f r l n‘ 4q7* 


<■?(=/,) 

nl - 


«", fig 


(40.14) 


} (40.15) 





flexure of Irregular Decks 


c 5.<-«> 4. ga.Hi.i-.) n;, ‘"a . 

"I ^ rl rl (n— r)\ " (n—r) 1 " r 

+ V s, , > Sl *!» 

+ 2l p. i-l 3, --Jj- 


M _ P,-| »"f‘ 6g^« 

nl *1 (n—*)l * (a—i)l 


D k(b.l-i) %>_ $~ f *o,7 r . 

“ r! '’I (« — '■)! " ("—r)l ■ 


£JM I c *"i tfji 

Formulas (46.17)_will now be used to compose expressions for 
llio n-th moment — ^ in the support section z, =s„. 

The boundary conditions will be satisfied for every brace / by 
moments of the it-lh order when 2=0. For tho general case of ar¬ 
bitrary boundary conditions the following expressions are derived 
for brace /. 

When 2, =0 

B,„ 2, ISj 


JL ^M( 0 » ,, Mo/<oi 
eik~< y, «~r- 


(16.19) 
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where ?1> 0 . A Jo> A to arc coefficients of elastic fixing and 
clastic pliancy of supports when z = 0 and z = 00 for brace j. These 
coefficients arc known to be numerically equal to the rotation angles 
caused by a unit moment and to the deflection caused by a unit force. 

The number of relationships of the form (46.19) depends on the 
number of braces; hence, unknown moments ' n J"” are determined 


from a set of 4< equations. 

Thus, the evaluation of the redundancy of decks is reduced to 
calculation of moments of the n-th order. This is performed by 
means of formulas (46.13), (46.14), 
(46.16), and (46.17) which are ea¬ 
sily treated by digital computers. 

This method may be applied as 
well to longitudinal beams of va¬ 
riable bending and shear stiffness; 
in this case the beam is divided into 
sections of constant rigidity, and 
the described method is applied to 
each section. 

For example, let us design the 
bottom plates of a cargo ship shell 
subjected to upward hydrostatic 
pressure. For simplicity, the inten¬ 
sity of the load q 0 is assumed con¬ 
stant over the entire surface of the 
Fig. 46.2 bottom plates. The bottom is flat 

and has a constant width B, = B 
and length L ; it consists of four transverse beams of equal spacing a 
and three longitudinal braces symmetrical about the longitudinal 
axis of the ship; the braces arc equally spaced from each other and 
from the sides (Fig. 46.2). The transverse beams are simply supported 
at theJsides, the longitudinal braces are fixed at the transverse 
bulkheads. 

Three sets of assumptions will be considered to give three variants 
of design. 

(a) Shear strain is disregarded; longitudinal braces arc supported 
by transverse bulkheads, which are considered absolutely rigid sup¬ 
ports. 
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(b) Shear strain in webs is taken into account; longitudinal 
braces arc supported by transverse bulkheads, which are considered 
absolutely rigid supports. 

(c) Shear strain in webs is taken into account; longitudinal braces 
are supported by transverse bulkheads, which are considered yielding 
supports (thus, the pliability of the bulkheads is taken into account). 

Case (a) corresponds to conditions assumed in contemporary design 
of local strength of decks. The designing procedure is described in 
various manuals. 

We shall carry out calculations with parameters L = B; B = 5a. 
The moment of inertia and the cross-sectional area of the central 
longitudinal brace (the keel) arc given by l ti and o>Ti, respectively. 
The same parameters for the longitudinal brace of the ship between 
the keel and the side (the stringer) are designated by / 2 , and wj,. 

Similarly, for the transverse beam we have /, (y) = /„ and 
(a* (y) — <o* while the following relations exist 


= o)*j = o>*; / 2 / = / 2 ; o>2i — a>* 



The moment of inertia of the transverse bulkhead /„ and the cross- 
sectional area of its sheets arc related by 


The flexibility coefficients of the transverse bulkhead A t for 
the keel and A 2 for the stringer are determined by the following 
formula, which takes into account the bending, shear, and local 
compression of bulkheads at the points of intersection with the keel 
and the stringers 

A, ° , mr n ( i+i 'T"^k) + w;i ( /,6 - 2 °) 

where // = depth of bulkhead, H = 0.8 

F P i = cross-sectional area of bulkhead compression strut in the 
plane of keel (/ = 1) and in the plane of stringer (/ = 2) 
Substitution of the numerical values into formula (46.20) results in 


'll 


0.2a 1 
~ Eli ’ 


0.3a 1 
’ £/1 
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Therefore, the boundary conditions (46.19) may be derived from 
the symmetry of the construction and of the load as 


0 ) = 0 1 

M w (0) = 0 | 


= 0 = 1 , 2 ) 


(46.21) 


The load is assumed to be transferred by the transverse beams to 
the longitudinal braces in the form of reactions. Hence, for all the 
spans of brace ) except the last span, 



Thus, in this particular case two longitudinal braces (J =1,2) 
are subjected to loads Qi transferred by the transverse beams 
Qi =aq 0 B = Q 

Due to the symmetry of the construction and loads with respect 
to the middle transverse axis of the bottom plates, there will be 
three spans to design, the first of length l ol = 0.5 a, the second and 
the third of length f l2 = l u — a. 

For the end span 2-3 part of the load is transmitted from the 
strip 0.5a wido (the shaded area in Fig. 46.2) to the longitudinal 
braces. According to formula (46.12), the bending moment due to 
the external loads for this span is given by 

"-.(Zo)_ b 

“I “ ?0 T-(n + ljl = n! 

The final results obtained for the three sets of assumptions (a, b 
and e) are presented in Table 46.1. 





It follows from the table that the shear strain exerts substantial 
influence on the parameters of flexure. Tho flexibility of the transver¬ 
se bulkheads docs not influence these parameters ns much. 

In conclusion we can say that the method of calculation discussed 
here enables calculation of a compartment as a whole without splitt¬ 
ing it into separate parts, i.e., permits a three-dimensional calcula¬ 
tion of a compartment. In particular, it is quite easy to evaluate 
the combined bending of the deck and the bottom plates bound 
together by the bracket beams. In this case the load P„ must repre¬ 
sent the interaction of two deckings. 

Deckings with half-bulkheads, which arc usually designed appro¬ 
ximately, may be calculated more precisely by the moment-opera¬ 
tional metho . 

47. NON-UNIFORM BEAMS ON ELASTIC FOUNDATION 

Integration of the differential equation of flexure for beams on 
non-uniform clastic foundation is connected with intricate calcula¬ 
tions. The moment-operational method simplifies the problem con¬ 
siderably. Although the solution in this ease will be only approxima¬ 
te, the results arc sufficiently accurate. 



Let us examine tho bending of a non-prismalic beam on clastic 
foundation of variable rigidity and on clastic supports, the clastic 
properties of which are given by flexibility coefficients A,, A t , . . . 
. . ., A m (Fig. 47.1). 

For a uniform beam with moment of inertia / resting on an clastic 
foundation with rigidity coefficient k = El P* the moment-opera¬ 
tional method gives the following expressions for calculating the 
parameters of flexure 

... 

+ ... 


(47.1) 







where the moment of the n-th order is expressed by formula (46.2). 

From (47.1) and (46.2) by using formula (I) we derive 

(47.2) 

Functions (2) and F n (2) for a uniformly distributed load wore 
given by N. Soldatov, who ascertained that these functions might 
bo determined by means of Puzyrcvsky's functions generally used 
in solving prismatic beams on elastic foundation. 

Tho expression for the moment sM F„(z) may be derived from 
(47.1) and (4G.2); in particular, for a uniformly distributed load P a 

*..,<■> («-3) 

Functions <p ( (2) are interconnected by the same relations ns Puzy- 
revsky’s functions, i.o., during differentiation with resi>cct to 2 
0110 function transforms into another according to the law 

~9.(i) = ?.-,(0 <«.!> 

Tho shear strain may bo taken into account in the same way as 
wlion doriving (4C.G). After introducing conventional symbols 
which represent certain rules for determining tho quantity to the 
left of this symbol, formula (47.2), allowing for shear will have the 

^=2 (.n.5) 

whom tho symliols aro determined from tho following expressions 

q>„_r (z) =<p n -f (2)— yifn-r-2 (2), when n=3, r=£ 1 

fn-r (2)(2), otherwise (47.6) 

Tho meaning of tho symbol may lio shown, ns an cxamplo, 
for tho moment of a uniformly distributed load expressed by (47.3) 

— /•'„(;) pjp = /*o l*Pnf i (*)—W»-i (2)1, when n=3 

/■'„ (2) -£p = Po9"ti (z). otherwise (47.7) 
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Formula (47.5) will servo as a basis for solving the problem discus¬ 
sed in this section. 

We divide the given boam into a numbor of spans within which 
the moment of inertia /;, the cross-sectional area e>f, the rigidity 
of clastic foundation k, and the load P, can bo assumed constant. 

Then, from formula (47.5) we write 

■*£4- 2 TT + («-8) 

As in the previous section we assume that the right-hand end of 
span (/ — 1), i coincides with section 2, - b, — 0; therefore, rela¬ 
tionship (47.8) holds for tlioso spans 
(i — 1), i, in which the section (i — 1) 
docs not contain reactions Ri-%. For 
spans with the unknown reaction fl;_, 
at the beginning relationship (47.8) 
acquires the form 

,Vn (*,)-§- 

(47.9) 

The unknown reaction /1 ( .| will be 
determined from the condition that 
the deflections of (ho beam and sup¬ 
port at the point of their connection 
aro equal. The deflections will be considered positive if the 
points movo downwards, i.c., in the positive direction of the Y 
axis. Posilivo directions of shear forces and bending moments arc 
shown in Fig. 47.2. 

From the previous discussion the following relationship between 
the ronelion and the deflection of support (i — 1) may be derived 




•»« («l) 


-+«<-! 






_ V,., 


KI,A |., 

with regard to formula (47.8) 


< rsnJl!. MrUi-i) _ , _ n . 6Jo , 

jT^rrl 2i—— h—< p 3 -r(2 l =o)^ r 4 


+ />,(p,(2|=0)i|-] 
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Substituting this expression into formula (47.9) and denoting 

J T. <Pl-r(Z|=0) %-«Pn(Z|)-^-=9n-r(*i) j 
• n , ,» .n _ f (47.11) 

<P»«(*i) <Pi (*l = 0) «Pn (Z|) = «P»f I (2|) J 

we obtain 

2 Ir '“'" -p 11 i-,(. l )+PiT..,(ii) (17.12) 


Consequently, tho computation may be carried out on the basis of 
the same relations as in the case of expression (47.2). 

Formula (47.12) is a recurring one, and it may be used to express 
n-th order moments in any section z ( in terms of moments in an 
arbitrary section z 0 . If, as usual, the origin is taken at section z 0 , 
then, according to (47.2), for section z, = z, we obtain 


M n (z,) M r (0) 


<Pn-r(Z|) + f 5 i<Pn+l(Z|) 


For any section z ( 

where 


«” (*l) 


n! 

2j 7T’ _ 

*2 (*o 

— y J!L.i 

"! 

“ Zl rl 

n! 

= <Pn + i (z*) 


(47.13) 


(47.14) 


By using formula (47.13) we shift from one section to another until 
we roach the right-hand support. Then the expressions for the n-th 
moments in sections z, = 0 and z, = z m will be used to find the 
boundary conditions for the given beam. These boundary conditions 
will be written in the form of (46.19) when j = 1. 

For convenience of calculation let us chango the form of the 
function <p„ -r (zj) in formulas (47.14). According to (47.6) and (47.7), 






when 


9# (*/)=9# (Z|) - VP-2 (*/) - Th |q> 3 (z,) - V/<Pi (z/)l 
9i (*/)=9i ( z <) — Vi*P-i (zi) 

«P2(Z|)=<P2 (*/); 9s (z,)=<pj(z,) - Vi<Pi (zi) 
when n=2 

i-i(Zi)=fp-i(Zi)-N/9 2 (z/) 

5o(zf) =9o(Zi); 9i(zi)=qpi(z/); vzM=ft (*/) 

when n=l 

9-j (*,) = 9-2 (z,) - IVp, (zi) 

9.,(*,)=9-,(z,); 9a(Zi)=9o(Z(); 9i(z,)=9,(z,) 


9-3 (*/)=9-3 (z/) — n<9o (z>) 

9-2 (z<)=9-2 (*/); 9 -i(z/)=9-i(z/) 

9o(z.)_=9o(z/) 

Functions 9 n+ , (z,) have the form 

«P4 (Zl) = 94 (Z/) — Vi<P2 (Zj) 1 ( /j7 1G) 

93(z/) = 93(*i); 92 (Z|)=9z (*/): 9i(*i) = 9i(Zi) / 

where n ‘=xW < 47 -' 7 ) 

Functions 9 ( (z) may be expressed by Puzyrevsky's functions 

Vi (ti¬ 
lt tho functions included in (47.15) and (47.16) are determined by 
equation 9l v (z) = —4p*9, (z), then the functions 9 ( (z) and Puzyrev- 
sky’s functions have the following relationship 

9o(z)=F#(z); 93(z)= .J- V 3 {z) 

2 l/2p» 

= *W=—jJtIM*)-!! 

Mti=^rV 2 [z) 

9-i (z)= -FzPV 3 (z); 9-3 (z)= -2F 2 p 3 P.(z) 

9-2(*)= -2p‘K 2 (z); 9-«(z)= -4p*F 0 (z) (47.18) 


In deriving formulas (47.13) and (47.14), the moment of inertia 
of the beam, as well ns tho loads and the rigidity of the elastic foun¬ 
dation, were assumed constant within the span between tho elastic 





346 


Momtnl-Optralional Method in Ships 


supports. If this assumption leads to a considerable error in the 
solutions, then such a span should be divided into several parts and 
the previous formulas applied by assuming the intermediate supports 
to have infinite pliability, i. e., A, -*■ oo. 

Formula (47.13) provides a convenient tabular form of calcula¬ 
tions. The procedure is shown in Table 47.1, where the following 
designations are introduced for brevity 




These coefficients arc determined as a sum of the products of the 
quantities in the row and in the column intersecting at the required 
coefficient. 

For example, coefficient a"’ (L) is found by adding the products of 
the quantities in the row beginning with and in the column 
beginning with , the extreme left quantity of the row being 
multiplied by the first lop quantity of the column, etc. 

After finding the moments from the boundary conditions, 
tlie parameters of flexure in any section may be determined from 
Table 47.1, in which l, should be replaced by z,. 


18. STABILITY AND VIBHATION OF IRREGULAR DECKS 

Let iis examine the problem of deck stability. Regular decks nro 
fully discussed in numerous textbooks and handbooks on ship¬ 
building. 

Let us design an irregular deck subjected to longitudinal forces Tj 
compressing liio /-lb longitudinal brace, and find the critical value 
of ibis force. 

In order to compose the expression for the n-lli moment, the sta¬ 
bility differential equation for a prismatic beam and its solution 
should be examined. The buckling shape of such a beam U (z) will 
be represented by a sum of functions U, (az) . 

V //,(/, (as) (48.1) 

which are determined from equations 

U™ (<«)= —aPU' (rtz) (48.2) 

where 



and lh are arbitrary constants. 


When z=0 these functions obtain the following values 


iM0)=l; 

f/;(0)=0; 

U\( 0)=0; 

i/.'(0)=0 j 

U, (0)=0; 

v\( 0 )=i; 

l/;(0) = 0; 

»r<o)=o | 

U t (0)=0; 

£/;(0)=0; 

£/;(0)=l; 

^'(0)=0 

l/ 3 (0)=0; 

y;(0)=0; 

V\( 0) = 0; 

y;(0)=i J 

finally, 





f/ 0 (az)=i; 

£/,(az)=z 



U*(az) = —~ at 



U 3 (as)=— 




According to the general procedure of designing non-prismalic 
beams, we divide the beam into a number of spans within which 
the beam may be considered prismatic, and then, similarly to (47.8), 
the following expression for the n-lh order moment of the ;'-th longi¬ 
tudinal brace in span (i — 1), i, may be composed 

6"„ 

where expression -jjj- , according to formula (47.fi), is equal to 

i n 6? 0 

v »-r 

when n - 3, r# 1 

3 _„ 6" 0 , n 

Ui-r («;/*/) ~^r — (J'3-”(a„z,). otherwise (48.7) 

The top index (3 - n) of the function U (as) gives the order of 
the derivative, and the coefficient a„ of the argument of this fimcli- 

If a reaction It,.,., is applied at the beginning of span i — 1 i of 
the /-III longitudinal brace, then the n-tli moment is expressed accord¬ 
ing to formula (47.(1). 

■»n jU,l) _ MnlUll) , r.3-n . C 

——- ~nl~ r ,f i -JT (48.8) 

The interaction R„ of the y'-th longitudinal brace is given by rela¬ 
tion (46.11) in which Q, must be assumed zero for the stability design. 




















Elimination of the unknown reaction from expression (48.8) results 
in a recurrent formula for the n-th order moment 

+ Ui~ (a„i,) -ffi- S S ,. "»‘V '-'I (48.9) 

Let us express the moments in an arbitrary section z It in terms of 
moments at the origin. 

When in = Zji, 

Jhgl!L = V (4S.10) 

Whon Zjl^Zjt 

M nJ («„) _ y J/.e(0) («><»«) 

nl — Z| Zj j! ' ,| 


(48.11) 









®«n _ o it /. n ®*0 rr3-n / _ v ^00 . 

7j-“A 1. 11'3-« (««l‘l)-jp U 3 (etftSj) “Jj- 


D’qn VI P/l Il 3 ~ n ln t \ ^" 0 s/ 

— = 2i — ys - r <*"*') — x 

, V c °ii (tt p. '-■»!-■) a 6S„ 


Suppose the compressing forces r, acting on each of the f longitudi 
nal braces aro proportional to one paramotor. i.e. ' * 







where T„ = unknown parameter 

(*) = Junction of variation of llio compressive forces along 
the brace * 

The equation of critical forces, from which the parameter T 0 
determined, is composed from the boundary conditions 
(4b;19). This equation is easily solved by the remainder method, 
which makes it possible to use a digital computer. 

l h / e /o b ??x k1 !" 6 shape ma y b ® determined from formulas (48.10) 
and (48.11) by assuming n = 3. 

Let us now calculate the vibration of the decks. The natural 
vibrational modes U' n v (p„z) of a prismatic beam are given by the 
differential equation 

tfn V (PnZ) = i&/,i(p n z) (48.13) 


m = distributed mass of the beam 
X n = natural vibration frequency of the n-th mode 
Let us expross_lhc natural vibrational modes U n (u„z) in terms 
of functions U, (p„z) which, together with their corresponding deri- 
din ales' SaUsty lh * Unit matrix of form ( 48 - 4 ) at the origin of coor- 

^n(p.z) = ( i t/ ( (p n z)//» 

These functions arc determined by introducing a normalizing 
factor and have the following form 


^0 (pi.z) = y (cosh p„z -j- COS fl„z) 


^z(PnZ) = ^i-(ccshp B z —cos n„z) I 


Such a choice of functions makes it possible to perform the evalua- 
n * l , ural 0 d 4 e 0 ck v * b J a tions on the basis of the same relationships 
(48.11) and (48.12), as for the stability, with appropriate substitu- 
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tion of functions (48.5) for (48.14). The influence factors S, , 
in tins caso arc given by the differential equation of the form (48.13) 
for transverse beams. 

Coefficients D " n J atl j„ formula (48.11) are determined from 
a table similar to Table 47.1, therefore, the programming of calcula¬ 
tions for digital computers is possible. 

Let us now compare the labour-consumption of the moment- 
operational method with that of other methods based on equating 
the positive and negative deflections of beams at the points of tbeir 
intersection (Navicr’s method). 

Suppose the deck has t longitudinal braces and p transverse beams. 
Then the moment-operational method will involve 4 1 simultaneous 
equations, while Navier’s method requires t (2 + p) equations. 
Therefore, complex constructions can be solved by the moment- 
operational method by means of digital computers with a low memo¬ 
ry capacity. 
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and thorough manner. 

Mir Publishers of Moscow have begun publication of a series of 
English translations of books used to train Soviet workers, in order 
to assist developing countries where English is spoken or widely 
used to train the labour force needed to carry out their industriali¬ 
zation and development plans. 



OTHER B JOKS FOR YOUR LIBRARY 


1. Testing of Building Materials and Structures. By Al. Nivgo- 
rodsky 

2. Building Materials and Components. By A. Komar 

3. Foundation Soils and Substructures. By Tsylovich et al. 

4. Mathematical Handbook. By M. Vygodsky 

5. Design of Reinforced Concrete Structures. By V. Murashev, 
E. Sigalov, V. Baikov 

6. Strength of Materials. By V. Feodosyev 

7. Design of Metal Structures. By K. Muchanov 

8. Theory of Elasticity. By M. Filonenko-Borodich 
0. Wooden Structures. By G. Karlsen el al. 

10. Road-Making Machinery. By K. Abrosimov el al. 



